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A quantum logic is the couple (L,M ) where L is an orthomodular o-lattice and M is a strong set of
states on L. The Jauch—Piron property in the o-form is also supposed for any state of M. A “tensor
product” of quantum logics is defined. This definition is compared with the definition of a free

orthodistributive product of orthomodular o-lattices. The existence and uniqueness of the tensor
product in special cases of Hilbert space quantum logics and one quantum and one classical logic

are studied.

i. INTRODUCTION

By a quantum logic we mean the couple (L, M ), where L
is an orthomodular o-lattice (a logic) and M is a set of states
on L, which is strong for L, i.e., the statement

{meM:m(a) = 1} C {meM:m(b) = 1}

implies that a<b, a,beL. We also suppose that the Jauch-
Piron property holds in the g-form, i.e., that m(a,) = 1, a,€L,
i=1,2,... if and only if

m( X a,-) =1
i=1

The free orthodistributive product of the orthomodular
o-lattices was defined as follows.!

Definition 1: Let € be a subcategory of the category of
orthomodular o-lattices. Assume L; (i€l and L are objects of
% . Then (L,(u,),.;) is a tensor product (or free orthodistribu-
tive product) of the L,’s if (i) u;:L,—L are injections in
& (iel ); (ii) U,  u; (L ;) generates L; (iii) for every at most count-
able subset F of I, A, zu;(a;) =0 for a,€L; if and only if at
least one g; is zero; (iv) u,(a,)>u,(a;) [i.e., u;(a;) is compatible
with u;(a;)] for any ijel, i#j.

In the previous paper, tensor product of quantum log-
ics was defined as follows.

Definition 2: Let (L,M,), (L,,M,), and (L,M ) be quan-
tum logics. We say that (L,M ), 4 is a tensor product of (L,,
M), i = 1,2 if there are mappings a8 such that (i) a:L,
XL,—L, B:M,XM,—~M, B(m,m,)ala,a,)=mla,)
Xmy(ay); (i) B[M, XM} = {B(my, my):meM|, meM,} is
strong for L; (iii) L is generated by a[L, X L,].

Without any loss of generality we may put S8[M,
X M,} = M. To make the difference, we shall call the pro-
duct of orthomodular o-lattices by Definition 1 the “free”
product and the product of quantum logics the “tensor” pro-
duct. In this paper, we shall study these two products. We
shall show that the tensor product of complete quantum log-
ics in the sense of Definition 2 can exist only if at least one of
the logics L, and L, is a classical one (i.e., a Boolean algebra).
Then we shall introduce another definition of the tensor pro-
duct of quantum logics, in which the property (ii) in Defini-
tion 2 is weakened. This latter definition also includes the
tensor product of Hilbert space logics.
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. PROPERTIES OF THE FREE PRODUCT

At first, we shall study the properties of the free pro-
ducts in the category of complete atomistic orthomodular
lattices.

Lemma I: Let L,,L,,L be complete atomistic orthomo-
dular lattices and let {L,u,u,) be the free product of L, and
L,. Then

uy(ay) Nuglay)luy(by) Auy(b,)
iffa,1b, or a,1b,, where a,,b,€L, and a,,b,€L, are atoms.

Proof: Let us consider the set K = {u,(a,), u,(b,)", u,(a,),
u,(b,)'}. Among any three of the elements of X there is one
which is compatible with the other two, so that K is a distrib-
utive set.®> Then from

u1(a5) A uy(@)< [y(by) Aug(by)1* = 1y(by)" V uy(by)
we get

uy(@y) Aur(@y)< (b1} V uy(ba)') Auslas,)

= u,(b1)* Auy(a;) V us(az) A uy(by)
=uy(b,))' Nuy(a;)V uyla, Ab3),
but a,Ab; =0 or a,, as a, is an atom. If a, Ab} = a,, we
have a,<b;.If b3 Aa, =0, then

uy(a;) Auglay)<u,(b 1) Ausla,),
ie, u,,(a,)<u,, (b1), which implies a,<b7, because the
map

Uy, £L,—L

a—u,(a) A uslay)
is injective.*

Lemma2: Let L,, L,, L be complete atomistic orthomo-
dular lattices and (L, u,, u,) be a free product of L, and L,.
LetA,, A,,A be the sets of all atoms in L, L,, L, respectively.
If (i) (@) A u,(b Jed for any aed, and bed; (ii) all atoms of 4

lying under u,(a,), for any a,e4,, are of the form u,(b)
Au,la,) for some bed,; then the maps

u l,a, :L l_»L[o-“z(az) 1
a—u,y(a) A u,la,)

are surjective for any a,€4,.
Proof: Let c<uy(a,), a,€A4,. Then there is BC A, such
that
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e= Vulb) Aufar) = V1 (6) Aufar

= ul(b\e/ﬂb ) /\ uz(az) = ul,az (bng ).
QED.

Theorem 1: Let L,, L,, L be complete atomistic ortho-
modular lattices and (L, u,, u,) be the free product of L, and
L,. If (i) and (ii) of Lemma 2 are satisfied, then L, and L, are
irreducible if and only if L is irreducible.

Proof: By Ref. 5, if L is irreducible then L, and L, are
irreducible. Let ¢ be an element in the center of L different
from 0 and 1. We show that there must be an atom b, in L,
such that ¢ A u,(b,)#0, u,(b,). Indeed, let there be for any
bed,

cAuylb)=wuyb) or cAuyb)=0.

Then wu,b)<c or u,b)<ct for any bed,. Put
g, = V {bedu,(b)<c}, g, = V {b:uy(b)<c'}. If b,<gq, and
b,<q,, then u,(b,)<c and u,(b,)<c', which implies that
u,(b,)Lu,(b,) and, as u, is an injection, this implies that b, 1b,.
From this it follows that ¢g,1q,. For any be4, we have b<gq,
orblg,,ie., q,€L’, where L} is the center of L,. This is in
contradiction with the irreducibility of L, unless ¢, = 1 or
¢:=0. If g, =1, then 1 = u,(q,) = V ,, us(b)<c, which
contradicts the supposition. If g, = 0, then g, = 1 and we get
acontradiction in a similar way. Now we can use Corollary 3
(Ref. 6) to show that L is irreducible.

We say that the elements b,c in a complete atomistic
orthomodular lattice are separated by a superselection rule’
if for any atom a<b V ¢ we have a<b or a<c.

Lemma 3: Let (L, u,, u,) be a free orthodistributive pro-
duct of L, and L, in the category of complete atomistic lat-
tices. Let 4,, A, A be the sets of all atoms in L,, L,, and L,
respectively. If A4 = {u(a,)Au,(a,):a,€d,, a,ecd,}, then
uy(ay) Ausla,) and u,{b) A uy(b,), where a,, bied,, a,, beA,,
a,#b,, a,#b,, are separated by a superselection rule.

Proof: Let uy(c1) A uyler)<uy(ay) Auglay) V uy(by)
A uylb,), where c\ed,, c,€4,. As {ufa,), u,(b,), uc,)} isa
distributive set, we have under supposition that c,5a,,b,,

uy(er) Auyler)<(uy(ay) V uy(by)) A uslc,)
= 1,(C5) Auy(a,) V ua(by Acy) = uy(ay) Auylcy),

which implies that a, = ¢,. Similarly we obtain that ¢, = b,,
a contradiction. Q.E.D.
Lemma 4: If a, b are two different atoms in a complete
atomistic orthomodular lattice L which are separated by a
superselection rule, then alb.
Proof: Let A be the set of all atoms in L. Then

(@Vb)Ab =V {fedif<(@aVb)Ab*}
= V({ab} A{fedyf<b })=aAb’,

but aAbt=a or aAb'=0. If aAb'=a, then alb. If
aAb* =0, then by the orthomodularity
aVb=bV(@Vb)Ab*=bVaAb'=h,

which implies @ = b; a contradiction. Q.E.D.
Theorem 2: Let (L, u,, u,) be a free product of L, and L,
in the category of complete atomistic lattices. Let 4,, 4,, 4

2 J. Math. Phys., Vol. 26, No. 1, January 1985

be the sets of all atoms in L,, L,, L, respectively. If
A = {uy(a,) Nuylay)a,€4,,a,€4,},

then at least one of L, and L, must be a Boolean algebra.

Proof: Let a,, b,ed, be such that a, # b, and a,4b,. Then
for any a,, b,€Ad,, a,#b,, u,la;) Nuyla,), and u,(b,) Au,(b,)
are separated by a superselection rule (Lemma 3). By Lemma
4u,(a,) N\ uyla,)Llu, (b)) A uy(b,). By Lemma 1 this implies that
a,lb,. From this we get that any two different atoms in 4,
are orthogonal, i.e., L, is a Boolean algebra. Q.E.D.

Let (L,M ) be a quantum logic such that L is a complete
atomistic lattice and M is a set of pure states on L such that
there is a one-to-one correspondence between the set of all
atoms A4 in L and the set M. To any acA there is exactly one
state meM such that m{@) = 1, and a = A {beL:m{b) = 1}.
The atom a is called the support of the state m, a = supp m.
In the sequel, a quantum logic of this type will be called

“complete.” In a complete quantum logic, the Jauch-Piron

property is satisfied in the complete form.

Lemma 5: Let (L,M,), (L,,M,), (L,M) be complete
quantum logics and let (L,M),; be the tensor product of
(L,,M,) and (L,,M,). Then, for any p,eM, and p,eM,,

supp B(p1, P2) = a(supp p;,Supp p,)-

Proof: a(supp p,,supp p,) is an atom in Lo o1 supppy) 1+
From this it follows that a(supp p,, supp p,) is an atom in L.
Further,

B(p1; po)a(supp py,supp p;)]
= pi(supp p1|px(supp p2) = 1,
i.e., a(supp p,, supp p,) = supp B(p1, p»). QED.
Theorem 3: Let (L,M ), ; be a tensor product of com-
plete quantum logics (L,,M,) and (L,,M,). Then at least one
of (L,,M,) and (L,,M,) must be a classical quantum logic.’
Proof: As B{M,XM,] is strong for L, we may put
B[M;XM,] =M. From Lemma 5 we see that all atoms in L
of the type a(a,,a,), a,€L,, a,€L, are atoms. If we put

upL,—L, wuyL,—L,
a—ala,l) a—a(la)
then (L,u,,u,) is the free product of L, and L,."° Theorem 2

then implies that at least one of L, and L, is a Boolean alge-
bra. Q.E.D.

1ll. A NEW DEFINITION OF THE TENSOR PRODUCT

Now we shall formulate a more general definition of a
tensor product for quantum logics. To this aim we need some
preliminary remarks.

Let S be a set of states on a logic L, we say that a state m

is the superposition of the states in S if .S'(a) = O implies
m(a)=0, a€eLl, or equivalently, if S(a)=1 implies
m(a) = 1.'! Here S'(a) =, j = 0,1 means that s(a) = for all
seS. If (LM) is a quantum logic, we put
S = {meM:S (@) = 1=>m(a) = 1} for any SCM.

Definition 3: Let (L,,M,), (L,,M,), and (L,M ) be quan-
tum logics. We say that (L,M ), is a tensor product of
{L,,M,) and (L,,M,) if there are mappings a,3 such that

(i) a:L,XL,—»L, B:M,XM,—~M,

B (m,m,)a(aya,)) = my(a,)mya,)
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for m;eM,, a,€L;, i = 1,2;
(i) {meM:mla)= 1} = {B(m,my):f(m,;my)la)=1}"
for acL of the form

a= Aafa’e,), aeL,, ael,, k=12,.
k

or

a = ala, 1), resp.,a = a(l,a,)", a,€L,, a,eL,;

(iii) a[L, X L,] generates L;

(iv) B[M, X M;]~ = M.

We shall suppose in the following two propositions that
(L,M),g is the tensor product of (L;,M;), i = 1,2 by Defini-
tion 3.

Proposition I: Let us define

upl,—L,  uyLy>L

a,—ala,l), ay—a(la,)

Then u, and u, are orthoinjections.

Proof: By (i) of Definition 3 we have B{m,;m,)
X(a(1,1)) = m,(1)m,(1) = 1 for any m;eM;, i = 1,2. From
this we obtain that m(a(1,1)) = 1 for any mef [M, X M,] ",
and by (iv) then m(a(1,1)) = 1 for any meM, i.e., a{1,1) = 1.

Further, (m,,m,)(a(a*,1)) = m,(a*)m,(1) = (1 — m,(a))
Xmyl) =1 —mfa) my(l) =1 —B(m;,m;) (ala,1))

= B(m,my)ala,1)") for all m,eM,, i = 1,2, acL,. From this
we get

{B(ml,mz):ﬂ(m,,mz)(a(al,l)) =1}~
= {B(my,my)iB (my,my)ala,1}') =1},
which implies by (ii) that a(a',1)=ala,1)}, ie., u,(a')

= u,(a)*. Similarly we show that u,(a"), aeL,.
By the Jauch-Piron property we have

B(m,,mz)(a(kx al",l)) —1iff ml( A al") =1
=1 k=1

iff my(a,*)=1forall k = 1,2,... iff
B(my,my)ala’1) =1

for all k iffﬁ(ml,mz)(k}i a(al",l)) =1
=1

From this we obtain

{BemmBimomaa( A a1))=1]"

= |BimumiBimoma A atai1)=1]",
which implies by (ii) that
a( A al",l) = A afa,’1),
k=1 k=1
ie.,
ul( A alk) = X ufa;®).
k=1 k=1
By the duality we obtain
V uyfa*)= ul( G alk)'
k=1 k=1
This shows that %, and u, are orthohomomorphisms.
Now u(a,)=u,(a}), a,, ajeL, implies that

B(my,my)ala,1)) = B (m,,m,)la;,1)) for any meM,
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i= 1,2, which implies that m,(a,) = m (a]) for any m eM,,

i.e., a; = a{. From this we see that u, and u, are orthoinjec-

tions. Q.E.D.
Proposition 2: For any q,€L,, i = 1,2, u,(a,}—u,a,).
Proof: For any m,eM,, i = 1,2, we have

Bimymy)ala;,1) Aa(la) = 1iff
B (my,my)ala;,1)) = 1 and B (m,,m,)(a(l,a,)) =1

iff myla))=1 and myla,) =1 iff B(m,,m,)ala,a,))=1.
From this we have

{B (m,my)B (my,m,)ala,,a,) =1}~
= {B{m,m,)B (m,m,)ala,]) Aa(lay)) =1},

ie., by (i), a(a,,1)Aa(l,a,) = a{a,,a,). Now for any a,eL,,
i=1.2,
B (my,my)(uy(ay) Ausla,))
=B (m,,my)(ala,1) Ae(l,a,))
= B(my,m;)ala,,a)) = m\(a,)m,(a,)
= B(m,m;)ala,,1)).
B (my,my)a(l,a,)) = B (m,my)uy(a))B (my,m;)(usay))
forany m,eM,, i = 1,2. This implies that u,(a,} and u,(a,) are
independent (in the probablistic sense) in all states from
B[M; X M,],i.e., they have the joint distributions in all states
in B[M,;XM,]™ = M, i.e., they are compatible.!> Q.E.D.
Theorem 4: Let (L,M),, 5 be a tensor product of (L ,,M)
and (L,,M,) by Definition 3. Let us put
u;:L,—L, uy:L,—L,
a—ala,l), ay—a(l,ay).
Then (L,u,,u,) is a free orthodistributive product of L, and
L,
Proof: We have only to show (ii) and (iii) of Definition 1.
Let a,#0, and u,(a,) A u,(a,) = 0. Let m,°eM, be such that
m%a,) = 1. Then B(mloam2)(_ul(al) Nus(ay))
= B(m,"my)ala,,a,) =m,"a,)m;y(a;) =0 iff my(a;)=0.
Thus u,(a,)Au,la,) =0 implies that m,la,)=0 for all
m.eM,, ie., a,=0. As ala,a,) =u,la,)\u,a,), and
af[L, X L,] generates L, we obtain that u,(L,)uu,(L,) gener-
ates L. Q.E.D.
Inaspecial case when 8 [M, X M,]~ = B [M, X M,], the
tensor product by Definition 3 becomes identical with the
tensor product by Definition 1.

IV. TENSOR PRODUCT OF THE HILBERT SPACE
LOGICS

The tensor product by Definition 3 involves also the
case of Hilbert space logics. Let H, and H, be Hilbert spaces
with the dimensions of at least three. If the Hilbert spaces are
complex, then there exist exactly two (nonequivalent) free
orthodistributive products of the logics L (H,) and L (H,), sa-
tisfying the condition of fullness.'® They are given by

() H=H,®H,, u,(P\)=P,®H,, u)(P,)=H,®P,

Pleé(Hl)v PZEL (Hz), — —
(i) H=H,®H,, uyP))=P &Hy,u(P,)=H @P,
PeL (H,), P,eL (H,),
where H, ® H, denotes the usual tensor product of Hilbert
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spaces H, and H,, and H is the dual space of H. If the Hilbert
spaces H, and H, are real, then there is exactly one free
product given by (i). The condition of fullness requires that
the mappings

Uy Piou (P Auylx), PeL (H,)

and

Uy Py (y) NuylPy), PeL (H,)
are surjective for all atoms xeL (H,) and yeL (H,). It was
shown'* that the condition of fullness is equivalent to the
requirement that u,(y) A u,(x) is an atom in L.

Let H be a Hilbert space (complex or real, dim H>3).
Letusput M = {m_:@eH, ||p || = 1}, where m :P—(Pp,p )
PeL (H), is the vector state corresponding to @. Then
(L (H),M) is a complete quantum logic. Let (L (H,),M)),
(L (H,),M,),(L (H, ® H,),M ),and(L (H, ® H,),M )bethecom-
plete quantum logics corresponding to H,, H,, H, ® H,, and
H, ® H,, respectively. If we put

(1) a: L(H)XL(H)—>L(H,&H),

(P, Py}—>P @ Py,
B M XM,—M,
(m¢’| ’m‘Pz )‘_‘)m‘Pl P’
L(H)XL(H)—L (H,® H,),
_ (P1$P2)*_’P18P2a
B M XM,—-M,
(m¢. Mo, )'_’mi:. @@’
then (L (H, ® H,\,M)), ; and (L (H, ® H,),M ), 7 are tensor
products by Definition 3. Indeed,

0 Bim,.m,) (@PuP)=m,,,

8 Pyp; ® 01,01 @ @3) = (P 1,01 )(Po2.2)
=mg, (Pi)mg, (P,); _
_{ii) Let SCM and Q = {@peH:m &S |. Then S = {m,,
«peQ }, where Q is the closed linear subspace of H generated
by Q. The closed linear subspace of H, ® H, corresponding
to P, ® P, hasthebase {@; ® ¥;},;, where {@, }, and {¢, }, are
the bases of P, and P,, respectively. Indeed,

Qi

(2)

(ProP) = (P,

¥[¢i®¢j] = ¥u1[¢i]/\u2[¢j]

= (Yul[%])/\(yuzlwf'])

= u;(Py) Au,y(P;) = P, ® P,

where [@] denotes the one-dimensional subspace generated
by the vector .

(iii) is evident.

The same can be proved for (L (H, ® H,),M )a5. As any
tensor product is also a free product, there are exactly two
tensor products of (L (H,),M,) and (L (H,),M,)in the complex
case.

We shall say that the tensor product (L,M ),z of com-
plete quantum logics (L,,M,) and (L,,M,) satisfies the condi-
tion of fullness if the mappings

Ua,: Li—>Liouay
a—a(aa,) = u,(a,) A u,la,)
and
4 J. Math. Phys., Vol. 26, No. 1, January 1985

Usa: LyLigue)
ay—ala,,a;) = uy(a) A uylay)
are surjective for any atoms @,€L, and a,€L,.

Proposition 3: Let (L, M), (L,,M,), {L,M ) be complete
quantum logics and let (L,M ),, z be the tensor product of (L,
M), i = 1,2, in the sense of Definition 3. The condition of
fullness is fulfilled if and only if

{B(m,my)B (mm)a(l,b)) =1}~

= {B(m;,my):B (my,my)a(l,b)) = 1}
for any atom beL,, and
{B(m,my):f (m,my)(ala,1) =1}~

= {B(ml’mz):ﬁ (my,m,)ala,1)) = 1}
for any atom geL,.

Proof: First we show that a(supp m,, supp m,) is an
atom in L for any m,eM,, i = 1,2. Put b = supp m,. If there
is BeL such that B<a(supp m,, b ), then there must be a state
meM such that m(B) = 1. But then also m(a(l,b)) = 1, so
that me{B (m,,m,): B(m,,my)l(1,b)) =1}~ = {B(m;m,):
B(m;,my)a(l,b)) =1}. From this it follows that
m=pBm;,m,) for some mieM,. Now fB(mi,m,)
X (a(supp m,,b)) = 1 implies that m; = m,. Then
{meM:m(a(supp m,b)) = 1}

= {B(m,my):B (m,m,)a(supp m,b)) =1}~

C{B(m,my)B(m,my)a(l,b)) =1},
which implies that
{meM:m(a(supp m,,b)) = 1}

= (B(my,m;)} C {meM:m(B) = 1),

i.e., a(supp m,,b)<B.

From B(m,,m,)(a(supp m,,supp m,)) = m;(supp m,)
-m,(supp m,) = 1 it follows that

supp B (m,,m,) = a(supp m,,supp m,).

LetA4,,4,, Abethesets ofallatomsin L,, L,, L, respec-

tively. The last statement implies that any atom under a(1,6 ),
beA, is of the form a(a,b ), aed,. If C<a(l,b), we get

C= V{aed:a<C} = V{alab)acd,alab)<C}
=a(V {aed :ala,b)<C }b.

The inverse statement is clear. Q.E.D.
It can be easily seen that the condition of Proposition 3
is fulfilled for the Hilbert space logics.

V. TENSOR PRODUCT OF ONE QUANTUM AND ONE
CLASSICAL LOGICS

Theorem S: Let (L,M,), (L,,M,), and (L,M ) be complete
quantum logics and let (L,M),; be a tensor product of
(L,,M,) and (L,,M,) by Definition 3. Let (L,,M,) be a classi-
cal quantum logic and let the mappings u, ,, be surjective for
any atom a,€L,. Then B[M, X M,]” =[S [M,XM,)].

Proof: Let A,, A,, A be the sets of all atoms in L, L,, L,
respectively. As L, is a Boolean algebra, {a(l,a,):a,€4,} are
mutually orthogonal elements in the center L’ of L. Let
mefB [M, X M,]~. Asmisapurestateon L, we have m(c) = 1
or m(c) = O for any ceL '. But then there is an element a,eA,
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such that supp m<a(l,a,). Since the map u, , is surjective,
there is a,€4;, such that suppm =a(a,a,), ie,
m = f3(m,,m,), where supp m, = a,, supp m, = a,. Q.E.D.

From Theorem 5, Theorem 3, and Theorem 5 in Ref. 15
we obtain the following statement.

Theorem 6: Let (L ,,M,), (L,,M,), and (L,M ) be complete
quantum logics. Then (L,M ), 4 is a tensor product of (L,,M,)
and (L,,M,) by Definition 1 if and only it is their tensor pro-
duct by Definition 3 satisfying the condition of fullness and
at least one of (L,,M,) and (L,,M,) is classical.

Theorem 7: Let (L,M ) be a complete quantum logic and
(S,.#) be a classical logic such that S'is the set of all subsets of
X, where X is a nonreal-measurable set, and .4 = {m,
xeX }, where m,, is the probability measure on .S concentrat-
ed in the point xeX. Then (L,M )as is the tensor product of
(L,M ) and (S,.#) by Definition 3, satisfying the condition of
fullnessifandonlyif L = & ,_yL,,L, = L for any xeX, and
M = {mob, . meM, xcX }, where

5, :xSrL”_)Ly’

(ax )xeX '_)ay .

Proof: Let (L,M ), 5 be a tensor product of (L,M) and
(S, #), satisfying the condition of fullness. Then
{a(l,x):xeX } are pairwise orthogonal elements in the center
L’ of L,sothat wecan write L = & ,.yLig 41,5 }- AS the con-
dition of fullness is fulfilled, the logics L g 4 x; are isomor-
phic with L for all xeX. By Ref. 16, any state on L is of the
form

sz,, 'mx,,’
neN

where {x, :neN} is a countable subset of X, {p, :neN } is the
partition of the unity, and m,_is a state on L, . It can be
easily checked that any pure state on L is of the form mo§,
for some xeX and meM. As the set M is strong for Z, it must
contain all mes, , meM, xeX.

On the other hand, let (Z,M ) be such that

L=eoL, L, =L, xX,
xeX

and
M = {mo§,:meMxeX }.
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Clearly, Mis strong for L. Let us define

a: L xXS—L,
a if xeE,
(a’E)_’(ax)xeXa a, = 0 lf XQE,
B MX# —M,
(m, my)}»>m-5,.
Then
B(m’mxo a(a,E)) = moaxo((ax Jxex)
_ [m(a) if x,eE,
“lo if x,&E,

ie.,B(m,m, )a(a,E)) = m(a)}m, (E). As every pure state on
®xexL, is of the form mos,, we get B{M X.#]
=B [M X 4]~ = M-L is generated by the elements a(a,x),
aeL, xeX. The condition of fullness follows by Theorem 5 in
Ref. 17. QE.D.
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The presented paper is aimed at providing a systematic study of a relation between octonions and
spinors corresponding to S’ 7-sphere, starting from a natural point of view, enabling us to endow
spinor space S (8,0) with octonion algebra structures. As a result we arrive at formulations of

triality principle in its finite form in terms of vector and fundamental representations of Spin (8)
group—both for spinors and vectors. The group of automorphisms of octonion algebra, as well as
its Lie algebra, gains clear interpretation in the context. The method proposed is purely algebraic
and could be applied as well to Z’(4,4) Clifford algebra corresponding to .S’ indefinite 7-sphere

geometry.

I. INTRODUCTION

Consider SO(8)/SO(7) = S an ordinary 7-sphere and
SO(4,4)/S0(3,4) = ,S” an indefinite 7-sphere. Both are dis-
tinguished manifolds among all irreducible simply connect-
ed globally symmetric pseudo-Riemannian manifolds with
consistent absolute parallelisms.'

The geometries of points, lines etc. from 57 or ,S7 are
known to be governed by the geometrical triality principle
which could be formulated in terms of octonion algebra®~* or
split octonion algebra,* correspondingly. The principle of
triality in the geometry of S7 was discovered by Cartan®
while he was studying simple and semisimple groups and
corresponding spinors. The principle of triality in non-Eu-
clidean geometries of both.S 7 and ,$ 7 spheres was described
by Rozenfeld in Ref. 4.

Spinors of SO(8) and SO(4,4) groups are naturally rel-
evant to these exceptional cases of geometries admitting tria-
lity principle as the corresponding metrices are invariant un-
der SO(8) or SO(4,4) group. One would expect it then to be
possible to formulate the principle of triality in terms of cor-
responding spinors apart from the possibility of its formula-
tions via octonion or split octonion algebras. Even more, we
expect in these very cases octonions and split octonions to be
identified with corresponding spinors in some algebraic
sense.5

The triality principle for spinors of eight-dimensional
space (real) with a quadratic form of rank 8 and index 4 was
derived by Chevalley.” This corresponds to a SO(4,4) group
and hence to a ,S” indefinite 7-sphere. His method of arriv-
ing at the principle as well as a geometrical interpretation of
the construction essentially relies on the existence of maxi-
mal totally singular subspaces. Therefore, there is no
straightforward application of his construction to the case of
aSO(8) group acting on S ’. This paper is aimed at providing a
systematic study of a relation between octonions and spinors
corresponding to S’, starting from a natural point of view
enabling us to endow spinor spaces and generating space
E(8,0) of Clifford algebra ¢ (8,0) with octonion algebra
structures. As a result, we arrive at formulations of the tria-
lity principle in its finite form in terms of vector and funda-
mental representations of Spin (8) group—both for spinors
and vectors. One also achieves a clear interpretation of the
group of automorphism of the octonions.
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Our point of view, via canonical methods of Clifford
algebra representations, leads to octonion algebra isomor-
phisms between generating vector space and spinor spaces
(now algebras). Various forms of triality are then natural
consequences of these isomorphisms which we call vector-
spinor reciprocities.

The point of view proposed here might be treated as a
complementary (alternative?) way of understanding the pe-
cularity of a Spin (8) group and consequently of the geometry
of a.S7 sphere, its parallelizability included.

As for that last property, Clifford modules are known to
be intrinsically related also to the vector fields problem on
spheres.® In particular, Z(0,7)~ % ‘*’ (8,0) Clifford algebra
distinguished properties could be used to prove paralleliza-
bility of a S sphere, which could be achieved as well via
octonion algebra.

It is no surprise then that octonion algebra can be ob-
tained from € (0,7)~ %+ (8,0) Clifford algebra. This obser-
vation is due to Atiyah and the corresponding construction
is presented in Ref. 9. While formulating our point of view in
Ref. 6 we were ignorant of this observation and apparently
the basic trick is the same, though now, as we start right from
% (8,0} Clifford algebra with generating space E (8,0), the
construction should be more refined, especially when one’s
aim is to also derive all possible global forms of triality prin-
ciple. The general idea proposed here is the following.® Con-
sider any associative algebra ¥ and Sits, say, leftideal. Let E
be a vector subspace of € and dim E = dim S. Denote by A
any vector space isomorphism 4: S—E and then define the
bilinear mapping

S XS} >¢ () = h ('S

The subspace now becomes a nonassociative in general-alge-
bra (S, ). If in addition, for example, appropriate quadratic
forms are defined on .S and E, we shall also require the iso-
morphism / to be an isometry and if ¥ is an algebra with
unity we shall require (if this is possible) the (S, ) algebra to
be the one with unity, etc. (S, ) algebra is said to be retrans-
mitted via (1.1) from % . Therefore, the idea is to retransmit
as many properties of % as is possible. One easily recognizes
the importance of algebra € representations for construc-
tion of the type.'® In our case of semisimple algebra we then
use of course the Wedderburn’s theorem. It is rather trivial

(1.1)
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to adjust a definition of ¢-multiplication, now in vector space
E, so that the algebra (S,9) is isomorphic to (E,4 ) via the
same A. In the relevant case of € = % (8,0) Clifford algebra
and E = E (8,0) being its generating space, we must slightly
generalize the above scheme as now S=S5'o5 and
dim E #dim S. However,dim E = dim § " = dim S 7 [S-
pinor module, S *'—spinor module of % (8,0) Clifford alge-
bra]. Therefore, we consider a sequency of isometries 7, j, &

j i h
EDs' s LE, (1.2)

such that this diagram is commutative (A = (i /)~"). An alge-
bra structure (S'*, @) is now defined according to

S*XS* 2y )2 My =ilh¥]. (1.3)
Similarly to the former (1.1) case one may introduce appro-
priate algebra structures (S, @ ) and (E,4 ) so that these
two are isomorphic to (S, @ *)) algebra. The algebraic
structures obtained that way are said to be retransmitted
from € via the commutative diagram (1.2).

The main result of the presented paper is the construc-
tion of retransmitted structures with unities, all of them
forming the algebras of octonions.

A 14-parameter family of all corresponding isometries
h is constructed [hence, sequences (1.2)]. As a result we ar-
rive at a natural form of the global principle of triality in
terms of obtained octonionic structures on spinor spaces and
also on vector space E. Their groups of automorphisms gain
an interesting and clear interpretation.

Our study was stimulated by the recently increased in-
terest of physicists in problems strictly related to the subject
of the presented paper (see for example, Refs. 11-17 and also
references therein).

il. RETRANSMITTED ALGEBRAS OF OCTONIONS

In this section we shall construct retransmitted via (1.2)
and (1.3) structures, i.e., (S, @), (S, @), and (E,4)
algebras which we require to be algebras with unities. It ap-
pears that they are isomorphic to Cayley algebra of octon-
ions. First, we establish some preliminary knowledge and
notation, which is fairly standard.®-'° Then we introduce a
14-parameter family of isometries :.S *'—E [consequently,
corresponding family of diagrams (1.2) and retransmitted
algebra with unity structures].

(1) E (8,0) denotes the Euclidean real eight-dimensional
vector space and %'(8,0) is its universal Clifford algebra. The
map T

% Pin(8,0) Ds—m,€0(8,0)C Aut(£ (8,0)),

where
E (8,0)Dv—7,(v) = sva(s~ ')eE (8,0)

is the vector representation of the Pin(8,0) group (a denotes
the main automorphism of Clifford algebra). The pinor mod-
ule of ¥ (8,0) algebra is a 16-dimensional real vector space

5(8,0) = £ (8,0)e(8,0)~R ¢
and the field
F(8,0) = ¢(8,0)2(8,0)e(8,0)
is the isomorphic to R. Here ¢(8,0) denotes a primitive idem-
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potent, hence S(8,0) is a left minimal ideal of %'(8,0). ¢(8,0)
can be choosen so that it remains primitive also in the even
subalgebra %+ (8,0) of the algebra % (8,0).

For example, one may choose
€(8,0) = 1/16(1 + E\p34)(1 + Eyass)(1 + Eqg16)(1 + Ezase)s

where E, ,; = E,E,;E, E, and {E, }} is an arbitray orthonor-
mal basis of E (8,0).

The pinor module S (8,0) can be given naturally a direct
sum structure S(8,0)=C™' (8,0)e(8,0)e C'™ (8,0)e(8,0)
= §(8,0) 0 S (8,0), whereS (+(8,0)is now aspinor mod-
ule, i.e., the space of irreducible (though not faithful) repre-
sentation of C * (8,0) algebra. Also, quadratic forms are nat-
urally defined on S(8,0) pinor space. The only Spin (8,0)
invariant quadratic forms © , on §(8,0) are those generated
byf, antiauthomorphisms(8, v = + ve E(8,0))according
to

S(8,0)XS (8,020 . W¥) =B, W)YeR

and we use the same notation for associated bilinear forms so
that

0. W) =6, @)

The forms @, and @ _ equip the pinor space with Eu-
clidean and correspondingly maximally isotropic pseudo-
Euclidean structure. From now on, we shall use the abbre-
viations S(¥! = S (8,0), E = E (8,0), Spin (8) = Spn(8,0),
and Q for quadratic form on E. Finally, the fundamental
representation of Spin (8) is denoted by . It is not faithful
neither on S, nor S_ and kerr={1,J}~Z, where
J = E E,-E4 is a unit pseudoscalar.

{2) Now we proceed to construct a 14-parameter family
of isometries A: S *'—E and consequently corresponding se-
quences (1.2) which in turn generate retransmitted algebra
structures (S, @), (S, @), and (E,$). Let

E*=E—{0] and S*=S5"— {0}, then for any
(v,m)e E * X S * we have a sequence (commutative diagram)
j"l i“ hl’v'l
E-»STSHE, 2.1)
where

E Dw—yj,(w): = wneS ),
S DY, (¥): = vypeS ), (2.2)
S 2Yh,, () = (1,%,) " (W E.

It is easy to see that following lemmas hold:

Lemma 2.1: For any (v,7)e E*XS*: i, and j, are iso-
morphisms of vector spaces.

Prooft The maps are obviously linear. Assume
i, (¢} = 0. This imples that from

0= 0 (i,[¥) =B, [¥)i,[¥) = B¢ = Q)0 (¥)
due to definiteness of Q and 6, and we obtain ¢ = 0. Analo-
gously we obtain w = 0 from j, (w) = 0. B
Lemma 2.2:

S™2y-h,, @) = (B (MQ W)~ '8, WNEME.CE,

where {E, }} is any orthonormal basis of E.
Proof: For $ Y39 = (i, %, J(w) = vwn we can write

Ry () =, (own) = (8 ()Q (v))~'B (i, (vwn)) E *nE,
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= (0 (n)Q V)~ 'B (Muw’E “nE, -
= O ()™ 'B(nwE “nE,
=0 (n)"'BMYwE” + EwmE,
= O ()" 'B(nweE “nk,
=wE, =w. [ ]
Lemma 2.3: For any (v,7) € E* XS *:
(1) OG,¥)=02wO W), ¢S,
(2) B(j,w) =0 nQw), wekE,
(3) O(h ;' (w)=Q WO (NQw), wek,
4) Q) =(QWO M) 'OW), veS™.
Proof: Note that (3) and (4) are equivalent and
(1) O, ¥) = O (vy) = Bvyhy = BYW™Y = Q(1)O (¥),
(2) 8(j,w)) = 8 (wn)=Bwnwy = B (nw’

= Q(w)O (1),
(3) Bk ;' (w)) = B ((i, %, )(w)) = © (vwn) = B (vwy)owny
=B (nwvwn = (Q (v)© (7)Q (w). |

One could define retransmitted structures already via
the commutative diagram (2.1) with i,,,j,,, A,,,, being the only
vector space isomorphisms. We are going to do that, how-
ever, subsequently we restrict the (v,77) pair to be an element
of S”XS7CE*XS*so that i,, j,, h,, become isometries
according to (1.1). (This is obvious in view of Lemma 2.3.)
The retransmitted algebraic structures are the following:

Definition 1:

SHXSISWY)>D H ) =i, [h,, (W) ]€ S,
S(_)XS(_)B('//,W)—"D(—)('/'¢) =h,, [ (!//)]l (¥)es ),
E XE 3(ww')—9,,ww): = (h,, %) [wh ' w)]<E B
One readily sees the following.

Lemma 2.4: (1) h,, is an algebra isomorphism of
(S, 1) onto (E,@, ., ); (2) i, is an algebra isomorphism of
s= ’45“’) onto (§*,@{+)); (3) j, is an algebra isomor-
phism of (E,$,,) onto (S, ), forany (v,7) E* X S *,i.e.,
(Eson) (ST, (1)), and (S‘ 4 ,® ) algebras are isomor-
phic.

Proof:

(1) (A, 0P L0 )W) = (B, O 1, (Y1)
= (hv,n oiv )(hv,n (¢)h v,_'r)l’hu,'q (¢1))
= G (B (D1 (@),

(2) £, P W) = i, (R (0, (D), (@) = D 0, (D1, (8'))s
(3) obvious.

It is important to note that these algebras are algebras with
unity as we have

Lemma 2.5: (1) n is unity of (S, @ {+)); (2) v~ is unity
of (Eg,,); (3) v™'n is unity of (S - ’,45 {7 for any
(vye E*XS*.

Proof: Note that

hon(m) = (Q(MQ W)~ 'B (i, (M)E “nE,
= (@MW) 'B(MeEgE, =v/Qv)=v"",
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hence,
(1) @) =i, (h,, (M) =i, ') =,
@ g,n) = (i,h,, )1 = (i,%,°h,,)¥)
=id () =
(2) Follows from: A, (1) = v™"
(3) Follows from: i;” '(7) = v~ ' and Lemma 2.4. [}

Let us now denote by @ the Cayley algebra of octonions.
Using then Lemma 2.3 and the Hurwitz theorem one can
prove

Proposition 2.1:

and Lemma 2.4.

(1) (Ed,,)~P iff veS'C E,
2) (S, @t~ iff e STC S,
3) (S )~ iff v 'peS’C S

Proof: Due to the Hurwitz theorem we need to prove
only that the above algebras (with unities) have a composi-
tion property iff the following conditions are satisfied:

(1) @y, i) = O (k. o, Yok 20}
L0, (wh o, QIO (7))~
=B (vwh ., (w)owh ;')

X(Q 8 ()~ =@ ®Q (w)
X6 (h ;' (W) ") ~'(n)

Lem. 2.3

= QW@ w)Qw).

Hence, (E.¢,,) is a composition algebra iff Q (v) = |, i.e.,
veS’.

(2) 6(2.; ¥

O (i, (h,, (W) = QWIQ (h,,(¥)O (¥)
Lem. 2.3

= QWIQWem) 'ewew)
=0 7706 )
Hence, (S*,® (1)) is a composition algebra for 7€ S”.

(3) Analogously asin (1) and (2). [ |

We arrive thus at the conclusion that the sequence (2.1) with
(v,m7)e S7 XS retransmits via Definition 1 octonion algebra
structures only or equivalently, the sequence (2.1) becomes a
sequence of isomorphic octonion algebras. As an illustration
of standard properties let us derive the structure constants
of, say (E,,,,) algebra and let us define also the appropriate
conjugations. We then have

Lemma 2.6: For {E;}] orthonormal set of perpendicu-
lar to v vectors of E

S NELE)= — 6,0+ €, vmE,, 1<i,jk<1. |

For example, it is enough to note that €, (v,7): = B (9)E;
X E, E, v7 is totally antisymmetric. Analogous formulas are
derivedfor (S, F)and (S ), 7)) algebrasviarespective
isomorphism.

As for conjugations these are defined correspondingly
by
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Definition 2:
E Sw—w=vuwv " 'cE,
SHPDysh=h . vh,, P NS,
SOy =i,on ; \vh,, i, P )e S
The conjugations thus defined have the desired properties.
Lemma 2.7:
(1) B, (w5) = Q (o,
(2) 239 = O (¥,
B) 2L, W) =O W, (eSS XS .
Apparently the above conjugations are algebra antiautomor-
phisms (see Lemma 2.6 and note: Elv).
The isometries 4, ,,; (v,7)e S 7 XS, are not the only iso-

metries of S *) and E vector spaces, as it is enough to note
that all isometries of E onto S ‘* are given by

.h ,,,_,,1: =rh ,,T,,’,
where se Spin (8). One may define a corresponding sequence
for ;h ;' and its associated isometries. Then Lemmas 2.3
and 2.4 are also valid for these general isometries, however,
the retransmitted algebra on S+ (for example) seems to have
unity only if se ker 7.

1. TRIALITY PRINCIPLE AND G, GROUP

In this section we derive a triality principle for spinors
~and vectors in terms of appropriate representations of a
Spin (8) group. We also supply groups of automorphisms of
octonionic structures with a simple geometric interpretation
originating from the context created by the point of view
proposed in this paper.

(1) Now we concentrate our considerations on
(S, *)) and (E,¢) algebras. Corresponding results are
easily transferred to (S~,® () algebra via a commutative
diagram. Let us proceed then to construct various represen-
tations of Spin (8) group in terms of End (S ‘*’) and End (E).
For that purpose consider

ps: = iDOTSOiU
Spin (8) D § Ky =h o ok, € Aut(S +)

and
L;:=h,,or,,°h ;'
7i=5( '€ Aut(E)
R,:=h,,or.0h ]
two triples of different representations (having different ker-
nels). The fundamental relation between them is given by
Proposition 3. 1: (Triality Principle)
(1) p.(@ 47 W) = DLk, (7. ()
(2) Ly (8, (w,w")) = B, (7, (w), R, (w)),
for any seSpin (8) and arbitrary ¢,¥'e”*), ww'ekE;
vmeS XS,
Proof:

(1) po(P () = vsv vh,,,, (P = i, (sh,,, ()¥)

Spin (8) 2 S
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=i, (R, °h o5 sh,, (Y1~ 'Y)
= iv (hu,-r] oh v;7101rs ohv,n (¢)Ts 'pl)
=i, (b5 [k, (DT, () = D L e, ()7 (#)).

(2)is obtained from (1) by straightforward application of
h,, isomorphism. [ |

The second part of this section is devoted to groups of
automorphisms which we define to be

Definition 3:
Aut(S™) = {se Spin (8); 7, D, , (¥,¥)
=@\ (r.¢7.¥); Y¥eS, ),
Aut(E) = {se Spin (8); 7.4, (w,w’)
= ¢v,-r/ (1Ts (w)’ﬂ's (w,)); w’wle E } ’
eSS’ xS
For considerations to follow, two lemmas are of primary
importance:
Lemma 3.1:
(1) If se Aut(S'*),
(2) If se Aut(E),
Proof: (1) Note that
7. P W) = 7.9 =P} 97,7

implies that 7,7 = 7.
The defining identity of Aut(.¥'*)) rewritten explicitly

svh,,,, (WY
=1,PW¢) = P 1. gr ) = vh,, sY)sy’
= B (¥)s~ "WE,nE,sY’ = vB (Y}~ vss™'E snE, s/
=usB (P, (ol E,sns ™ E sy
= USB (¢)1rs" (v)Ea ”Ea 'ﬁ,
and multiplied by s~ leads to

DY) = Toms (O, -1 (W = D (1)

then @!%)=(+)

e Yohy?

then ¢,, = ¢m_ Iyt

(2) As above, m,(v)=v is a necessary condition for
s€ Aut(E). Using this fact and the definition of Aut(E ) we get
Bimw'vwE,qm (E,) = 7.4, ww) =@, (rwmw)
= (h,,, %, Jisws ™ 'vww's ™ ')
= B(ysw's ™ 'vsws~'E,nE,
=B (s~ 'nw'vwr - (E,)s™ '9)E,
=B s 'Mw'vwE,s™ ', (E,),

which leads immediately to the thesis. B
Lemma 3.2:
(1) f &)=, then v= +y;
@) If §yy =4y,  then 7= £7.
Proof: (1) From

0= 2 N¢) — P Y) = Wh,, () — VA, (P

for arbitrary ¢', we deduce that the endomorphism acting on
¥’ belongs to the kernel of representation 7 (of ¢'*’ (8,0) Clif-
ford algebra), i.e., it has the form
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vhv,n (¢) - v,hv’,n ('ﬁ') = 5(1 - J)C
forsomec € C * (8,0) [see(1.1)]. Note that the right-hand side
of the above equation is self-dual, whereas dual to the left-
hand side element belongs to the subspace of ¢ (8,0), which
does not contain preimage of the dual. Thus

b, ) —v'hy, () =0

for arbitrary ¥ € £, from which, after subtraction of the
three-vector part

vAV Ahy, () =0, ¢eF,
we obtain vAV' =0, i.e,, v = + v’ due to arbitrariness of
¢e f(+)

(2) The transformation 4, 'oh, . is orthogonal and we
can always find such s € Spin (8), that T, =h,'oh,,, and
moreover 7,9’ = 1.

Acting with &}
tures we obtain

on the equality of octonionic struc-

DA )k L (W)

=h"°hun(¢'+’(h Yol o)

=1,® -k ), lh-‘(w))
The last term rewritten explicitly with ¥,¢'
=h ' (w) b 5w,

¢‘+’(T 7 ) = suB (Ylsvs ™ SE, ' E,s™ 'Y

= svB (Y W) (E,)E,s~ 'Y
= svB (Y, WEqm; (E, s~y
= 7, (V)8 ()7, (W E, nE, ¢
D)
leads to the equation
DL W) =), hY),

from whlch we deduce 7, (v) = + v (Sec. I).
Composing again 4 ! with an initial identity we get

wyf = 7 (vw), ¥ =h,, W) wwek,
and after the same discussion on ker 7 as in (1) and using
+ v we have
m(w)= +w, wekE.
Thus,se {l,— 1,J,—J},ie, ' =7p= L. B

From Lemmas 3.2 and 3.3 follows an important proposition.
Proposition 3.2:

Aut(S™) = {s € Spin (8); 7,(n) =7, 7.0)= v},

Aut(E) = {seSpin (8); m,w)=v, 7= x7}. W
This proposition enables a clear interpretation of the auto-
morphism groups of (S ), @ *)) and (E,4 ) algebras. It is also

natural to define
Definition 4.

Aut(SH,E) = Aut(S )nAut(E)
= {seSpin (8); 7,7 =7, 7,(v) ="v}.

7, (v) =

This very group Aut(S*),E) of simultaneous automor-
phisms (via respective representations) of (S*',&*)) and
(E,¢ ) algebras has a characteristic property expressed by
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Corollary 3.1: The following diagram:

1,0 RS S
Aut(S‘E) 3D s
e E —E
h=h,,,[v,n) €57 XS’)is commutative.
AT

This is the distinguished property; as for Aut(¥) or
Aut(S "), the corresponding diagrams are no more commu-
tative though, they are “Z,-commutative” instead, that is to
say hor, = + 7, 9h. This is to be related with the fact that =
and 7 representations of Aut(S ‘*’) and Aut(E ) groupsare not
faithful [kernels being those of Spin (8) representations].
However, we have

Corollary 3.2: The restricted and representations

7| auseys | auisere)
are faithful. The Aut(S *),E) group of automorphisms we
identify with a standard G, group.

This is not the largest group for which Corollary 3.1
holds, however it is so, due to the triality principle if in addi-
tion one requires representations 7 and  to be faithful.

Finally, we describe briefly the Lie algebra G, of deriva-
tions of octonionic structures. From Proposition 3.1 it fol-
lows that

= [be AZE;[by]
The first condition, [b,v]
so(7) = {beA’E;b=b"E; A

A2E(7,0).

=0, by = 0} Cso(8).
= 0, subtracts so(7) subalgebra
E;, E, .E;Lv; 1<i, j<T}

Let
APE(1,0) © CPClP*e A7~ 2E(7,0)

be the Hodge operator in E (7,0). We define the three-vector €
A’E(10) D e: = €E,\NE; NE,, 1<i<j<k<]T,

where €% is that of Lemma 2.6.
Proposition 3.3:

= {be A2E(7,0); b — be* = 0].
Proof: The condition by = 0 for b € G, is equivalent to
b7ni} = 0. The self-dual [see (2.1)] spin tensor has the follow-
ing decomposition in ¥ (8,0) Clifford algebra:

W = {0 + T+ FE o) 1<a<b<x<d<8
=4(1+J+F),
with Fe*? = 5 E°E*E °E “y.
The four-vector F can be decomposed with respect to
E (7,0) Euclidean subspace of E (8,0) as follows:

F=ev+f ecA*E(70),
where
A*E(10) D £ =7JE'E'E*E'3E g 1<i<j<k<1<T7.

From self-duality of %7 with respect to the Hodge star of
E (8,0) one gets a seven-dimensional duality relation

e=f*orf= —e*
Thus,

M =§1+J+ev—e€*)
and

Z. Hasiewicz and A. K. Kwasniewski 10



0=28bwn% = b + b*v + bev — be*,

which is equivalent to b — be* = 0. Due to reversibility of all
steps of the proof we get the thesis. B

IV. FINAL REMARKS

Let us focus our attention on “spinorial and vectorial
octonions” (S, ), (E,4 ). For any (v,7) S 7 XS 7 we have
such a pair of algebras. In order to classify somewhat distinct
cases, let us introduce three equivalence relations on the 14-
dimensional manifold S7x.S".

Definition 5:

(1) (U,’)]) -~ (v'ﬂ]') iff ¢v,11 = ¢v’,n’ ’

@) Em=E'7) i buy =dus
B) @) _07) i By =y APy =Py

Introducing then
Definition 6:
(1) Oct(S =8"xX8"/~,
(2) Oct(E): =S'XS"/=,
(3) OctiS‘E): =8"XS"/z,

three sets of octgonion structures, one immediately gets

Proposition 4.1:

(1) Oct(S ) =RP(T)XS7,
{2) Oct(E) =S7XRP(7),
(3) Oct(S‘Y,E) =S"xS57,

and an obvious corollary.
Corollary 4.1:

Spin(8)/Aut(S *+)) = RP(7)xX S,

11 i J. Math. Phys., Vol. 26, No. 1, January 1985

Spin(8)/Aut(E) = S"XRP(7),
Spin(8)/Aut(S *,E) = §7x S,
Spin(7)/Aut(S*,E) = S. B
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Debabrata Basu and T. Bhattacharya

Department of Physics, Indian Institute of Technology, Kharagpur 721302, West Bengal, India
(Received 21 March 1984; accepted for publication 1 June 1984)

It is shown that the canonical representation space of Gel’fand and co-workers is particularly
appropriate for problems requiring explicit reduction under the noncompact SO(1,1) and E(1)
bases for both the principal and exceptional series of representations of SL(2,R ). We use this
realization to set up complete orthonormal sets of eigendistributions corresponding to the three
subgroup reductions, namely, SL(2,R ) DSO(1,1}, SL(2,R ) DE(1), and SL(2,R ) DSO(2), and
evaluate the unitary transformations connecting these reductions. These overlap matrix elements
appear as the applications of these distributions to a set of well-defined test functions. Using the
rigorous theory of analytic continuation we show that the results for the exceptional
representations have the same analytic forms as the corresponding results for the principal series.
Some of these results are essential prerequisites for the solution of the Clebsch—Gordan problem

(series and coefficients) of SL{2,R ) in the SO(1,1) basis.

I. INTRODUCTION

The complete classification of the unitary irreducible
representations (UIR’s) of SL(2,R ) was given by Bargmann.'
This group, its covering group SL(2,R ) and its representa-
tions were further studied by Pukanszky,? Barut and Frons-
dal,’ Sally, Jr.,* and Lang.’

The UIR’s of SL(2,R ) contain two continuous series:
first, the principal series labeled by a pair of indices (€, ),
where € is a reflection label and takes on the values 0 and 1,
and j is a complex number of the form j= —1+is,

— o0 <5< oo; and second, the exceptional series character-
ized by a single real parameter j varying over a finite interval
— 1 «j<0. The UIR’s, in addition, contain discrete spectra
characterized by negative integral or half-integral values of j.

Theexceptional UIR’s of SL(2,R ) contain some unfami-
liar features and are believed to be really exceptional insofar
as they have no analog in the representation theory of com-
pact groups. These representations do not appear in the de-
composition of the left regular representation into irreduci-
ble representations. “It is, as if, nature has made this object,
found no use for it and, therefore, discarded it.””¢

The representations of the principal series were realized
by Bargmann in the Hilbert space L (¢ ) of functions defined
on the unit circle. The exceptional series was defined in a
similar function space but with a nonlocal metric. Although
Bargmann’s realization was used in the past in connection
with the reduction of the representations of SL(2,R ) under
the hyperbolic SO(1,1) and the parabolic E(1) subgroups,’!
it called for a complicated set of transformations and the
resulting bases turn out to be too complicated for further use.
This is because Bargmann’s realization is really suited to
problems requiring reduction under the elliptic SO(2) sub-
group.'? Some simplification has been achieved more recent-
ly by using the oscillator realization proposed by Holman
and Biedenharn,'* Barut and Bohm,'* Moshinsky,'* Wolf, 6
and Mukunda and co-workers'’, amongst others.!® In con-
trast to the canonical realization of Bargmann, the oscillator
realization leads to a second-order operator realization of
the Lie algebra which on exponentiation yields a parame-
trized continuum of integral transforms. In a number of pre-
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vious papers'® we have used these integral transform realiza-
tions of SL(2,R ) [as well as of SL(2,C }] to evaluate the matrix
elements of operators, Clebsch—Gordan coefficients, etc.

The oscillator realization unfortunately does not yield
the exceptional UIR’s of SL(2,R ). Consequently we could
deal only with the principal and discrete series of representa-
tions in our previous papers.!® The object of the present in-
vestigation is to supplement the previous results by parallel
results for the exceptional UIR’s of SL(2,R ). For this pur-
pose the representation space of Gel'fand, Graev, and Vilen-
kinZ° seems to be particularly appropriate. This realization
of the principal and exceptional UIR’s of SL(2,R ) turns out
to be a convenient starting point for many practical calcula-
tions, particularly those requiring explicit reduction under
the hyperbolic SO(1,1) or the parabolic E(1) bases. The re-
ductions lead to a class of distributions which have been
studied extensively by Gel’fand and Shilov.?!

We set up complete orthonormal sets of eigendistribu-
tions corresponding to the three subgroup reductions and
evaluate the various overlap matrix elements which appear
as the applications of these distributions to a set of well-
defined test functions. We use the rigorous theory of analytic
continuation of classical analysis to evaluate the SO(2)-
SO(1,1) and SO(2)-E(1) overlaps which are given in terms of
Gauss’ hypergeometric and Whittaker functions, respective-
ly. These results for the exceptional representations turn out
to have the same analytic form as the corresponding results
for the principal series previously obtained by us,'*®®+d py
Kalnins,”” and by Montgomery and O’Raifeartaigh.?*> The
SO(1,1)-E(1) overlaps, on the other hand, turn out to be dis-
tributions of the type x*, .

Some of the results of this paper are essential prerequi-
sites for the solution of the Clebsch—~Gordan problem of
SL(2,R ) in the hyperbolic SO(1,1} basis involving the cou-
pling of the exceptional UIR’s which has not, so far, been
treated in the literature. This problem is currently under
investigation.

Il. THE GEL’'FAND-GRAEV-VILENKIN REALIZATION
The group SL(2,R ) is the group of real matrices
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with determinant 1 in two dimensions. In the realization of
Gel’fand and co-workers the representations of SL(2,R ) are
constructed in the space D, of functions ¢ (x,,x,) of two
real variables x, and x, satisfying the following require-
ments: (a) ¢ (x,,x,) is homogeneous of degree 2j; (b) & (x,,x,)
has a definite parity ( — 1)<, where e = Oor 1; and (¢) & (x,,X,)
is infinitely differentiable everywhere except at the origin.
The requirement of homogeneity ensures that D, ;, can be
realized as the space of functions f(x) of a single real variable
x = x,/x,. Further restrictions on j and € are obtained if the
representations are required, in addition, to be unitary. The
condition of unitarity leads to the following classes of repre-
sentations.

(a) Principal series: The representations of the principal
series are defined by

TS = 1B + 5 sen( B + 8/ (21T, 2

wherej= —1+1is, — o <5< oo and € =0 or 1. These re-
presentations are unitary in L %R ), i.e., with respect to the
scalar product

(fufy) = f Filx) Fodx 22)

(b)) Exceptional series: The representations of the excep-
tional series correspond to € = 0 and these are defined by

T flo) = IBx+ 81 (SEL), 2.3
where j is a real number lying between 0 and — 1. These
representations are unitary in the Hilbert space L/{R) in
which the scalar product involves a nonlocal metric:

- 1 x| - %2
o f) =gy | el ==

Xfale,)dx, dx, . (2.4)

The above integral converges in the usual sense for

—1<j< —4 For —}<j<0itis to be understood in the
sense of its regularization. These two sectors, however, are
unitarily equivalent.

(¢) Discrete series: The representations of the discrete
series or the so-called analytic representations are character-
ized by j= — 4, — 1,.... These representations are unitary
in the Hilbert space of functions analytic in the half-planes
Im z> 0and Im z < 0. The former are called the positive dis-
crete series and the latter the negative discrete series. Since,
in this paper, we shall be mainly concerned with the excep-
tional representations we do not give the explicit operator
form of these representations.

The generators of SL(2,R }, in this realization, are first-
order differential operators in L/(R ) and these are given by

_ _fu=x)d . ]

7 l[ 2 dx |

J2=i[x%~j], (2.5)

J(1+x%) d ]
Jo=i|xX) 4 ..
? l[ 2 dx x
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Here J; and J, generate the boost hyperbolic subgroups
SO(1,1), J; generates the compact elliptic subgroup SO(2),
and T, =J, +J, generate the Euclidean parabolic sub-
groups E(1).

The representations are unitary and consequently the
generators (2.5) are Hermitian under the scalar product (2.4).
It is sometimes more convenient to express the scalar pro-
duct in the “momentum space” by introducing the Fourier
transform

1 s
fo=-1 [ hlple==rdp,
(2.6)

h(p)= f Fxler dx .

We follow here the definition of Fourier transform as adopt-
ed by Gel’fand and Shilov** because we shall frequently deal
with the Fourier transforms of the distributions that have
been extensively treated by them.

In the momentum space the nonlocal metric disappears
and the scalar product takes the form

(fufy) = — 87 f ki plial o+ dp ,
w

where A, and 4, are the Fourier transforms of f; and f,, re-
spectively. Since — I <j <O for the exceptional UIR’s the
squared norm ( f; f) is positive definite.

Following Gel’fand and Shilov?! we now give the defi-
nitions and basic properties of some distributions which will
appear in this work. We start with the functions x*, . Let us
first consider x#_ which is defined by

(2.7)

x*, for x>0,
x* = 2.8
N [O , for x<0. 2.8)
We now define the distribution x*, as follows. For
Reu> —1

(e b) = f: x4 (x)dx 2.9)

where ¢ (x) is a sufficiently smooth test function with a com-
pact support. For other values of ¢ this distribution is de-
fined by the appropriate regularization procedure. In this
work, however, the restriction Re u > — 1is obeyed and the
regularization of the integral will not be needed.

Similarly we consider the distribution corresponding to

|x|#, for x<O,
o, for x>0.
For Re > — 1 this function defines a regular functional

(e ,¢)=£ x[“¢ (x) =Lw x¢(—xjdx. (2.11)

We now introduce the distributions (x + 70} in the following
way. We define

(2.10)

- -|

#olxl#,  for x<0,
(x 4+ i0f = Lim (x+iy)“=[e [, for x< (2.12a)
»—+0 x*, for x>0,
. e *¥|x|*, for x<0,
— O = lim —1 =[
e — 0y y~—>+0(x w¥ xt for x>0.
(2.12b)

These functions exist for all z and define regular functionals
forReu> —1.
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In this work we shall have occasion to deal with the
Fourier transforms of these distributions which are given
by’).S

hE(p)= Jjo e (x + 0y dx

(2.13)

lil. SUBGROUP-ADAPTED EIGENDISTRIBUTIONS
A. SL(2,R7)D80(1,1)

The simplest operator in the hyperbolic orbit is J, and
its eigenfunctions can be shown to be the distributions

=NFx+i0f—#, (3.1)
where
i PRI
N2 =[_ D(Zj+AN(—j=A)]" 3y
87 sin mje £ ™
These are, as shown below, Dirac orthonormal and com-
plete.

(@) Orthonormality: To establish the orthonormality we
introduce the Fourier transforms of the eigendistributions
(3.1) as given by Eq. (2.13) in the scalar product (2.7). Thus,

(f5.f5.)=6_84A—4", (3.3)

wheree = +.

(b) Completeness: We shall now show that the normal-
ized eigendistributions (3.1) form a complete set. The com-
pleteness condition, however, involves the nonlocal metric
and requires

Jdl——l. J‘ab\:”|x’—x”|‘2f“2
r-2-1

X ¥ filx") i) =6x —x'). (3.4a)
This ca:lsb: written as
di 3 65(x)fix)=5(x—x), (3.4b)
where T
+
o "_r(iv;j— 1
dex"|x’ —x"| ¥ Fig) 4, (3.5)

Inserting the Fourier transforms of the eigendistributions
(x I i0f + * we obtain after some calculations
AN FeFUm/+iA) gin

r(—j—ii)

ot rp.

Comparison of Eq. (3.6) with Eq. (2.13) reveals that the rhs,
apart from constant factors, is the Fourier transform of
(x’ F i0) ~/~ '+ The nonlocal metric, therefore, effectively
plays the same role that the complex conjugation does in the
principal series. Both change j to —j — 1. We thus obtain

6= —

(3.6)
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— 21Tsin ﬁe;(iﬂlz’(zj-’.I)N;ft(x,q:io) —j—1+4i
sin 7(j + 1 —l}i)l"(—j—M)I“(—j+,',1)(3'7)

0 (x) =

Inserting Eq. (3.7) in the lhs of the completeness condition
{3.4b) we obtain

f @3 0uxfik
1 [ ”"2’+”fd/l (' — Q)= x4 joy %

Zﬂ' ™ 4 g~ MU+

+em @+ [ ga (x' +40) /R — oy~ 4
e =2 | g+ 1)

(3.8)
Taking x, x' > 0 and setting x = €', x’ = ¢'’, we obtain
fdzt 3 0afi
Rt -1 — 2+ 1)
=e fd [ 21rA —im2j+ 1)
emy+ 1
—il(t—1")
e 2 + &Y+ 1)] . (3'9)

Since the term in the bracket sums up to unity we have

fd,l S OS5k =e Bt —1')=b(x —x).
e= =+

The same result holds when x and x’ are both negative.
When one of x and x’ is positive and the other negative the
rhs of (3.8) is zero. This completes the proof of the complete-
ness condition (3.4).

B. SL(2,A)DE(1)
The two operators generating conjugate E(1) subgroups

are T, =J, £+ J,. The simpler operator in the parabolic or-

bit is, however, T_ = J, — J, and the normalized eigendis-

tribution of 7°_ is given by
e (x) =N, e,

where

(3.10)

= [ — (lo| =¥~ /4 sin 7j)] /2.

These are also Dirac orthonormal and complete.
(a) Orthonormality: To establish the orthonormality we
notice

(3.11)

(e.e,)=N,N_, f €“’*0, (x)dx , (3.12)
where
0,(x )— l)fl x'|"¥" - gy’ (3.13a)
= —-2sm ny[a]z”‘e“‘”‘. (3.13b)
Inserting Eq. {3.13b) in Eq. {3.12) we obtain
(e,..e,)=6(c"—o). (3.14)

(b) Completeness: The completeness condition now re-
quires

f do N,6,(x')e,(x) = 8(x' —x), (3.15)

D. Basu and T. Bhattacharya 14



where 6,_(x) is given by (3.13a). Inserting 8, from Eq. (3.13b)
in the lhs of (3.15) and using Egs. (3.10) and (3.11) the com-
pleteness condition can be immediately obtained.
C. SL(2,7)D>S0(2)

The compact SO(2) subgroup is generated by J; and the
eigenfunctions (proper) are given by

&m = Np(l +ix)/ 71 —ix)/* ™, (3.16)
where
—2f—2 172
N, = [ _ Lm—p2—" . (3.17)
wsingil'(m+j+ 1)

{a) Orthonormality: To establish the orthonormality of
&, under the scalar product (2.4) we note that

(g, 8n)=N_N,, fz//’{.,(x)ef;,,(x)dx, {3.18)
where
Ylx)=01+ixy ™1 —ixy+tm, (3.19)
and
j ____1___ | = =207 (xdy
QM(X)_F(—Zj—l)f‘x | ~¥=2 P (x)dx

Inserting the Fourier transform of ¢/,

Plx) == | e=2n! (plp, (3:20)
27
where
h{,,(p)='[(l +ix)? ™1 —ix)/ t P dx (3.21)
we obtain after some calculations
o) = I [ (oot e dp. (.20
T

The Fourier transform 4/, ( p) which is calculated in the next
section [see Eq. (4.23)] is real and satisfies

Wh(plplr =g+ LI 2y

I'(m—j)
(3.23)
Thus
0%ix) = — 2%+ 2sin g LB LD g iy,
I'(m—j)
(3.24)
Substituting Eq. (3.24) in (3.18) we have
@, 8n) = — 222 ST i+ Dy
" I'(m—j) "
dx (1+t’x)m—'"’=6 . (3.25)
1+x*\1—ix m'm

(b) Completeness: The completeness of the compact ei-
genbases requires that

1 "y | 225 ”
D 1 e R M g )

=6(x' — x). (3.26a)
This requirement can be written as
S ONLOLEW ) = —x). (3.26b)

m= — o
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Inserting Eq. (3.24) (with x replaced by x’) into the lhs of
(3.26b} and setting x = tan(¢ /2), x' = tan(¢ '/2) we obtain
after some calculation

S NLOLE W)
() t) 5

=2cos’(p /26’ —d)=8(x"—Xx).
This completes the proof of the completeness of the elliptic
SO(2) bases.

IV. UNITARY TRANSFORMATIONS CONNECTING THE
THREE REDUCTIONS

A. SO(2)-80(1,1) overlap

This overlap is the coefficient of expansion of the com-
pact basis (3.16) in terms of the eigendistributions (3.1) and is
given by

Erfﬂ. =(gm’f,1:t)

=N, J(l + ixy ™1 — ix)?* "0 i (x)dx, (4.1b)

(4.1a)

where the distribution 8 ;£ (x) is defined by Eq. (3.5) and is,
therefore, given by (3.7). We, therefore, obtain

27 sin je T U AA+IN N
sin(j —iA ) (—j—iA)(—j+ild)

*
mA *

(4.2)

EZ =

where

K =J-w (1+ix)/~™(1 —ix)/*™(x Fi0) /" +%dx.
h (4.3)

This integral may be thought of as representing the applica-
tion of (xFi0)~/~'** to the test function
(1 +ix)/ = ™1 —ix)/+m.

Taking K .}, , for example, we note that on introducing
z = }(1 — ix) the rhs of (4.3) can be written as a line integral
along Re z = 1. We, therefore, obtain

K} = =-%+y ., (4.4)
where
+ieo . :
Js = 7Pl -z

4 —ico
X[ —i(l+0—2z)] I~ 1+*gz, (4.5)

The only singularities of the integrand are the branch points
atz =0,z = 1,and z =} + 0. We note that the branch point
at z =} + 0 is away from the path of integration (Re z = }).
The integrand is single valued and analytic'in the z-plane
assumed cut along the negative real axis from 0to — « and
along the positive real axis from 1 + 0 to . The cut for the
second factor of the integrand is likewise taken from 1 to 0.
If we, therefore, choose, as shown in the Fig. 1, a closed
contour 2, by Cauchy’s theorem

§ L —2p =" —ill +0— 28] 7+ dz = 0.
= (4.6)
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FIG. 1. The contour 3.

Since the integrals over the large circular arcs .S, and S, van-
ish, we have

J,, = —e—m/A—i-1+i)y 4.7)
where
IL,=|2z*""1—-2/~"1-2)"/-'*24z; (4.8
c

Here Cstands for the part of ' formed by the small circle s of
radius € around the origin and the branch cut from — € to
—_— 0.

We now use the rigorous theory of analytic continu-
ation to show that I, , is essentially a contour integral repre-
sentation of a hypergeometric function of argument — 1.
The procedure is an adaptation of Cauchy’s method of ana-
lytic continuation of functions defined by definite integrals
outside the region of convergence of the integrals. We start
with?®

r(c) ® —1 a — ¢, —a
__I"(b)l‘(c—b)fo SN+ 571 +25)~%ds
= F(a,b;c; — 1),

which is valid for Rec>Re 5> 0.

The condition Re &> 0 can be relaxed if we recast the
above equation in terms of a contour integral over C. Al-
though the line integral does not converge for Re <0, the
contour integral

4.9)

fzb—l(l — 21 — 22)~°dz (4.10)
C

continues to define an analytic function of b because the di-
vergence at the origin is canceled by the contribution of the
small circle s around the origin. The contour C in Eq. (4.8),
therefore, removes all restrictions on m. Now, for Re b > 0,
the contour integral (4.10) reduces to the line integral

fz""(l—z)"“(l—Zz)“‘dz

= 2i sin 7(b — l)f ST 4571 + 25)°ds .
0
(4.11)
Since the contour integral defines an analytic function of &
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and reduces to the line integral [rhs of (4.11)] for Re b > 0, we
obtain, by the principle of analytic continuation,

o I(c)
Flabie; —1) = 5>— mb— )\[(b)(c —b)

xj 21 —2f (1 —2)~“dz, (4.12)

for Re ¢ > Re b and arbitrary b. Comparing (4.12) and (4.8)
we finally have
_2sina(j+ml(j+m+ Y (—j—id)
F'm+1—il)
XF(j+1—id,j+m+Im+1—il;—1).
(4.13)

Using Egs. (4.2)-(4.8) and Eq. (4.13) we can now immediately
write down the overlap matrix element

( _ )mﬂ.—l/22j+ 1/2 sin ﬂe—iﬂj/z

L

E 5 ="— . -
sinw(j—idA)[(m+1—id)
% 1“(”1—131'(m+j+1)1'(—]—1'/1)]'/2
r(—j+il)
XF(j+1—ij+m+Lin+1—id;—1).
(4.14)
Similarly

E =eE~* .. (4.15)

The SO(2)-SO(1,1) overlap matrix elements, therefore, in-
volve only one hypergeometric function and are simpler
than those for the principal series appearing in our previous
paper.'®@ They are, of course, unitarily equivalent.

B. SO(2)-E(1) overlap

This overlap matrix element is given by
Fma = (gm ’e(f )

=N,N, f(l +ix)? ™1 —ix)/ ™0, (x)dx ,
(4.16)

where the distribution 8, (x) is defined by Eq. (3.13a). Using
Eqg. (3.13b) we obtain after simplification

Emtr = —2sin 7Tj|0"2j+1NmNaImo’ (417)
where
I.. =f (1 —ix)? ™1 + ix)? +me"™> dx . (4.18)

For the evaluation of /,, . we consider the two cases o > 0and
o < 0 separately. We first consider o > 0. Putting as before,
(1 + ix) =z, the integral can be written as a line integral
along Re z = 1 and we have

—ioo

+ioo
I, = —122f+‘e_"f i+ m( _Z)i=mdz. (4.19)
4

The only singularities of the integrand in the finite part of the
z plane are the branch points at z = 0 and z = 1. The inte-
grand is, therefore, single values and analytic in the z plane
assumed cut along the negative real axis from 0to — « and
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along the positive real axis from 1 to «. If we, therefore,
choose a closed contour 2 similar to the one of the previous
subsection we obtain

I, = izzf“e-af Pl ml g =mdz,  (4.20)
C

where C, as before, consists of a small circle of radius € cen-
tered at the origin and the branch cut from —eto — oo.
Following the method of the previous subsection and

using®’
J e~ ™t*(1+t)Pdt
0
=I(a+ 1) x~@tO2= o rws 412

(4.21)

it can be shown that Eq. (4.20) now gives us a contour inte-
gral representation of the Whittaker function and this is val-
id for all values of m. We therefore obtain

I.,=—2%'sina(j+ml(j+m+1)
XoITIW_ mj+12(20), (4.22)

for o> 0. For o < 0 we may proceed similarly and combining
the two cases we obtain the general result

1., = —2/*'sinn(j+ sgnom)I"(j+ sgn om + 1)
X1l 7V _ sgnom, s+ 12(2l0]) - (4.23)

It should be noted that the Fourier transform 4/, ( p) defined
by Eq. (3.21) of the previous section is equal to 7 _,,, and
satisfies the identity (3.23).

The SO(2)-E(1) overlap can now be computed and is
given by

mp

F, _=rt 2’+‘smﬁ][ Lim —J) ]
e T m+j+1)
XI'(j+sgnom + 1) |a|—1/2W—sgnam,j+1/2(2|0|)'
(4.24)
C. SO(1,1)-E(1) overlap
This overlap matrix element is given by
Go=le, fi)- (4.25)

Following the method of Sec. III it can be verified that the

G 5, apart from certain constant factors, are the Fourier

transforms of the distributions (x J7/0) =/~ '*“ and these

are given by

et 2 IT(—j+iA) 1/20— 1/2—id
- VY] R

These are essentially Mellin transform kernels.

+
3=

(4.26)
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A note on the multiplicity-free unitary irreps of SL(3,A)
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Unitary irreps of SL(3,R) which contain a representation D / of SU(2) at most once are known to
exist with SU(2) content j = k + 2n (n = 0,1,2,.. and k = 0,4,1). Giiler, in a recent paper, claims
that there also exist multiplicity-free unitary representations with SU(2) content j = kg, ko + 1,

ko + 2,..., for ky > 3. We show that such representations do nof exist for k,> 1.

The group SL(3,R) is of considerable importance in
both nuclear and particle physics as well as in mathematics.

In particle physics, the group SL(3,R ) appears as a form of
dynamical symmetry underlying hadronic Regge bands,’
implementing thereby a suggestion of Gell-Mann’s to en-
large symmetry considerations to encompass Hamiltonians
which are functions of transition operators that generate the
symmetry. The same concept, applied to nuclear physics,? is
responsible for nuclear rotational bands [ SL(3R ) being the
group of rotations and volume-preserving deformations of
the nucleus). These applications have led to several investi-
gations to determine all unitary irreps of SL{3R); a sum-
mary has been given by Sijacki.’

The present paper is concerned with unitary irreps of

SL(3,R) that contain a representation D ’ of SU(2) at most
once. We call these “multiplicity-free representations.” This
note was prompted by a recent paper by Giiler* who claims
to have constructed a new set of multiplicity-free (unitary)
irreps having the SU2 content: j =k, k + 1, k 4 2, ..., with
k> 3. The purpose of the present note is to prove that these
new irreps do not exist.

To begin let us recall the approach to the SL{3,R ) alge-
bra suggested by Gell-Mann (this will lead to a considerable
simplification which will be pointed out below). Consider the
angular momentum operators J, obeying the commutation
relations:

IxI =i, (1)

and adjoin the physical mass quadrupole operator Q. Since
Q is a quadrupole tensor operator it obeys the commutation
rule®

['IM’Qq 1= 2 Cg'lnzq‘ q (2)

(where C . are Wigner coefficients®). Moreover Q (as a func-
tion of position operators) obeys the commutation rule
[9,Q;]1=0. (3)

The commutation rules (1)-(3) lead to the algebra of the

% On leave from the Department of Physics, Duke University, Durham,
North Carolina 27706.

18 J. Math. Phys. 26 (1), January 1985

0022-2488/85/010018-03%$02.50

group T° @ SU2 [a contraction of SL(3R)] for which the
multiplicity-free, unitary, ‘“ladder” irreps: j = jg, jo + 1, ...,
Jo=151,% .., certainly do exist.® In Ref. 1, an elegant meth-
od, inverse to contraction, was given whereby one can obtain
the SL(3,R) algebra. For this purpose one defines a new
quadrupole operator T, which is the time derivative of Q.
The resulting commutation relations for J and 7 are

IxJ =i, (1)
[JM’Tq] =2C33n2q'Tq" (2’)
<
and
[T 2T 5} = —4J, (4)

Equation (4) is the crucial new relation, all other commuta-
tors of T with T follow from this one using Eq. (1) and (2').

To solve these commutation relations, we introduce an
angular momentum basis |JM ), and explicitly assume that
the representation is multiplicity-free, that is, each angular
momentum J occurs at most once. With respect to this basis,
the operator T takes the form

'MTIMY = 20+ )7 12C30, T, (5)

where we have abbreviated the reduced matrix element
JNIT||JT) by (T| T).

There is an important physical constraint on the matrix
elements of T which comes from the interpretation of T as
the time derivative of Q. From this interpretation one has

ITI=(T12]9)

=(/AE(T)—-ETIIICNT), (6
where E ( J )isthe energy of the state |JM ). It follows that the
diagonal matrix elements of T must vanish if the diagonal
matrix elements of the mass quadrupole operator Q are to be
finite, that is

(JI17)=0. )
[This is the simplification mentioned earlier; it is crucial for
known physical applications of SL(3,R ) symmetry.]

We can now determine the constraints on ( J'|| J ) re-
sulting from the commutation relation, Eq. (4). There are
two equations:

ST IWT|TIYW(J2Y 2,T3)=0, (8)
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and
SHINTIWIT YW (I2T 2T 1)

=10/3[ J(J + 1)(2J + 1)]'/287". (9)
[The W (-..) in (8) and (9) are Racah coefficients.’]

(To understand the meaning of constraints (8) and (9),
note that the commutator in Eq. (4)—as the product of two
tensor operators of angular momentum 2—can in principle
contain angular momenta 0, 1, 2, 3, and 4 (from the abstract
product 2 X 2); the antisymmetry of the product implies that
only angular momenta 1[Eq. (9)] and 3[Eq. (8)] can actually
occur. Finally, the explicit forms on the right-hand sides of
Egs. (8) and (9) show that the spin 3 operator vanishes and the
spin 1 operator is proportional to J itself.)

The final constraint on the representation results from
unitarity. This implies the relation

(T =(=1)7"= (T T, (10

All multiplicity-free unitary irreps of SL(3,R) in the
Gell-Mann realization are determined by solving the con-
straints: Egs. (7)10). Since the new irreps claimed by Giiler*
actually do satisfy Eq. (7), our use of this simplification is
permissible.

One set of solutions is easily obtained: put
(J+1]| J) =0(no 4J = 1 transitions). Then the solution’
is

(J||J—-1)=0,
(T —2)]* = §27)2J — 1)(2T ~2). (11)
If J, is the minimum angular momentum in the representa-

tion, then J, must be 0, 4, or 1. These three representations®®
are

0*:J=0,24,..,
0—:J=1,35,.., (12)
1*:J=13,... (the “quarkel” irrep).

Now let us look for multiplicity-free unitary irreps for
which the lowest angular momentum, call it X, obeys K > 1.

Assuming then that J/ = K is the minimum angular mo-
mentum, we write out Egs. (8) and (9) for /= J' =K and
find (J = k — 1 and & — 2 donot occur in the sum because K
is the minimum J; J=K does not occur because
(K|K)=0):
(=K + HIK)PWK2K 2K +13)

+ (K + 20K W (K2K 2K +23)=0, (®)
and
(— DK+ 1KY WEK2K2ZK +11)

+ (K+2|KYWK2K2K+21)
= [(10)K (K + 1)(2K + 1)/3]"2. (9)

The explicit algebraic forms for the W ’s are given in the
Appendix. Using these forms we find that Egs. (8’) and (9')
determine unique, nonzero, and positive values for
<K + 1K) |? and [(K + 2|IK )%

K + 1||K)|*>0, (13)

(K +2||K)|*>0. (14)
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Now write out Egs. (8) and (9) again, this time forJ = K,
J'=K + 1. One finds
(K+ 1| K+2){K+2|K)WK2K+12;K+23)=0
(8)
and
K+ 1K+ 2)(K+2|K)WK2K+12;K+21)=0.
(9%)
The Racah functions appearing in Egs. (8”) and (9”) are
ofspecialform®: W(a b ¢ d;a + b f). For W’softhisform, the
coeficient is nonzero and positive, provided only that the
angular momenta involved obey the triangle conditions [for

the Win (8”) these are satisfied because K > 1].
Thus for K > 1 we conclude

K+ 1||K+2){K+2|K)=0. (15)
It follows that
(K+1|K+2)=0, (16)

since otherwise (K + 2||K ) would necessarily be zero which
contradicts conclusion (14). [Put differently, Eq. (8') for
K > 1 implies that if (K + 2||K') =O0then (K + 1||K) =0
which then implies (since (K ||K ) = 0} that the state K'is not
in the respresentation, contrary to hypothesis.]

Our argument is nearly done. We work out Eq. (8) once
again, this time forJ/ = J' = K + 1. Using Egs. (7), (10), and
(16) we find

(— YK+ 1K) WK +12K+12,K3)
+ (K + 1||K + 3)|?

The first Win Eq. (8") is given explicitly in the Appen-
dix and is nonzero and negative for K > 1; the second W has
the special form, hence it is nonzero and positive. Thus Eq.
(8”) implies that both matrix elements in Eq. (8") are zero. In
particular,

(K+ 1K) =0 {17)
But if we now recall Eq. (8a) we see that Eq. (17) implies that
(K+2||K)=0. (18)

Since, from Eq. {7), wehave (K ||K )} = 0, it follows from
Eqs. (17) and (18) that the state with J = K is not in the repre-
sentation at all, contrary to our assumption that it was the
lowest state.

We conclude multiplicity-free unitary irreps obeying the
Gell-Mann condition Eq. (7) with SU(2) content J=K, K+ 1,
K+2, ... and K > I do not exist. Noting once again that the
irreps claimed by Giiler* satisfy Eq. (7) and have the form
J=K,K + 1, ..., K>3 we conclude these irreps cannot ex-
ist.

Concluding remark: This work was done in 1971, and
was carried out at the suggestion of Professor Gell-Mann.
The nonexistence of a class of unirreps did not then seem
publishable (after all, there are many nonexistent representa-
tions). We believe our argument on nonexistence is now of
interest since Giiler has published a claim to the contrary.
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APPENDIX

We collect here the Racah coefficients® used in the text:

W(EK2K2,K+13)

= (K +3)
42K — 1)2K — 2) 12
35(K)(2K + 1)2K + 2)(2K + 3)2K + 4)
(A)
W(K2K2K+23)
_ [ (2K )2K — 1)(2K — 2) 1/2, (A2)
702K + 1)(2K + 2)(2K + 3)(2K + 4)

. — (—)K—2)
WK2KLK+11)= 0K T 02K 117 (A3)
WK2K%LK+21)= [ 2K m, (A4)

15K + 1)(2K + 1)
WK+12K+12K3)
=(—)K-1)
82K + 5)2K + 6) ]1/2

35(2K )(2K + 1)(2K + 2)(2K + 3)(2K + 4)

(A5)
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Mulitiplicity-free, unitary and nonunitary irreducible representations

of SL(3,A)
Y. Giler
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Multiplicity-free, irreducible representations of the group SL(3,R ) are obtained from SU(2)
subgroup representations by a constructive method. It is observed that there exist two series of
unitary representations with k contents {ko,ko + 1,ky + 2,...}ko>3, {Ko.ko + 2,k + 4,...}

ko =0, 1, } and finite-dimensional representations with k content

(ko + Lko + 3,k + 21 + 1} ko = 1,4 {2,4,6,...,2n}, n = 1,2,...,ky = 0.

. INTRODUCTION

The problem of determination of all representations of
semisimple, real, noncompact groups has not been fully
solved yet. There are mainly two approaches in this respect.
The first one is a method used by Gel’fand and Graev.! They
use the functions defined on the coset spaces of the group as
the representation space and determine principal series of
unitary, irreducible representations of the noncompact
group SL{n,R ). The second method is initiated by Chandra®
who determines all irreducible, unitary representations of a
noncompact group using the representations induced from a
maximal compact subgroup. Since the representations of the
compact group are known, the problem is reduced to the
determination of all unitary kernels of the compact sub-
group.

As a specific case, the problem of determination of rep-
resentations of the noncompact group SL(3,R ) has been at-
tacked by several authors.>~® Although various methods are
used to obtain several series of representations, they are far
from being complete. Even in the most exhaustive works
some representations are missing and calculations are based
on some assumptions. In this work we obtain all representa-
tions, unitary and nonunitary, of SL(3,R ) by a method initi-
ated by Naimark.® This method is simple and direct. Our
future research will be on the determination of all represen-
tations of SL{n,R ) by the same method.

Il. THE DETERMINATION OF THE REPRESENTATION
SPACE

As it is very well known all irreducible representations
of SU(2) subgroup are labeled by a positive integer or half-
integer k. Eigenvectors f*, (v = —k, — k + 1,...,k) of the
Hermitian infinitesimal operators of the SU(2) Lie algebra
H__ and H_ act on canonical basis vectors as

Hyf;=vf, (2.1)

H, fi=ai 1 [l (2.2)

H_fi=ajfi_, (2.3)
where

ak = [(k+v)k —v+ 1)]Y2 (2.4)

The representation space M, is invariant under SU(2) subal-
gebra. Any representation of the SU(2) subgroup is the direct
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sum of irreducible representations given by an integer or
half-integer k.

Since any representation of SL(3,R ) contains a repre-
sentation of the SU(2) subgroup one should consider the
space

R= Y M, (2.5)

k

as the multiplicity-free representation space of SL(3,R).
Hence, the problem of determination of irreducible repre-
sentations of SL(3,R) induced from SU(2) subgroup is re-
duced to the problem of determination of possible k values
contained in R. For this purpose let us consider the irreduci-
ble space M, #0. Since all irreducible representations of
SU(2) subgroup are finite dimensional, a¥ should be zero for
some definite v. In fact forv =k

H, fk=0. (2.6)
In general, it is proved as a theorem* that any eigenvector of
H, corresponding to the eigenvalue v and satisfying the con-
dition H?, f = 0 can be written as a linear combination of
the eigenstates f*, k=v,v+ 1,..,u +p — 1, where p is a
nonzero positive integer.

The next step is to determine the possible k values in R
using the commutation relations, which are given in the Ap-
pendix, and the above theorem. The commutation relation

[H3’T+2] = 2T+2 (27)
gives the vector T, f¥ as a multiple of the eigenvector

f¥ ., ,. Besides making use of the commutation relation

[H+9T+2] =0 (2-8)
one obtains
HA (T f5) =T HH f3) (2.9)

Noticing H?, f*=0forp =k — v + 1, the vector T, , f &
can be written as

k+2 k
Y Biianifiie (2.10)

k —
T+2fv_'
j=v+2

Following the same procedure for the commutation re-
lations

[H_.T,]=06—pp—-1]1"T, ,, pu=0+14+2,
(2.11)
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one determines

1
T+1f§= _[H—’T—+—2]f§= Z 5v+11 v+ 12
2 ji=v+1
(2.12)
k2 ;
TOf,v.f 61/2 [H—9T+1]f 121, V u’ (213)
k+2 i
T_.fi=[H_ T fi= oot fo1  (2.14)
_k+
T_,fS=[H_,T_1fi= Yooz [h 2 (2.15)
j=v-2
where the coefficients 8%, ;, 75, £5_, ;, and yf_, ; are
defined as
5{:€+1,v+1 = —akﬂf+l,u+19
6u+1] l’:+21a{1+2_a{2+2 a, Bv+11’ (2-16)
j=v+2,..,k+2,
77k — __ak(sk
e 2.17
”x’fj=6f+11alu+l _akau’:p j=U+1,...,k+2, ( )
z’f—lv—l—_aﬂv—lv—li (218)
f—-lj—ﬂu,lal a”v—lj’ ]—U, ’k+2 )
7/;—2,1:—2 = _augu—2,0—29
7’:—2,;‘= ;—155—1,1_‘1555—2,1'» (2.19)

Jj=v—1,.,k+2

In order to be able to construct a representation of
SL(3,R ) all the commutation relations given in the Appen-
dix should be satisfied. Hence, our task is now to find all
nonzero coefficients such that all the commutation relations
except (2.11) are satisfied.

The commutation relation [T_,,H_] f* =0 and Eq.

(2.15) gives
k+2 N . k+2 .
Z avﬁ—3,jfjv—3= z ajv—27/u(—2,jf{)~3‘
j=v-3 j=v—-2

(2.20)
The linear independence of the basis vectors f* requires

Vs _30-3 =0, (2.21)

AV =, f=v—2,,k+2. (2.22)
Equation (2.21) implies that

Ve—sw_3=0, v<k+1, (2.23)

Ve—2w—2 =0, v<k, (2.24)

|

especially forv =k — 1

Vi—sx—3 =0. (2.25)
Besides, Eq. (2.22) forj = v — 2 gives

af}’f—3,v—2 =7’£‘_2,u_za$I§ =0, (2.26)

Y 21 =0 for v<k—1, (2.27)
and especially forv =% — 2

Vi—ak—3 =Vi ax—a=0. (2.28)

Following the same reasoning for j =v — Lv,...,.k — 3
one concludes that the only nonzero y*_, jareforj>k —3.

Therefore,
k+2 X
T—zfﬁz z Vt~2,jfv—2' (2.29)
j=k—2

Equations (2.16)~(2.19) imply that the coefficients 85 , , ;,
8% 1M, and £5_, ; are all nonzero forj>k — 3. So

k+2 .
T—lfk_ E f—l,jf]u—n (2.30)
j=k—2
k &2 k i
Tof, = Z ﬂ,u,jf’w (2.31)
k+2 X
T+]fu - 5k fv+1’ (2’32)
j=k~—2
k +
Toofi= Z ez foia (2.33)
j=k—2

The commutation relation [T, ,,H ] = 0 reduces the
number of independent coefficients. In fact,

k+2

[T,,.H, ]f _av+l 2

v+3] u+3

+
- z +2; v+3fu—+—3_0
j=v+2
(2.34)

The linear independence of the canonical basis vectors
f* implies that

aﬁi% f+2,u+2 =0, (235)
ﬂf+3jaf+1=ﬂ§+2,ja{:+3, J=k—2k—1,..k+2,
(2.36)
TEZ2%, , af
k 1=v+1 @1
ke = ————BF, k—2,..,k+2 2.37
B +2,j — HJI v+3all i .I ( )

Keeping in mind that the coefficients &%, , e Y3 k ,j»and ¥¥_, ; are functions of 8%, ;» all nonzero coefficients are
expressed in terms of five coefficients 8§, j = k — 2,k — Lk,k + 1,k + 2,

Bl irkrs =Koy, o, KO%kp)=[(k+v+ Dk +0v+ 2k +0v+3)k+0)]"2
BE ki1 =KPkv)B, ), KPkp) = [(k—v)k+v+ 1)k +v+2)k +v+ 3]
BE, 2k =KPRVC,, KOkp) = [(k—v)k —v— 1)k + v+ 1)k + v+ 2)]'72,

Btk =K¥kv)D,, KOkp)=[(k+v+ 1)k —v)k—v— 1)k —v—
Biizk-2=KOkvE,, KUkpv)=I[k—v)k—v—1)k—v—2)k—v—

6§+ Lk+2 = LY )(k’v)Ak+ 2 L (l)(k U)
(2)(k’U)Bk+ 12 2)(k U)

k
5u+1,k+1 =
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=4[(k+v+ D)k + v+ 2k + v+ 3k —v + 1)]2,
(2k — 4v)[(k + v + 1)k +v +2)]"/2,

(2.38)
(2.39)
(2.40)
(2.41)
(2.42)
(2.43)
(2.44)

2)]1/2’
3)]1/2’
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8% 1k =LkW)C,, LOKkp)= — (dv+ 2)[{k — v}tk + v+ 1)]V3, (2.45)

8 i1 =LOkD,, L9kp)= — 2k + 4v — 2)[(k ~ v){k — v — 1)]/2, (2.46)
8 1k =LOKYE,, Lkp)= —4[(k — v)tk — v — 1)(k — v — 2)(k + v)}!/2 (2.47)
Norrr =Mk, 2, MOkp)=12[(k + v + 1)k + v + 2)fk — v + 2)tk — v + 2)]/2 (2.48)
Tok+r =MPEB, 1, MPky)= —120[(k + v+ )k —v + 1)), (2.49)
N5 = MOKVC,, MP(kp) = 1202 — 4k? — 4k, (2.50)
o1 =MOkuD,, MPkp) = 122[k + v)k —v)]'?, (2.51)
oy = MORVE,, MOkp)=12[(k — o)tk — v — 1)k + o)k + v — 1)]'2, (2.52)
£ ik =Nk, NOkw)=24[(k + v+ Uk — v + 2k — v+ Lk ~ v+ 3172, (2.53)
rm k1 =NOE0BL 1, NPkp)= — 12(k + 20){(k — v + 1)k — v+ 2)]V/2, (2.54)
E5_ L = NOKk)Crr NOKkuv)= (240 — 12)[(k + v}k — v + 1)]V2, (2.55)
E¥ ikr1 =NDkp)D,, NOKk) =12k — 20 + DItk + o)tk + v — 1)]V?, (2.56)
EX i 2 =NOkE, NOUkv) = — 241k — o)k + v — Nk + o)k + v — 2)]V/2 (2.57)
* akrz =PV, 2 PO =24[(k — v+ 2k — v+ 1)k — v+ )k —v +4)]2, {2.58)
* kr1 =POkpB 1, PPky)= — 241k — v+ )k — v+ 2k + o)k —v + 3)]"?, (2.59)
%ok =POkVC,, POkw)=24[(k + v)k — v + )k + v — 1)k — v+ 2)]V2, 2.60)
* sk 1 =PYn)D,, POkp)= — 24[(k + v — 1)k +v — 2)(k + )ik — v + 1)]V2, (2.61)
ks =PORVE, POkp)=24[(k +v)k + v~ 1)k +v—2)(k + v — 3], (2.62)
where
Ay, = Bl ’ (2.63)
[6.7.8.92k + 1)2k + 2)(2k + 3)2k + 4)]'/2
Bk+‘= B]Ii+l,k+l , = ﬂ’lz,k (264)
[84k (2k + 1)(2k + 2)]*/2 [4k 2k — 1)]V2° '
k
D, = B _vx_s E, =vV58% ,._». {2.65)

= [7%(216 . 2)] 1/2?
Hence, with the aid of some of the commutation relations we determine all nonzero coeflicients in terms of five arbitrary
complex numbers, 4, , ,, B, , (, C;, Dy, and E, . Equations (2.29)—(2.33) in terms of these complex numbers are determined as

T_of =PU)E, f;2F + POko)De f27 + POk)Ci £

+ PORYIB, ( fi2 + Pk, fE23, (2.66)
T_fs=NOKVE, f5=} + NOkp)D, f5= | + NPUk)C, £

+ N (k,v)B, afiti+ N‘”(k,v)Ak+ 2f5t (2.67)
Tof s = MOKVE, f572 + MUko)D, £ " + Mk)C, [

+Mp)By , fEH + MO0, FE?, (2.68)

T fs=LOKWE, fi1] + L9 kn)D f51 +LOk)Ci fh4

+ LPk)By 1 [5T] + LW, fE13 (2.69)
Toof S =KkWE, i35 + Kko)Dy f573 + KORC, £

+ KD p)B,,  fET] + K koM, £33, (2.70)

Hl. THE DETERMINATION OF A,, B,, C,, D,, AND E,,

To determine the representation space R, five coefficients 4,, B, C,, D, and E, should be calculated as functions of k£
only using the rest of the commutation relations. These relations will give equations containing the arbitrary coefficients.
Simultaneous solution of the equations will determine A4, , B, C,, D,, and E,, in terms of k only. For the sake of completeness
we will demonstrate the method for only one commutation relation. All equations resulting from other commutation relations
will be listed.

Using Eq. (2.29) and Eq. (2.33), the commutation relation

[T-—2,T+2]f§=4H3ff (3~1)

23 J. Math. Phys., Vol. 26, No. 1, January 1985 Y. Giller 23



gives

k+2 . k+2 i x
T[S Blasfin] ~Tu| 3 Aarin] =t (32)
j=%k—2 j=k—2
k+2 i+2 k+2 jt2 ) .
S Bt | S Aarr]- 3| L fT| = tort (3.3)
j=k—2 m=j—2 m=j—2Lm=j—2
The linear independence of /¥ imply the following equations:
POK DNk — 2,0 — 2)ELE;_, = KOkv)POk — 2,0+ 2)ELE, _,, (3.4)
POKK Dk — 2,0 — 2)E, D, _, = POk)K Dk — 1,v—2)E,_,D,
=K%k )PPk — 2,0+ 2QE.D, _, =K“kp)POk —1,v+2)E,_ Dy, (3.5)

POk Pk — 2,0 — 2)E, Cy_, + POk p)K Wk — 1v —2)D, D, _
+ POk w)K Ok, — 2)CLE, = K Pk)PPk — 2,0 + 2)E,C, _,
+ K9k 0Pk — 10+ 2)D, D, _, + KO kp)P®kp + 2)CLE,, (3.6)
POk p)K Pk — 2,0 + 2)E, B, _, + PPk p)K Pk — 1,0 —2)D, C, _,
+ POk,v)K Wik,v — 2)C D, + PPk,v)K Pk + 1o —2)B, , E,
=K9kv)PPk — 1,v+ 2)E, B, _ K “(ky)Pk — 1,0+ 2)C,_,D,
+ K Okp)P Dk, + 2)C Dy + K Pk )Pk + Lo+ 2B, (Ey . 15 (3.7)
PO kw)K Nk — 2,0 — 2)E A, + POkv)K Pk — 1o — 2)B, Dy + PO (k,v)K kv — 2)C}
+ POkp)K Wk + 1,0 — 2)B Dy + POROK Ok + 2,0 — 204y, 2By »
=K Okp)P Ok — 2,0 + 2)E A, + KPkp)P Pk — 1,0 + 2)B, D,
+ KOUkp)POkp — 2)C2 + KPRk )PPk + 1o+ 2)By . Dy 1
+ KOk o)POk + 2,0 + 24, L Ey , , + 4, (3.8)
POkp)K Vi — 1,v— 24, , D, + PPkv)K Plk,y — 2)Ci By, + PPk,v)
XKk + 1,0 —2)Bi 1 Ciy + PORVK DK 12,0 — 204, Dy 5
= K¥kp)P Dk — 1,v + 24, , Dy + KO kv)P Pk + 2)Ci By, 1
+ KPkp)POk + Ly +2)B,, 1 Ci oy + KVUk )Pk + 2,0 + 24, , 2Dy 1 25 (3.9)
PONkp)K Vv — 214, , 2 C + PP(k,0)K Pk + Lo — 2)B, 1By,
+ PO(k,o)K Dk + 2,0 — 204y, ,C s, = K Vk)P VR + 204, , C

+ KOfp)P Ok + 1,0 — 2By, 1Byt 2 + KVEDPOK + 2,0 + 24,4 :Cr 25 (3.10)
POko)K Ok + 1o — 2)B, , (x5 +POUkVK Dk + 2,0 — 24, B, 5

=Kk 0)P Ok + 1o+ 2By , 1 Ar 5 + KV (k0)P Pk + 2,0 + 24, , 1By, 5 (3.11)

PO Ve + 2,0 — A, oAy, s = KVRWP Ok 4+ 2,0 + 24, 14, , . (3.12)

Repeating the same procedure for the commutation relations [T_,,T_,] =0, [T_,, T, =2H_, [T, T_1,}=v6H_,
(T,,T_,1=2H,,[T,,,T_|]=2H ,[T,,T . \]=Vv6H_,[T,,T,,] =0,and [T, ,,T,,] =0, one obtains equations contain-
ing k,v and five arbitrary functions 4, , B,, C,, D, and E, . All equations which are functions of & only are listed below:

kdiy 3By —(k+ 44, 2B 3 =0, (3.13)
(2k — 1)4y  2C, — 3B, By, — 2k + T4, 2 Gy, =0, (3:14)
3k — DMy Dy + (6 — B,y 1 Co — (k+ 5By, Cosy — 3+ 2Dy 2 =0, (.15
(= 2k +IE, + (— k+2)B.Dy +2Ck + (k+ 3By 1 Dy 1 +(2k + 54, By, =0, (3.16)
3k —2)B,_Ey + (k—4C,_ D, — (k+4C, Dy —3(k +2)B; \Ep oy =0, (3.17)
(—2k + 5)Cy_,E, + 3D, Dy_, + (2k + 3)C,.E, =0, (3.18)
(k—3)E.Dy_, — (k + 1)E,_ D, =0. (3.19)

Since we are free to define a new set of basis vectors £ = w(k }f ¥, the number of independent coefficients may be
decreased by choosing w(k ) insuchawaythat4 ; = E, B} = D . Tobeable to write Egs. (2.66)—(2.70) in terms of new basis
vectors f ¥ and new coefficients 4 ;, B ;, C }, one has the restriction

ok) o p._ _olk)

E, = , =
T ok—=2) " T ak—1)

-Dk» Cl’c = Ck’
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_olk) ;o olk)

B, = , = A . 3.20
k+1 a)(k+1) k+1 k+2 a)(k+2) k+2 ( ]
The function w(k ) which satisfies 4 ; = E; and B, =D is
k+1 4 /E. V2
alk)= [, II —L] . (3.21)
'=k°+1Bj/Dj

Here k, is the minimum of k values included in R. Under these conditions Egs. (3.13)(3.19) in terms of new coefficients 4 ;,
B;, C; read as

kdi 3By —(tk+44;,,B;,5=0, (3.22)
(2k— 15, ,Ci—3B;, Biy, —(2k+ T} ,Clys =0, (3.23)
3k—14; By + (k=3B CL—(k+5)BL Ciyy —3k+34;,,Bi,,=0, (3.24)
(—2k+ 342+ (—k+2B2+2CE +(k—3)B2, +(2k+ 542, =0. (3.25)

The last step is to solve Egs. (3.22)—(3.25) simultaneously for the unknowns 4 ;, B ;, C ;.. For this purpose let us write Eq.
(3.22)fork=k—2

k=24, \Bi_=(k+24;B},,. (3.26)
Multiplying both sides by & and letting

o, =k(k—2)B;_,, (3.27)
Eq. (3.22) takes the form

Aiir =0k 2/o . (3.28)
Since the minimum value of X is k,, Eqgs. (2.66)—(2.70) impose the restrictions 4 ; =4 ; ,, = B} = 0. Hence,

A, =Zkk =20k -1k +1)B;B}_,, k=ko+ 2,ky+3,.., ko#0, {3.29)
where

Aiora ) (3.30)

Z=
kolko + 1)(ko + 2)(ko + 3)B §, 1B, 2
Multiplying Eq. (3.23) by (2k 4 3) and inserting the expression for 4 |, | , one obtains

(2k + 3)2k — 1)C; — 2k + 3)2k + T)C ., = 32k + 3)/Zk (k + 1)(k + 2)(k + 3). (3.31)
Letting
o, =2k + 3)2k - 1)C}, (3.32)

C ;’s are obtained as’
_ (@Ko + 3)2ko — 1)C, — Fikon)

c.t , k=ky+2n,n=12,.., k,#0, 3.33
k 2k — 12k +3) o+2n,n 0F (3.33)
_ (2k0 + 5)(2ko + I)C;c0+l _F(ko + lan)
C,.” = , k=ky+2 1, n=1,2,.., k,#0, 3.34
k 2k — )2k +3) ot2n+l,n oF (3.34)
where
Flkyn)= 3 32k +5—2) + 3] (3.35)

S Ziko+ 2 — 2ko + 2 — Vko + 2)ko + 27+ 1)
Multiplying Eq. (3.24) by (3k 4 3), inserting expressions for 4, | |, 4, . , and letting

oy =9k — 1)k + 1)’B 2, (3.36)
one obtains
a}{—a};H=(3(k+I)/Zk(k+2))[(k+5)C,’<+, —(k=3)C:], k#O. (3.37)

Eq. (3.37) gives nonzero B ;’s as

ko —3)C, — (ko + S)C; B
B ,,= [(ko —3)Cx, (O+,) kot 1] kot1 (3.38)
(ko + 34 &, 42
[F/(ko’n)]llz
(ko +2n — Nko+2n+ 1)’
9k 2(ko+2PB2, — F'lk 1,n)1'/?
Bl mir= [9kolko +2)°B 2 (ko + 1,n)] L n= 12,k 20, (3.40)
3(ko + 2n)(ky + 2n + 2)

n=0,1,2,.., ko0, (3.39)

’ —
Bko+2n - -
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where

$ Mo+ =Diko+2+3) o
j=1 Z(ko + 2j" 2)(ko + 2])
F'(ky,0)=0
Equation (3.25) contributes only for k = &, which reads as
Cil+ko—3)B2, 1 +(2kg+547,,=0.

F'lko,n) =

3(ko + 2% — 1)tko + % — 5)

ko+2/—1 —

(3.41)

ko +2j—22

Z ko + 2f — 2)(ko + 2)

(3.42)

Therefore, all nonzero coefficients 4 ;, B ;, and C} are determined by nonzero integer or half-integer k, and three indepen-

dent complex numbers B, , ;,C; ,andCj, . ;.

The case k, = 0 should be treated in the same manner. Equation (3.22) gives

Al =A4A; =4} =0, (3.43)
A, =Zgkk—2k—1)k+1)B.B,_,, k=34,.,k, =0, (3.44)
where
Z,=A}/24B}B}. (3.45)
Inserting Eq. (3.44) for k = k + 2 in Eq. (3.23) one gets
B{ =0, C( =anycomplex number, (3.46)
5C! —F,
C,- = —1—9-‘&, k=2n+1,n=12,.,k, =0, (3.47)
2k — 1)2k + 3)
21C, — G
= ——2—"(—”)—, k=2n+2 n=12,..,k,=0, (3.48)
2k — 1)2k + 3)
where
34+ 1)
Fy(n) = (3.49)
° ,; Zy(2j — V2% + 12 +2)
» 3(4j + 3
Gon)= 3 oI (3.50)
I 222 + )2 + 2)(2/ + 3)
Eq. (3.37) takes the form
" 4 3 k+ 1 ’ ’
Ol — 0, = Z—J(mlﬁ [(k+5C) 1 —k—3)Ci], k=234 ko=0. (3.51)
So
—2C; —6C}%)B;
B = ( i 3)B3 , (3.52)
124 ;
81B 2 —F7 1/2
v BIBY —Fom) g n= 12 k=0, (3.53)
3k — 1)k +1)
576B 2 G! 1/2
- DTBE =G =12, k=0, (3.54)
3k — 1)k +1)
|
where

, _3+1)
Foln) = ,; Z22 +2)

X [(2 +5)C3 41 — (% —3)C3 ],

(3.55)
Giln)= 3 ——2+2
S Zo2 + 12, + 2)
X [(2,+6)C3 ., — (2, —2)C3 ]
(3.56)
For k = kq and k = ko + 1 Eq. (3.25) implies that
Co=0, (3.57)
2C2 2B+ 743 =0. (3.58)

26 J. Math. Phys., Vol. 26, No. 1, January 1985

Hence, for k, = O case all nonzero coefficients 4 , B ;, and
C; are determined by three independent complex numbers
Bj,C{,and C}.

Letting B ,,=a+ib, C; =ay+if, Ci ,,
= a, + i3, and using Egs. (3.30), (3.33), (3.34), and (3.38),
explicit expressions for Z and C | *,C},~ are obtained as

QU - VY

. UV + QY
U2-+Y2 -

U?y?

£lko L0V V7]
ko) (02 + V7]
Lo UVHOY]] (3
(0% + V1% (k)

Z = yik,) [ , (3.59)

Cl'c.,+2j = [77(k07j)a0 -

+i [n(ko,ﬂﬁo -
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Clotz+i
_ _ Elko+ LJ)IQU—VY]
- [n(k0+ 19]’)a1 ¢(k0)[Q2+ VZ]
_ bl + LUV + QY]]
wk)Q2+v? I’

n [n(ko +1,6,

(3.61)
where
Q=2B5 —aj) + (ko —3)b*—d*), (3.62)
V = da, B, + 2ab (k, — 3), (3.63)
U = (@ — b?)[(ko — 3)ao — (ko + S)y]
— 2ab [{ko — 3)Bo — (ko + 5)B1], (3.64)
Y = (@ — b?)(ko — 3)Bs — (ko + 5)B1]
+ 2ab [ (ko — 3)ag — (ko + S)a,], (3.65)
kol = — 3(ko £ 3) . (3.66)
ol2ko + 5)(ko + 1)(ko + 2)(ko + 3)
1l /) = Bho+ 32 - ) _
[2(ko + 2/) + 31[2(ko + 2/) — 1]
(3.67)
§(k0rj) — F(ko,l)

[2(ko +27) + 3] [2(ko + 2) — 1]
Expressions of 4 ;’s and B }’s are easily determined in

terms of real numbers a,, By, @1, 3,, a and b, by using Eqgs.
(3.37) and (3.29).

IV. THE MULTIPLICITY-FREE, IRREDUCIBLE, UNITARY
REPRESENTATIONS

The unitary condition requires
_J

(T fof)= —(fOT.f3) (4.1)

where

p=0,+1,4+2, k=ky+n n=0123,..,
4.2)

ko=041,.., v=—k —k+1,.k

Here the scalar product is well defined in the space R and the
canonical basis vectors /¥ are orthonormal with respect to
the scalar product, that is

(f5:f &) =8B,y (4-3)

Having determined 7, f kintermsof 4 ;,B;,and C}
[Eqgs. (2.66)-(2.70)] the unitary condition imposes restric-
tions on the coefficients 4 , B ;, C; especially

(Tof bS5y =~ (f5.Tof ),

(Tof 5 fs )= = (f5Tofs 77, (4-.4)
(Tof s fs™ )= —(f5:To f57),

imply
C.,=—-C* A,.= —A}* B, =B;* 4.5)

where * shows complex conjugation. All other conditions
are satisfied identicaily. These restrictions lead to

B,;0+l=a, C,’%:iﬁo, C,'(0+1=iﬂl, (4.6)
Q=2B(2, —a’(k0—3), V=U=0,
Y= az[(ko - 3)5'0 — (ko + S)ﬂl]! (4-7)
2ky + 5)Y 2 0
B2 =——(—°———, A2 = — , (4.8
o2 ko + 3°Q, o2 245 (45)

Br2 L, =
fo+2 ko + 21 — 1)(ky + 21 + 1)2

+ (Y2/Q > (ko)) 2} 1 B (ko J)E (Korf — 1) = A (ko J)E (ko + 1,7 = 1)

_ (Y/QUk)Z} \ B (ko jitko + 1,7 — 1) — BoB (ko J)mkos j — 1)

2 (4.9)
9k, + 2n — 1 (ky + 2n + 1)?
B _ Skiko+ 2f°a® + (Y /Qko))Z]_ 1 BoA (Ko + L j)(ko /) — BB (ko + L j)mlko + 1,/ — 1)
fotan+ (ko + 2nP(ko + 21 + 2
+ (Y2/Q*W(ko))Z]— 1 Blko + 1. J)6 (ko + L,j— 1) — A (ko + 1, j£ (ko J) (4.10)
ko + 2n)2 (ko + 21 + 2) ’ '
I

where b)B; —0, a#0,k,=3. (4.15)
Ak, ) = (ko +2 — N)tko+ 2/ +3) In the general approach the aim was to obtain 4 /, B,
> (ko + 27 — 2)(ko + 2j) ’ and C} by solving fundamental equations (3.22)-(3.25). But
. ko + 2 — ko + 27 — 5) now the problem is to determine those 4 ;, B, and C
B ko /) = ’ (@1)  ghich satisfy the fundamental equations and are consistent

(ko + 27 — 2){ko + 2))

Equations (4.9) and (4.10) imply that the unitarity condition,
B}, are real numbers for every k, is satisfied in ¥ = 0. This
constraint is satisfied for the following two cases:

(1) (kg — 3)By — (ko + 5)B, =0, a#0, k,#0; (4.12)

(2)a=0, k,#0. (4.13)
Since the parameters 3, and 3, are independent, constraint
(4.12) is valid if

(@ Bo=PB; =0, a#0, ky#0, ky#3; or (4.14)
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with the constraints imposed by the unitarity. All possible
cases are listed below.

(la)For B =B, =0, a#0, k,7#0

Civom=Clsmsr =0, n=012,., (4.16)
B ,2=0 n=123,., (4.17)
B w1 = kolko + 2)a , n=0,1,2,..,
(ko + 2n)(ko + 21 + 2)
(4.18)
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AL = — (ko—3)a%/(2ko +5), ko>3, (4.19)

Aivomss =Afran =Ah s n=123... (420)

(1b)For B, =0, a#0,ky=3

Bl .0=0, n=123,.., (4.21)

Cihvams1 =0, n=012,., (4.22)

Bigii = (3_—0—7711)5(%}—7'1_) n=0,12,.., (4.23)

A} =A4,=0,

Ay vmmir =A% =A3, n=234,.. (424

(2) Fora=0, k,#0

Bivomsr =Bl =0, n=012,.., (4.25)

Cihram=0, n=012,., (4.26)

Afvs=A} 120er =0, n=123,.. (4.27)

(3)For k, =0

By =B ,,=0, (4.28)
" Ciyiy =Chriz =0. (4.29)

Finite-dimensional representations are characterized
by conditions B} ., =4, =0 for every k. Thus, con-
straints with the fundamental equations are

Al ., =0, n=234,..,k,#0, (4.30)
Biim=Bl 2,1 =0, n=0]12,.,k#0, (431
Cis2m=0, n=012,., k50, (4.32)
Cii1=0, n=012,k,=0, (4.33)
By, =B} ,, =0, n=123,.,k,=0. (434)

V. CONCLUSION

Irreducible, multiplicity-free representations of the
noncompact group SL(3,R) are classified by a constructive

method. The results are listed below.
A. Nonunitary representations

(a) Infinite-dimensional representations are labeled by
k, and three complex numbers. The k contents are

{0,1,2,3,..}, ko=0, (5.1)
{Kosko + Lko + 2,0}y ko =1, L. (5.2)
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(b) Finite-dimensional representations are labeled by k&,
and a complex number. The k contents are

{2,4,6,...2n}, k,=0,n=12,., (5.3)
{ko+ Lko+ 3,...kg+2n+ 1}, ky=L41,n=0,1,2,...

{5.4)
B. Unitary representations

There exist two series of unitary representations.
{a) The k content is

{koko + Lk +2,...}, Kko>3. (5.5)
(b) The k contents are

{0,2,4,..}, k=0, (5.6)
{1331, ko=14 (5.7)
{1,3,57,...}, ko=1. (5.8
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APPENDIX: SL(3,7) COMMUTATION RELATIONS

All commutation relations of SL{3,R ) algebra are
[HyH, 1=+H,, [H,H_]=2H,
[T+2:T—2] =4H;,

[(H, T, 1=pT,, p=0+14+2,

[H: T,]=[6—plp+1)])"T, .,

[To;T+2] = [T+,,T+2] = [T—vT_zl =0,
[ToT ] =V6H,, [ToT_\]=v6H_,
[T+1,T—1] =2H3,

[T+1’T—2] = —2H_, [T—I’T+2] = - 211+'
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In a previous work we have constructed realizations of the principal continuous series of unitary
irreducible representations of the simply connected covering group of the (4 + 1) de Sitter group
on unitary irreducible representation spaces of the simply connected covering group of the
Poincaré group. In this work we demonstrate the equivalence of the representations constructed
in the previous work with their realizations as induced representations.

I. INTRODUCTION

In a previous article,’ hereafter denoted by I, we have
given a construction of the principal continuous series of
unitary irreducible representations (UIR’s) of the simply
connected covering group of the (4 + 1) de Sitter group on
UIR spaces of the simply connected covering group of the
Poincaré group. The method of construction presented there
is a generalization to arbitrary spin of the classical descrip-
tion given by Bargmann?® for the construction of SOy(n,1)
multiplier representations on.S, _ , . The usual description of
these representations is the description obtained by inducing
representations of certain subgroups to the whole of the
group.’ In this paper we prove the equivalence of the realiza-
tions of the UIR’s of SOy(4,1) presented in I with their real-
izations by induced representations. We also consider the
standard description by induced representations of the com-
plementary series of UIR’s of SOy(4,1) and show how they
can be given a description analogous to the one given for the
principal series in I.

In Sec. IT we review some general facts concerning the
SO,(n,1) groups and their standard decompositions used in
the description of the induced representations.>* We give
our definition of a multiplier representation and present a
classification of all continuous unitary irreducible represen-
tations of SOy(4,1). In Sec. III we present the inducing con-
struction of the induced unitary irreducible representations
of SO,(4,1) and describe several equivalent realizations. In
Sec. IV the realization of principal series UIR’s of SO,(4,1)
on UIR spaces of the simply connected covering groups of
the Euclidean and Poincaré groups, which was presented in
I, is briefly reviewed. In Sec. V the equivalence of the realiza-
tions described in Sec. IV with their counterparts, which
were described in Sec. III is proven, and the analogous con-
struction of the complementary series UIR’s on UIR spaces
of the Euclidean and Poincaré group is briefly sketched. We
also briefly mention the existence of a similar description of
the UIR’s of SOy(4,1) on UIR spaces of the Galilei group.
Also we point out the equivalence of the UIR’s with irreduci-
ble representations of SOg(4,1) occurring in the left regular
representations on certain homogeneous spaces of SOy(4,1).
With regard to notation, we adapt that used in I, with a few
minor changes, which will be made clear when they occur.
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One noteworthy new convention is that a point in Min-
kowski momentum space M >! is labeled by the numbers

(P1> P2s P3, P4) instead of ( pg, Py, P2y ps) asin L.

Il. PROPERTIES OF THE SO(n,1) GROUPS AND
MULTIPLIER REPRESENTATIONS

The group O(n, 1) is defined as the set of all linear trans-
formations of (n + 1)-dimensional Minkowski space M ™!
which leaves invariant the quadratic form

Q)= =X =3 — =+, 2.1)
The component connected to the identity of O(n,1) is de-
noted by SOy(n,1). The simply connected covering group of
SQy(n,1) is denoted by SOg(n,1). In general we denote the
simply connected covering group of an arbitrary group G by
G. The Lie algebra of SO,{n,1) is denoted by so(n,1) and the
Hermitian generators 4, of the Lie algebra obey the com-
mutation relations

[daos Aca] = ~ iac Apa + NoaAac — Moc Aaa — Naa Abe)
2.2)
[ = diag(—1,—1,— 1,..., — L1)].
The generators I,,, which are most frequently used by the
mathematicians, are related to the 4,,’s by il , = A4,,. The
I, constitute a basis for a representation of the Lie algebra
so{n,1).

The following important subgroups play a crucial role
in the analysis of the principal series representations of
SOy(n,1)>*: K = SOy(n), the maximal compact subgroup
whose generators are I, (u,v = 1,...,n); 4 = SO(1,1), a
one-dimensional noncompact subgroup generatedby 7, ,, . ,
M = SOg{n — 1), thecentralizer of 4 in K, whose generators
are I; (i,j=1,..,n — 1); N, a nilpotent, abelian subgroup
with generators I, , ., — I, ,; N, a nilpotent, abelian sub-
group (translation subgroup) with generators I;,, ., + I;,;

and H = SOy(n — 1,1).

Let M ' be the normalizer of 4 in K. The Weyl group is
defined to be the finite group W =M '/M. It has the two
elements’

W= {ew}
We have the following decompositions of SOg(n,1): (1) the
Iwasawa decomposition

[w= diag( — 1, — 1,..., — 1,1) for n even].
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SO,(n,1) = KAN; (2.3)
(2) the Gelfand—Naimark-Bruhat decomposition

SO,(n,1) = NMAN U S; (2.4)
(3) Hannabuss’ decomposition (7 even)

SO,(n,1) = (HU Hw) ANU S’ (2.5)

[Sand S’ are excluded subsets of SOy(n,1) with group invar-
iant measure zero which are described in Ref. 3]. The corre-
sponding coset spaces are>*:

(1)  SOy(n,1)/MAN~S, _,, (2.3
(2)  (SOy(n,1)\S)/MAN=~R" ", 2.4)
(3) (SO(n,)\S')/MAN=~T, _, (n even) (2.5)

Here S, _, and T, _, arethe (n — 1) sphere and the (n — 1)-
dimensional two-sheeted hyperboloid in R", respectively.
Note the above results (2.3)-{(2.5) for the covering group of
SOy(n,1) follow from the corresponding decompositions for
SOy(n,1) (which are given in Ref. 3) and the observation that
the fundamental group of a Cartesian product of topological
spaces is isomorphic to the direct product of the fundamen-
tal group of the individual spaces, together with the fact that
the fundamental groups of S, _ , (7 > 2}, 4, and N are all iso-
morphic to the trivial group consisting only of the identity
element. Thus

SOg(n,1)~S, _, Spin(n — 1) AN, (2.6)
since®
Spin(r — 1) = SOn —1) =M (n>3). (2.7)

Now we make the following definition of a multiplier
representation of an arbitrary Lie group G. Let

H=HM)oV [V=C, as)cZ,] (2.8)

be a Hilbert space of complex-valued measurable functions
over a manifold M with inner product

ufd= [ d0(6ENAENAEN 29)
where
FAEVLEDy = S FHEISHE)

n=1
is the usual inner product on V. We then have
Definition: A multiplier representation U'* of a Lie
group G on ¥ is a bounded, continuous representation
U "(G) of G on # given by

[T g) f1(E)=[pu(g™ ", §)1" DM g &) f(g4)
(fe',geG), (2.10)
where g-£ is a global action of G on M and u(g—', &),

DY g, £)are a.e. (almost everywhere) continuous, differen-
tiable quantities such that

() ple,€)=1 YEecM (e=id in G), (2.11)
(i) p(81828)=pl82¢&)1(81,8:€):

(81,82€G, §€M), (2.12)
() D™Ne,&)=1 VéeM (1=id on V), (2.11)
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(ii) D™(g 8, &) =D gy, £) D" g, 87" £)
(81,8:€G, £€M)
[D*) are a(s) X a(s) matrices].

(2.12)

Let us denote the action g-£ on M by g~ '£. The multiplier
@”( ) D9 ( ) define a finite-dimensional representation of a
subgroup, from which the induced representation of the
group is obtained. The cocycle conditions (2.12) and (2.12’)
insure that the representation property

[US g g) FUE)= U g U (g )1 £)
(2.13)

is satisfied. Since we wish to consider only unitary represen-
tations,

(U8 fi U 8) o) = (f1. /o) (2.14)
yields the condition of unitarity
[e(g™" 8€)]1 " [pulg™", 8€")] " d2 (g€, g")
=df(§, &) (2.15)

Ford (&, &) =dR2,,(£) 8, & &') the condition im-
plies

d2y(g~'¢) _ 1 gyvp2
an(é_) _Ilu(g ’f) I

and the Hilbert space reduces to the Hilbert space of all a(s)-
dimensional complex vector-valued functions which are
square integrable with respect to the measure df2,,.” We will
shortly see that this case describes the principal series of

(2.16)

unitary representations of SOyn,1) for n=4. For
d2(£,8)=K(1-§£') dy(£)dRy(£’), with A=0
+n—1and — (n — 1) <0 <0, we obtain the cases of the
spin-zero complementary series of unitary representations of
SOy(n,1).2

Finally we conclude this section with a classification of
all continuous unitary irreducible representations of
SO,(4,1).>° They are in the notation of Ref. 9: (1) principal
series: D (p, Is;, Is,)

252+%=15,2 =ip, p>0,

(2.17)
Li; =041,
(2) discrete series: D (s; s 1, Is,)
i, +2=1o0r I, +2=0,
I, =123,., {2.18)

Zsy =lsp;
(3) exceptional or complementary series: D (e; Is ,, I ;)

(a) O<ly<d, Iy =123,.., 2z, +3=1k, (2.19)
(b) 0O<L, <3
s, =0, (2.20)
Zsy +3=1Is,;
(4) discrete series: D (+; L5 ¢, Is,)and D —; L5 1, L5 ,)
zs, =155,
Li,+2=1,;—1,..1o0r} (2.21)
I, =413,
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D(—;1,,1,)is the same as for D(+; s, I, ,). The sec-

ond- and fourth-order Casimir operators of SO,(4,1) for
these representations are given by the following multiples of
the identity (cf. Bohm, Ref. 10):

—Cy=(sls + 1)+ A — 3}.L

—Cy= {sls + 1)[¢* — 41} 1, (2.22)
where

Zs, +3=c and I =s. (2.23)

lll. CERTAIN EQUIVALENT REALIZATIONS OF THE
UNITARY INDUCED IRREDUCIBLE

REPRESENTATIONS OF SOy(4,1)

Let C*+! be a (25 + 1)-dimensional complex Hilbert
space, in whicha UIR, D*," of M = SO(3) is realized. Con-
sider the collection %* of all functions on G = SO,4,1)
which take values in C>** ! and satisfy the following covar-
iance condition™'!:

F(gr) = F(gman) = |a|*>* *D*(m~") F(8g),

(3.1)
(Fe¥’, geG, meM, alt)eA,
neN, T=man, |a|e').
The representation U“ of G, induced by the finite-dimen-
sional representation |a| =2~ ¢ D*(m) of MAN, is defined
by
U FNe)=F(g7¢) &8€G Fe¥,. (32
[A subspace with an appropriate square summability condi-
tion will later be specified. Temporarily we call it €,
C ¥°. We take the representation (3.2) to be defined on this
space.]

A function ¥ € €, [satisfying (3.1)] is essentially
completely determined by its values on the subgroup
N =R3."> Thus we obtain from (3.2) a representation on
functions on R? which are related to functions .¥ by
f)=Fn,) (Fe¥s,, i N, xeRd).

The Bruhat decomposition®?

g ', =f.m~'(g x)a"'(g x)n"(g, x) (3.3)
induces an action of Gon R U { c0 } ' given by (see Appendix
¢

e . = liyyJ —1i 2
R3Sy —» )y =(g7y= _,syjii_,f;z:gg’
g & &
g= (8 & &| (y=vX)
g & &

The transformation property of the measure df2, on R? un-
der this action of SO,(4,1) is given by'*

dQ, = |a( g, x)| 3 dQ,. (3.4)
(Note: the transformed measure may be infinite for certain
x’s and g’s.) The representation U *° is found with the help of
{3.1)to be

[U*(g)F1x) = |a(g, x)| =~ D*(m(g, x)) F( g~ "x),

(3.5)
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where'®

n(g, x)alg, x) m(g,x) =y ' ghg.,. (3.6)

Next we transfer these representations over to spaces of
functions on the three-sphere [Eq. (2.3') for n = 4]. Embed
R? into a four-dimensional Euclidean space R* in such a way
that R® is a hyperplane passing through the point
# = (0,0,0, — 1} (see Fig. 1). Then perform stereographic
projection onto the unit sphere minus the north pole in R?,
S; — {N },asshownin Fig. 1. The equations of stereographic
projection read!’

x; = u/(1 +uy)=#"""u),
u, = 2x,~/(x + 1), i= 1,2,3a] A (x)
u4=(x2—l)/(x2+ l) = TuX).

The measure on S, is in terms of these stereographic projec-
tion coordinates’”:

dn, = [1/(1 + x*’] dQ,. (3.8)
Now we define the following C* * ! valued functions in terms
of corresponding functions on R>:

Flu)=[1+ 2172+ F(x). (3.9)
The stereographic projection (3.7) induces, through the ac-

tion of G on R? U { « } [Eq. (3.3)], an action of G on S, given
byl,s,ls

(3.7

W = (4 B E + B ) (3.10)
with
g & &
2=00"20= |8 & 8| eSO41

g & &
[£ corresponds to ge G through an automorphism of
$0O,(4,1) induced by stereographic projection—compare Eq.
(3.17) and see Appendix C.]. The measure df2, on S, trans-
forms as follows under this action of G on S, (see I):

2, =|[ & +8, v}l %dn,
=|p(& u)|~*dQ,. (3.11)
Using (3.4), (3.8), and (3.11) we obtain
L& w) = [(1+ /(1 + (g )] (3.12)

Combining thls result with (3.5) and (3.9) we obtain for the
action of G on f

(U(8)f)w)

= @&~ u)| "2~ D m(g u) f(g" W),  (3.13)

X/ Xy

FIG. 1. Projections of the unit sphere in R?, S; onto R?, and P;, the unit
parabola in R*. Equations (3.7) follow for x, = }.
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where D*(m(2, u)) =D"(m(g, x)). [(2.12') is satisfied - for
D*(m( g,u)) because g, 'u = 7 g 'x)—see Appendix C.]

Finally we described the representation of SOy(4,1)
acting on functions on the hyperboloid T’;. Let

Ty={p.eM>|pp, = —p" —p" —p" +p" =1}
be the unit hyperboloid of two sheets in M >!. Define a pro-
jection 7, mapping T into S; as follows:

S;sDu—»p=rueTy p*[1/u*,(—u'/uY)],
(3.14)
I,2p—u=1"peS;: u=[1/p*,(—p/pY].
(3.15)

The mapping is exhibited in Fig. 2. It induces an action of G
on T, which is given by

P =8 +8/ V(& +8. P (3.16)
where (see I)
g & &
= |-& & & (3.17)

-8 &2 &
The measure df2, on T transforms as follows under the
action of G on T3

an,, =g +g, p*|de,. (3.18)
Certainly Eqs. (3.16) and (3.18) are not defined for certain
P"’s and g’s. This means that in order to consider the action
of G on T, we must first compactify it by the adjunction of a
surface at infinity. Still Eq. (3.18) will be undefined on certain
sets of measure zero. But this does not affect the unitary

.representations of G which we will construct on 7.

Now we consider the mapping I7 from functions on S,

to functions on 77 given by

) —F(p) =TT F) p) = (1/] p*1*>+) F(r~'p),
Fip)—Flu)= (T~

The measures on S; and 7, transform as follows under 7 (see
1)

) IERRNEAL)
)= (1/1u*)>2+<) f(ru).

dQ, = (1/] p*P) de,. (3.20)

We obtain for the representation U on T, the following
expression:

FIG. 2. Projection of the unit sphere S, onto the two-sheeted unit hyperbo-
loid 7.
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[(U(g)f1(p)
=g L)~ D (m(Z PV FE7"P),  (321)
where
wE o) =8 +8 P (3.22)

&7 'p is given by (3.16) and m(g, p} is given by (3.6) for
x = x(u( p)) obtained from Egs. (3.7) and (3.15). [We note
that the g in m( g, p) is an element of the covering group G.]
Using the above realizations of U and T, given by Eqgs.
(3.13) and (3.21} we can obtain the principal, discrete, and

complementary series of UIR’s of SO,(4,1) on certain Hil-
bert spaces of functions defined on S; and 7.

A. Principal series
Let
&= LS, @ CF+! (3.23)

and let ¢ = jp in (3.13), Then U o) g)f(u) (fe %) in (3.13)
defines a UIR of G on f/ in which the inner product is given
by

L 2 Fiu) 2,(u)de2,. (3.24)
[Unitarity of (3.13) follows from the unitarity of D *(m( g,u))
and the transformation property of the Jacobian; see 1.]
Likewise U {5, f(p) in (3.21) defines a unitary representa-
tion of SO,(4,1) on

= FHT,) & C*+1, (3.25)

The mapping 1:7 [Eq. (3.19)] is an isometric isomorphism
from 57 onto # which intertwines the two representations
Us+#(G) and US+#(G). It follows from their unitary
equivalence with U * (G [Eq. (3.5)] on

F = LR & C¥ !
that they are realizations of the principal series

D (p; s,ip)
which satisfy the definition in Sec. II. [Unitary equivalence
of U (G )with U/ (G') follows in a similar way as equivalence of
U(G)w1th U(G),i.e.,use(3.5)and (3.9). For a proof of irredu-
cibility see Ref. 4.]

(3.26)

B. Complementary series

Now let & . be the space of all measurable 25 + 1 com-
plex-valued functions on .S; which are finite with respect to
the following scalar product:

o= [ 3 Tk,

X&;(u,) dn, 4, . (3.27)
Using (3.8) and (3.9) we obtain equivalently
o= [ 3 Feikjex
X §;(x,) d02, dQ2, , (3.28)
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where
i(fj(xl, x,) = [1 +xf] +3/2+c[1 +x72'] +3/2+¢
XK §lar(x1), o)) (3.29)

and u(x) is given by (3.7). K #(x1, x,) is constructed so that
(3.5) is unitary with respect to (3.28).° This requirement im-
poses restrictions on K 7(x1, x,) and it can be shown to have
explicitly the following form?’:

K;’(xl’ X5} = i(?j(xl — X))

> K (s,c)

2 )3/2 -c

D((x, — x,)-0) Dy(im)
I=—s (x12

(X12 =X; — X,)
[see Ref. 19 for the definition of D (i7r) and o]. The normaliza-
tion factor X (c,s) for s integral is given in Ref. 4. This expres-
sion is the configuration space form of the conformally in-
variant propagator for a spin s field in three-dimensional
Euclidean space-time (see Ref. 3). In order that (3.27) be fin-
ite and positive, it is required that*"*

—3<c<i for s=0,
(3.30)

—l<c<) for s=123,..

Concerning the discrete series, we note that they can
also be described as multiplier representations given by Eq.
(3.5).%%® Mackey has conjectured that, at least for certain
semisimple Lie groups, the discrete series representations
have a correspondence with projective representations of an
associated semidirect product which is a limiting form of the
semisimple Lie group (group contraction).?* Perhaps a study
of the conjectured correspondence would provide a more
geometrical explanation for the absence of half-integral
spins for the complementary series, which can be viewed as
analytical continuations of the principal series, character-
ized by the number (ip,s), to real values of ip (Ref. 3, 4, and 8),
and also for the absence of the discrete series in the harmonic
analysis of the left regular representation of SOy(4,1) on
SO,(4,1)/SO,(4) (Ref. 23).

IV.REALIZATIONS OF THE PRINCIPAL SERIES UIR’s of
SO.(4,1) ON UIR SPACES OF E(4) and 7

In I we constructed realizations of the principal series
UIR’s of SOy(4,1) on UIR spaces of the simply connected
covering group of the four-dimensional Euclidean group,
E (4), and on UIR spaces of the simply connected covering
group of the Poincaré group 7. We recall the constructions
here. (Here S, and T, denote a sphere and hyperboloid of
radii m.)

A. Realizations on UIR spaces of £(4)

Consider the generators of the Clifford algebra, corre-
sponding to the Riemannian spaces R* defined by?

(e, v} = 28" (4.1)
and realized on C* as 4X4 Hermitian matrices (choose
Yo="%o0 ¥: =a; =¥o¥:» Where y,, ¥, are the customary

Dirac matrices in the convention of Ref. 1). Next introduce
the tensor product space
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8,,C'=C"2C e .0 C
25 times (4.2)
and consider the quantities®®
® f/“ ® - I (4.3)

where f/" occupies the k th slot. Using the properties of the
tensor product of linear operators we can verify the validity
of the following equations, with the help of (4.1) %":

(V) ¥ih) =26 8. (4.4)
Now define the operators*®

vy =Iele -

A 1 2 .
Ir'et= 7 ) 4.5)
k=1
and
P 2 —1i
Sy =;Sﬂ‘)= TE}:, [Yuwys Yo ] (4.6)
We verify
[guv’ fp] = —19,, f# 6va)’
[S[.L‘V’ Spo] = l(a;tp Sva + avasyp avp Ho Svp )’(4'7)

[, F,] =38,

so that I',, and S, are the Hermitian generators of a repre-
sentation of SO(5) 5, 0N @5 C* and — il s S’,w are the
generators of a finite-dimensional representation of
SO,(4,1) _ i, 8, The representation of the group,

SO,(4,1) _ i, 5,0 18 obtained by exponentiating

SO,4,1) 2 4 > D(A)=exp( — (i/2) ™ 8,,) (4.8)
with S5, = —il", and § v given by (4.6). %% A basis for the
Lie algebra representatlon is given by the quantities iS,,.

Next consider the space @9 of all C= differentiable
tensors of rank 2s, 1//(u &1Lyl o), from S5 into ® ,,CH,
which are totally symmetric in their 2s four-valued variables
& = &£ 5. (Sometimes we denote the collection £+, sim-
ply by £ when no confusion arises.) The representation of
SO,(4,1) defined by (4.8) is also a representation on 9 as
shown in I. Let P be the operator of multiplication by #,, on
¢ P 1/J(u $)= u ¢(u ¢); and introduce the generahzed
Dlrac equation®

(P B, —ym) P 6)=0 (PrBI=m*).  (49)
Denote the subspace of all Je % which satisfy this equa-

tion by «Z1) » We introduce the following inner product on
[T ﬂ(x] ’,

() = f 40, 3 s §) 305 6)

Let # be the Hilbert space completion of “Z9** with re-
spect to this inner product. Equation (4.9) with its Euclidean
mass-shell condition

P, Pty =m*y
are completely equivalent to the E (4) Bargmann-Wigner
equations

() P —m} s ) =0 (k=1,..25)
on #",

(4.10)

(4.11)
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Using (4.9) we obtain the important operator identity
(cf. I)

(1/2)BY = (1/m) u"S‘w = iIA‘” —i2s/2m)u, (4.12)
valid on Z* . With the help of this result we have construct-

ed in I an arbitrary principal series UIR of SOy(4,1) on P9,
It is defined as follows:

SO(4,1) 5 g— U(g)l{U(g) ¥)(u)
_ 1
I 'u@-—l, u/m)|3/2—s+ip
[For simplicity we have omitted the ¢ indices on the 17/ and
thematrix D ( 8).] The g occurringin the D ( 8)is an element of
SO,(4,1), but the g~ ! occurring in the multiplier factor and
to the right of the ¥ is an element of SO(4,1) and its matrix
form is given by the expression below Eq. (3.10) of Sec. II1.>*
Here, 2~ '(u/m) is given by (3.10) with the understanding
that (2~ ")2 replaces g5 and u/m replaces u; u( 2=, u/m)is
defined in (3.11). In I it is proven that (4.13) defines a princi-
pal series of UIR of SO,(4,1) characterized by p and s, i.e., it
defines a D ( p; 5,ip).

We have the result that Z* is the carrier space for UIR
of E (4).>2 The relevant UIR’s of E (4) are characterized by
two numbers m and s (m > 0,5 =0, }, 1,...) which are related
to the second- and fourth-order Casimir operators of E (4)
as follows:

D () Ymg~'u/m). (4.13)

PPH=ml, W=ms(s+ 1) (4.14)
[P and I .~ are Hermitian generators of E(4) and

W= — w T w1thw the E(4) Pauh—Lublanskl four-vec-
tor: D, =} €,,,, P *L #°]. The UIR of E(4) on P9 is de-

ﬁnedby
[U(la, A1) P)() =D (A) YA ') (4.15)

[aeT, Ae SO,@)], where D(A) is given by (4.8) for
Ae SO,(4). The representation of E (4) so constructed is
the UIR characterized by the numbers m and s.

In (4.13) and (4.15) the functions 1//(u &€ »,) are the
components of a vector 1/; € A" with respect to the general-
ized basis [u) ® |£,) ® - ® | £y ) of LAS;) © (®/33(C4)
There exists a more convenient bas1s for the subspace #V ; it
is the so-called spinor basis | f;.° (4)) which corresponds, in

the reduction with respect to SOO(4) 8

| f7ow)) = u) ® | sl £ jor =5)). (4.16)

The | j, j;( + joc)) satisfy the simultaneous eigenvalue equa-
tions>?

38,8 j3 i £ Joc))
=(— 14+ 2)| jsjil £ joO)),
SS | Jadil £ Jo€)) = £ ol s sl £ Joc)),
5,89 il £ Joe)) = JU + DI js il £ Joc))s
Su | 737 :t Joel) = Jsl 7 jil £ Joe))

‘ = 5 G,Jk .lk)
A A
The components of a vector ¥ € #*) with respect to this

(4.17)
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symmetry-suited basis |/ j‘i’"’(u)) are denoted by 12'(u; Jadio)s

and the actions of SO4(4,1) and E(4) [Egs. (4.13)and (4.15)]
on the w(u, Js jjo) take the particularly simple forms**

(G181 W o) = T
XD ) Ymg= L1 1)
(4.13")
[T([a, A1) $1(ws /3 o)
=" DIA)HA w5 Jlo) (4.15)

(summation over repeated indices is meant!), where

D 1e%(8) = expli@™ /2)8.u) 5"} -

373

(4.18)

We have for s = | the well-known result
A 1{o; O
Si= —2—( 0 o i) ’

weif; )
“«= S\ 0 —a)

The matrix elements

(8,.)7,  (for fixed j;) (4.20)
in the general case (s arbitrary) are determined by (¢ = s)
Tol sk £ Jo o)) = = Lili+ 1172

X <IQI73| Ljs +9)|j3 + @l £+ Jo C)>,
(4.21)

(4.19)

iN, ) jaJil % Joc)
= {[(F+ VP =R+ 17 =12+ 3+ D}
X (g3 | Vi + s+ @ js + 9.7+ L £ Joc))
+ il Joc/ L7 + D12} Ugiis| Lijjs + @)
X|ja + @ Ji( + Joc))
— [P =N =V — 1)1

X g Wi — Vs + @ s+ @ i £ Jo €)).  (4.22)

with ¢=0, +1 with Jo=8, J.;= +(1/42) (5,
+iS;) and No=Ss, N, ,= FOAN2) (Sis £iSh)
({14i/s| Lijj; + ¢) are the Clebsch-Gordan coefficients as giv-
en in Edmonds®®). The matrix elements (F )” Yok can easily

be obtained from the expressions on pp. 203—205 of Ref. 10
(Béhm). For s = | they are

5 1(0 1)

I, = — .
=2\ o) (4.23)
I i( 0 a") 24
= _s o) (4.24)

The usual description of the positive mass, arbitrary
spin UIR’s of E (4} is given by induced representations: We
introduce the Hilbert space

Hm, s) = LS, ®

C2s+l

(4.25)
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consisting of all complex 2s + 1 vector-valued functions
¢'(u s5) on S; which satisfy

= 3 | d, s shisy) < o. (4.26)
The representation of E (4) on #°(m, s) is given by
[Uwila, A1) P]iw;5)
“ 3D, (R, u) YA 'y s), (4.27)
where
R{Au)=L (u) AL YA ') (4.28)

isthe E (4) Wigner rotation, L ~ Yu)isthe E (4)analogofthe
Lorentz boost, and D ;% denotes the usual (25 + 1)X (25 + 1)
linear matrix representatlon of SOy(3). The representations
of E(4)on 2" and %(m, 5), given by (4. 15) [or (4.15")] and
(4.27), respectively, are equivalent unitary representations.>®
There exists an intertwining operator

F: #m 5)— 3 (4.29)

which intertwines the two representations (4.15) and (4.27).
The intertwining operator has a particularly transparent
form between components of ¢ € ﬂf‘\’ with respect to the
spinor basis (see I) and the ¢(u s53) of #\m, s). First we write

every 1/1(u s5) as
¢(u. SB)) }n = fmax =S (430)

&(u;sasn)=((; notn

[~ 1abels the eigenvalues of I +—see Ref. (33) for details]. We
then have

ﬁ”(m,s) 3 q?—»(ﬁ'q?)eg?“’,
& (u; 535m) — (F 3 fs o)

= S DIYNL ~1(u)) @ “(ns) § (u; ss5m), (4.31)
and inversely
A D P (F ~19) € #m, s),
Pt ja o) — (F " P){u; s35m)

=3 DAL ) @ ~ (ns) Plus js o) (4.32)

Jio s
The transformation matrix Q j°(ns) is a consequence of our
particular choices of coordinate systems in @ ,,C* which are

associated with the representation of E (4) on " and on
Z(m, s). Its explicit form is not needed for our purposes. For
the case of s =  the matrix is explicitly calculated in Ref. 37
for the SL{2, C} case.

B. Realization on UIR spaces of 7

Now we consider the Clifford algebra corresponding to
the Minkowski space, M *'. Four of the generators of the
Clifford algebra are defined by

“/ll’ VV} =2n*, n* =diag(—-1,—1,—11). (4.33)
On @ ,,C* we introduce the four quantities y{, defined by

{7’(7:)’ Yu)} =216, [compare (4.3)], (4.34)
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and also the quantities

r,=—
72T
The —iI', and
Sy =i[T,, I, ]

define a representation of SOo(4,1) _,r, s,, 0N ® ,,C* given
by

(4.35)

SO,4,1) © 4 — D(A) = exp( — iw™S,,,) (4.36)
with s, = —il’, and S,,, given by (4.35), and 4 defined in
terms of A through (3.17).

Next consider the Hilbert space completion of the set of
all normalizable functions from T, into ® ,, C* which satisfy
the equations

(I “P, —ym) P p; 61+ §2) =0,

(P#P, —m*) Y(p; E1E 2) =0,
and which are totally symmetric in all £ variables. Here, P,
is multiplication by p,,. The norm is defined as

(4.37)

W)= [, S vt aa, (4.38
Denote this Hilbert space by #*.
Using (4.37) we obtain
1. 1 (2;)]
—BY= —(Prs,, )= —il, P,
280 = 5 P55 Lutlgml ™
(4.39)

which is a relation valid on #* . Using (4.39) it can be proven
that the following defines a principal series UIR of SO(4,1)
on %Y characterized by m and s (see I):
(U(2) ¥)(p)
= (1/|w(8~ ", p/m)|>>~***) D(g) Yimg~ "p/m).
(4.40)

We have omitted the £ indices. Here, g is defined by (3.17)
and
e~

In contrast to the E (4) case we have the result that R
is the direct sum of two UIR spaces of & (see I}

RS =H(m,s; +) & H(m,s;—) (4.41)
The positive mass UIR’s 7/ (m,s; + ) of Z are characterized
by the mass squared

Lp/m)=g'3+g7', p*/m.

P,P*=ml (4.42)
and the square of the Pauli-Lublanski four-vector
W=msis+1)1 (4.43)

plus the sign of the energy po/| po|. [P, and L,,, are the Her-
mitian generators of ¢ and W is defined in terms of P, and

L,,, exactly in the same way as for £(4).] A UIR of Z on
A" is given, analogous to Eq. (4.15) for E(4), by
[U(la, A1) ¢1(p; ) =" D(A) YA ~'p; €)
(€ =po/| Pol)s
where D (A ) is defined by (4.36) for A € SO4(3,1).

(4.44)
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The description of these UIR’s of Z on
Hm, 5;+ )= LYT;) ® C=+! (4.45)
or

Hm,s;—)=LYT;) e C=F! (4.46)

consisting of all complex (2s + 1)-vector valued functions
¥ p, s5; €) on T 5 which satisfy

Gh= 3 f A, Y p, ss; € ¥ p 53, €) < o0

S3= —&§

(4.47)

[for e = + we have T';* corresponding to #°(m,s; + } and
for e = — we have T';~ corresponding to 7#(m, s; — )], is
given by

[Uwlla, A1) ¥](p, 53 €)

=" ZDii(R (A, p) YA ~'p, 535 €), (4.48)
where
R(A,p)=L,AL{A " p)
(R(A,p)=R(A, A " 'p) of I) (4.49)

isthe SO,(3,1) Wigner rotation L ~!( p)is the Lorentz boost,
and Dj; is the (25 4+ 1)X(2s + 1) matrix representation of

SO,(3). As in the E(4) case there exists an intertwining
operator

F:-20m,s;+) & #(m,s; —)— #Y (4.50)

whose restriction to 7#°(m, s; €) intertwines the two represen-
tations (4.44) and (4.48). Its explicit form is given in the first
paper of Ref. 36 and also in Ref. 37 for s = 4.

V. EQUIVALENCE OF THE REALIZATIONS OF THE
PRINCIPAL SERIES UIR'S OF S0,(4,1) ON # AND 7
WITH THEIR REALIZATIONS AS INDUCED
REPRESENTATIONS

In this section we prove the equivalence of the realiza-

tions of the principal series UIR’s of SO,(4,1) constructed in
Sec. III with those described in Sec. IV. Since the proofs of
the equivalence for the representations on function spaces
over S, and T’ are so similar, we treat only the case dealing
with S; in detail.

First we must know the infinitesimal generators of the
representation given by (4.13): the e.s.a. (essentially self-ad-
joint) infinitesimal generators, defined by the equation

{ — il P} () = iw (T )] ao

can be calculated, using a coordinate patch. They are ex-
pressible in terms of P,, M, =X, P, — X P,, and §,,, as
follows*®;

(5.1)

L,= ~ (1/)B,, (5.2)
=M, +85,, (5.3)

where X . is the operator / times differentiation by u,, on R*
and

| L 3 1 5, 2 12 1 4,
_/1—3“ = ;Py + 5 {P* L, )} =TB" + IBL" (5.4)

A is related to p and m through the equation
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p = NmZA? (5.5)
and
g —Lp o Yipri 56
T et g 0 M) 56
A 1 .~ =
IBS)z m{P P 8,1 (5.7)

With the intertwining operator F [Eq. (4.31)] we can
define a representation Uy of SOy(4,1) on F#(m, s) as fol-
lows:

g~ Unl8):[Unl8) I () =

($w =F~Y). (5.8)
Under F the operators i’# and iw become transformed
into®®

[F-'0(g) $w)

B, =FPF=P, (5.9)
Ly =F'LF= i (5.10)
Ly, =FL, i«‘=M4,. + [1/(By + m)] P 5§, (5.11)
Thus the transformed (1/4) B, becomes
1 p L pi 4y 1 1 s
—B =-—P —{P My} + ——>——PP*S),
ATt s Zm{ +} m (P, + m) ,
_13 5.12
~ B, (5.12)
And the transformed (1/4 ) B,’s are
1 - 12 1 aea
—B, = =B+ PxS,,. 5.13
AT Py+m) " G-13)

Using these results we can easily prove the equivalence
of the representations (4.13) on 2" and (3.13) (for ¢ = ip) on
the Hilbert space & of (3.23). First note that

%’g%(m ,8)s {5.14)
where 2 (m, s)is given by (4.25). We then have the following.

Theorem: The representation ﬁW (g) of SO,(4,1), de-
fined by (5.8) on Z{m, s) is equivalent to the representation
(3.13) (c = ip) on 7.

Proof: Forg,, =A € SO,(4) we have by (4.27) and the
intertwining property of F [see Eq. (4.29)] together with the
fact that (4.13) and (4.15) agree for SO,(4) transformations

Unld) = Up([0A4 1) (5.15)
Thus '

[Uw(A) dw](6) = D(R (A, u) $wiA ~'u).

(5.16)
Next we need to know the form of the one-parameter group

of transformations &/, (¢*'*') generated by (1/4 ) f?,,W which
is defined in (5.12). The result is well known,*’ it is

[ (A]W(eml‘s) 12',,, ] (u)
1 - ( o u )
| u(8as', u/m))>> % Y| mée .
It is seen to be identical with (3.13), since from Appendix A,
D*(m( 8,5, u)) = 1. Also, by comparing (A12) and (B16) we

can conclude that (5.16) is identical to (3.13) for Lorentz
transformations. So UW and (3.13) agree for the one-param-

(5.17)
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eter subgroups of SO(4) transformations and rotations in

the 45 plane of M, . But an arbitrary element of SO(4,1)
has a decomposition as*!

8= 812823834 845812823834 812823 812 (5.18)
( 8,5 corresponds to a one-parameter group of rotations in
the a-b plane of M, ;). Therefore, by the homomorphism
properties of the representations (3.13) and U, ws We conclude
that they are equivalent representations. [The equivalency is
given by the isomorphism in Eq. (5.14).]

From the theorem follows the equivalence of the real-
izations of the principal series given by (3.13) and (4.13). The
intertwining operator has been explicitly constructed and is
given by (4.29). Another proof of the equivalence can be ob-
tained by a comparison of the “spin parts” of Egs. (5.10),
(5.11), (5.12), and (5.13) with the Eqs. (A12), (A13), (A14),
and {A15) of Appendix A. A more interesting global proof of
the equivalence is also possible by calculating the explicit
form of U w from (4.13) without resorting to infinitesimal
arguments, i.e., using the SO,(4) analog of the explicit form
for F provided in Ref. 36.

In order to prove that (4.40) defines a representation
equivalent to that defined by (3.21) we proceed analogously
as for the just-treated S, case. We use the Poincaré group
“Foldy-Wouthuysen” transformation, as defined in Ref. 36,
to construct a representation Uy{ SOy4,1)) on
Hm,s; +) & ' \m,s; —) [Eq. (4.41)] equivalent to one
given by (4.40) on #). We verify that the representations

U(g) of (3.21) and U,,( g) are equivalent for g e 800(3 1).
Then using the results of Ref. 36 we verify that the spin parts
of Uy ( 8,s) and U( 8,s) of Eq. (3.21) are the same.

Now it is clear how one obtains forms analogous to
(4.13) for the complementary series. Using the intertwining
operatorF [Eq. (4.31)] we can unwind the Wigner rotation to
obtain another representation on a space, .@‘S’ On 9?“’ the
representation has a form given by Eq. (4.13), in which ip is
replaced by a real number ¢ which satisfies (3.30). Using the
explicit form of F (Ref, 36 or Ref. 37) we can calculate the
transformed norm on .@‘s’ from the old one [Eq. (3.27)] and
obtain a characterization of %’ ¥ in terms of totally symmet-
ric normalizable tensors whlch satisfy certain constraint re-
lations, as was the case for the principal series. The discrete
series is a little more complicated, but one should also be able
to obtain a form analogous to (4.13) for this case.

In concluding this section we shall briefly consider the
form of the representation given by (3.5). In order to con-
struct the analog of (4.13) or (4.40) for this case we must use
the Lévy-Leblond equation for the Galilei group,** and
again construct Bargmann-Wigner equations of the Galilei
group out of this equation.*> However, the manifold which
must be used is the paraboloid P, in R* defined by

= [x*eRY x*=4(x} +xI +x3)—1}.
(5.19)
(See Fig. 1.) Under the mapping (3.7) x* is given by
xe=Hw*+ )/ (—ut+1))— 1. (5.20)
We can view (3.5) as a representation on function spaces over

P, (see Ref. 43). We note that the representations (3.5), (3.13),
and (3.21) are all equivalent to representations on a space of
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homogeneous functions on projective P;, S5, or T3, ie.,
K*, .* The corresponding representations on homogeneous
functions on K*,_ are all related to one another by certain

SO,(4,1) transformations of M *'.45 Furthermore, through
the use of a generalization (to arbitrary spins) of the Gelfand—
Graev transform for SO,(4,1),* we obtain equivalent repre-
sentations, which occur as irreducible representations in the
decomposition of the left regular representation of
G = SO,4,1)on.Z*G /K ), whereG /Kisthe Cartesian pro-
duct of de Sitter or anti-de Sitter space with some discrete
space (for example, Z,/) (at least locally).

VL. CONCLUSIONS

The generalizations of the methods presented here to

the SO(p, ¢) groups is straightforward. We must introduce
a spin structure appropriate to M #?s and consider Barg-
mann-Wigner equations on various higher-dimensional an-
alogs of S, and T;. The remarks at the end of Sec. V provide a
slight generalization of the well-known harmonic analysis
on G /K, which probably can be extended with appropriate

modification to G = SO(p, q) (see Strichartz, Ref. 46). A
more interesting problem is the harmonic analysis on G /H,
in which H is an arbitrary subgroup of G such that H C K
and dim(H ) < dim(K ). It may be possible to utilize the meth-
ods developed here, in order to solve this problem for certain
H’s. Another interesting mathematical question is whether
or not the method presented here can be generalized to the
semisimple Lie groups which have semidirect products as
group contractions.?* The results of Ref. 24 seem to indicate
that this is possible. Finally we mention that our results pro-
vide independent proofs of some of the results in Ref. 3 on
equivalences and forms of the representations associated
with the models (2.3'), (2.4'), and (2.5). In particular, the
result that the Wigner form [Eq. (4.48)] of the Poincaré
group representation is identical to the induced form [Eq.

(3.21)] of the SO,(4,1) representation, when restricted to the
SOy(3,1) subgroup, is also obtained in Ref. 3.

Note added in proof: Bakri has also considered equa-
tions such as (4.12) and and (4.39) and has proven their equiv-
alence with the Bargmann-Wigner equations (4.11) for
SL(2,C) for the special SO,(3,2) r.s,, representations con-
sidered here. See M. M. Bakri, Nuovo Cimento A 51, 864
(1967); M. M. Bakri, J. Math. Phys. 10, 298 (1969).
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APPENDIX A: CALCULATION OF D¢ (m( g,u)) FOR ¢
INFINITESIMAL

In this appendix we collect a number of useful proper-
ties about the matrix D “(m( 2, u)) defined by (3.13). From
(3.6) we have
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m( g’ X) = ﬁx?u)l gﬁguc(u] ”_l( & x) a‘—l( g’ x)’

(A1)
with x(u) defined by (3.7). Since m( g, x) € M = SU(2), it can
be expressed in the form

m{ g, x) = expllin’ g, x) &;), (A2)
with

Oy = €O, (A3)
where o, are the 2 X 2 Pauli matrices satisfying

0; 0; = i€y oy + 5. (A4)

D ¥(m( g, x}) is then obtained through the homomorphism of
Lie algebras defined by
(A5)
where 3} are (25 + 1)X (25 + 1) Hermitian matrices satisfy-
ing the commutation relations of SU(2)
[3’,‘93}] =i€ijk Sk‘ (A6)
The matrices m( g, x) for the various continuous sub-

groups of the decomposition (2.4) can be computed and are
found to be*’ translations,

o, =S, =1 € Si,

- = (T, + T ~.
mf,, x)=1, k="t Wey

[T = 7as 85 — 14 825 (A7)
SU(2) rotations,
m(m, x) = e wei% gy — 29 gy,
(A8)
dilations,
ma,x)=1, a=e"* (A9)
special conformal transformations,
i3 = (L= o)
(1 —2x-b+x??3'/?
n, = e Tu—Ts), (A10)

We now use these expressions to calculate the
D*(m( g, u)) for infinitesimal rotations in the a,b planes of
M4,

gop I + &l,. (A1)

From (A7) and (A 10) together with the cocycle conditions
(2.12') of D(m( g, u)), we obtain, with the help of (A3) and
(AS),

Dm( &, u) = D*(m( gy, x))

=1—i[buw/1+u)]lS, (b'=0",
(A12)
D(m{ g5, u) =1 +ilbu//(1+ u,)] §,
' =", (A13)

[x; =u;/(1+ u,) by (3.7)].

For an infinitesimal rotation in the i, j plane of M *! we ob-
tain using (A8):

D(m(gy, ) =1 + (i/2) @7 §; (A14)

Finally from (A9) for an infinitesimal dilation we have
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D(m(8ess w)) =1,

and so also for a finite dilation.

(A15)

APPENDIX B: SOME PROPERTIES OF SO,(4)

The group SO,(4) has a decomposition (Cartan decom-
position) as the product of SO4(3) and a compact analog of
the Lorentz boosts

SO,(4) = ZS0(3). (B1)
Therefore, for each g € SOy(4) we have
¢=L 'R, (B2)

with R € SO(3); and L !
(L YE = (L ()~
B (5;2 — wu; /(1 + uy) u")

—u; u,

is the boost matrix

(B3)

where 23_, w'u’ + u2 = 1. Note that 2 can be identified as
a manifold with the points on the three sphere S;.

The decomposition (B1) defines a transitive action of
SO,(4) on the manifold of the boosts .S, **:

S5 = SO,(4)/SO,(3). (B4)

The isotropy subgroup of the point # = (0,0,0,1) is SO(3),
and it consists of all matrices of the form

P o
R”z(o 1)’ (B3)

where R is the matrix of a 3X3 rotation. Notice that the
boost L B takes # into u € S5; consequently the action of
SO,(4) on S is seen to be transitive.

There exists another extremely useful decomposition of
SO,(4). It is the Wigner decomposition*®: For A € SO,(4), we
have

A=LR'A,ulL, (B6)
where R (A u) is a pure rotation, and L and L ! are de-

fined by Eq. (B3). To see that R (A u) is a pure rotatlon we
consider the action of R (A, u) on &:

R'Awia=L3 AL ~‘i=1,,(Au) =1
Therefore, R (A u}is an element of the isotropy subgroup of
#,ie,R (A u) € SO,(3). We can easily verify from its defini-
tion that this Wigner rotation satisfies cocycle conditions.

For A=1L ! a pure boost the Wigner rotation be-
comes expressible as the product of the three boosts

R Vuy=A, ., Li'L; (B7)
Next we consider the product of two SO,(4) transforma-

’uonsA1 =L - 'R, and A, =L - 'R,. We have for A, =R
and A2 =L 3 the following result

AA,=RL'=L 'R (B8)

[Use (B3) and (B5).] Thus for A, = R, and A, = L 7 'R, we
obtain

/il/iz =R1i' . Ry= IA‘R_,ulRl R, = 2‘R_‘|}(Rl R,).
(B9)

Finally for A, =1 _ 'R, and A, =L~ - 'R, we obtain
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A

/’il/'iz =

t~

TR LR,=L 'Lzl (R Ry
(B10)
Letting L ;' =L 3., and L ;' =L ;' in (B7) we can re-
write (B10) as
/‘il/‘iz = 24 -l

L,‘_l'R,uz

RYL ;" Rin)R, Ry)
(B11)

This is the general formula for the product of two SO,(4)
transformations in terms of a boost and rotation.

A Sgecializing to the case of A; = R a pure rotation and
A, =L ;7' apure boost we obtain the following expression
for the Wigner rotation corresponding to a rotation:

R'(R,u)=Lp,RL 7' =R"(I, Ru)R. (B12)

But since R '(I, Ru) = L, IL g,' = I [compare Eq. (2.11')]

R’'(R,u)=R. (B13)
Thus the Wigner rotation of a rotation is the rotation itself.
Using Eqgs. (B7) and (Bl13), we compute the

(25 +1)X(2s+ 1) matrices of the Wigner rotation

D (R '(A, u)) for infinitesimal rotation
A, =I+ol, (B14)
in the p, v planes of R*. For A, = R a rotation in the i, j
plane, we obtain from (B13)
D(R(R,u)=D[R'(R,Ru~")=1+ioS;, (B15)
where :S",I is defined in Eq. (AS). For A, = I:,.,‘l ! an infinitesi-
mal boost in the i-4 plane we obtain, using (B7),
D(R(L;, u) =D (R'(Ly, L ;" u)
g o

8, @ =),

14u,

An easy way to prove (B16) is to recognize that it is just the

=1—i (B16)

r_ Y +8iY+gs A
= ; 7 45 2 55 (y = Zx)
&Y +8:)V +8&
To verify this we show it is true for translation, dilations,

rotations, and conformal inversions. We have, according to
(3.3), (1) translations (Ref. 4, p. 17),

.8
yi— (C1)

n, Ny =Ny,
x'=x+a,
1 —d7 a’
no=|a 1—1® 1@ |, (C2)
a -4 1+1d
(2) dilations (Ref. 4, p. 18),
a, = fi.ha, x), 1 o 0
(h=man) a@=|0 cosha sinh a) ,
x'=|a|x, 0 sinha coshe
(C3)
(3) rotations (Ref. 4, p. 18},
mi, = h(m,x), my 0 0
X =m, x, m=10 1 0},
0 0 1
(C4)
(4) conformal inversion (Ref. 4, p. 23),
R, =h h(R,x), -1 0 0
¥ — /5 R=}]| 0 -1 0].
! 0 0 1
(C5)

Next using (3.7) and (3.10) we verify that the action g on
R? and the action g on S, are connected by the similarity
transformation

(2s + 1)X(2s + 1) matrix representation of the Thomas rota- u 0 0
tion for the product of the two boosts L ;- ' L ~'.%° Q=0 142 142]. (C6)
APPENDIX C: USEFUL FACTS ABOUT THE BRUHAT 0 —1A2 142
AND IWASAWA DECOMPOSITIONS OF G Let

In this appendix we derive certain facts necessary for 8 Ba &s
the establishment of the equivalence of (3.5) with (3.13). First o= |2 - N )
we collect the necessary information from Ref. 4 needed to £= oY ‘g“ 5:45 (
prove that the Bruhat decomposition induces the usual con- Esi 854 8ss
formal transformations on R>: Then

]
&y (1/\2)( 8 + &is) (/N2 — 8 + 85)
g=0,805"'= (1/42)( &y + 85;) M 8as + 850 +8as +8ss) M —8as —8sa +8as + 8ss) (C8)

(1/\2) — &y +25)

For translation g is given by (C2) so

1 0 27
g=\V2a 1 2 (C9)
0 o0 1
Use of this in (C1) gives
x'=x+4+a.
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W —8as + 854 — 8as +8&ss)

5(,?44 _§54 _§45 +§55)

r
Similarly we establish the desired transformation law for ro-
tations, dilations, and conformal inversion. Thus we have
verified the claim about (C1) and the Bruhat decomposition.

It is straightforward to verify

Fog=go7 (C10)
where 7 is the stereographic projection mapping given by
(3.7). Using this we demonstrate the cocycle property (2.12')
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of D*(m( 2, u)) as a consequence of the cocycle property of
the D *(m( g, x)). Since (3.5) is an induced representation of

SO,(4,1) we have
D*(m( g, & x)) = D *(ml( g, x)) D(m( g2, g 'x)),

(Cl11)

for g,, g, € G, x € R>. By definition we have

D(m( g, 8, u)) = D*(m(g, &, x)), (C12)

D*(m( gy, u)) = D*(m(g,, x)). (C13)
From (C10) it follows that

g %) =8 'u. (C14)
Therefore,

D(m( g, &7 'u)) = D*(m( g2, g1 'x)). (C15)

Substituting (C12), (C13), and (C15) into (C11) gives the de-
sired cocycle property.

'P. Moylan, J. Math. Phys. 24, 2706 (1983).

2y, Bargmann, Ann. Math. 48, 568 (1947).

K. C. Hannabuss, Proc Cambridge Philos. Soc. 70, 283 (1971).

*V. K. Dobrev, G. Mack, V. B. Petkova, S. G. Petrova, and I. T. Todorov,
Harmonic Analysis on the n-Dimensional Lorentz Group and Its Applica-
tion to Conformal Quantum Field Theory (Springer, New York, 1977).

SReference 4, p. 14.

SC. Chevalley, Theory of Lie Group (Princeton U.P., Princeton, NJ, 1946),
p. 67, Proposition 3.

7(2.16), together with (2.14), and (2.10), imply v = (( — » + 1)/2) + ip.

8C. P. Boyer, J. Math. Phys. 14, 612 (1973), Theorem 1. He shows that the
spin-zero complementary series representations are obtainable by analytic
continuation in o = ip of the spin-zero principal series representations. It
is possible to extend his results to the arbitrary spin case. [His u( g, g~ '1)
equals our (g, u) in Sec. ITL] (Cf. also Ref. 3.)

°F. Schwartz, J. Math. Phys. 12, 13 (1971).

101, H. Thomas, Ann, Math. 42, 113 (1941); T. D. Newton, Ann. Math. 51,
730 (1950); J. Dixmier, Bull. Soc. Math. France 89, 9 (1961); A. Bohm, in
Studies in Mathematical Physics, edited by A. O. Barut (Reidel, New
York, 1973), cf. also Ref. 4, p. 135 for a summary of their SO(n,1) repre-
sentations.

!'Reference 4, p. 32.

2Reference 4, p. 33.

PReference 4, p. 38, Eq. (2.27).

19Reference 4, p. 16.

5Reference 4, p. 56, Eq. (3.27).

1éReference 4, p. 38.

17P. Moylan, Fortschr. Phys. 28, 273, (1980), Eq. (8a) with p, = 4. [The S,
measure used there equals § times the measure on S, in Eq. (3.8).]

'8M. Bander and C. Itzykson, Rev. Mod. Phys. 38, 330 and 346 (1966).

G, Grensing, J. Math. Phys. 16, 312(1975). [See also V. K. Dobrevand V.
B. Petkova, Rep. Math. Phys. 13, 233 (1978). They analyze the SO(5,1)
case but the treatment of SO, (4,1) is analogous.]

20Reference 19; p. 315, Eq. (5.11) or Ref. 4, p. 66, Eq. (4.19).

21A. W.Knapp and E. M. Stein, Ann. Math. (2) 93, 489 (1971), Propositions
50 and 55; Raymond C. Fabec, J. Analyse Math. 35, 150 (1979).

22Reference 4, they treat only the integer spin case.

23N.J. Villenkin, Special Functions and the Theory of Group Representations
(Am. Math. Soc., Providence, RI, 1968), Chap. X.

40 J. Math. Phys., Vol. 26, No. 1, January 1985

24G. W. Mackey, in Lie Groups and their Representations, Summer School
of the Bolyai Janos Mathematical Society, Proceedings, Budapest, 1971,
edited by I. M. Gel'fand (Wiley, London, 1975), p. 361.

Z5Reference 1.

26K. B. Wolf, Nucl. Phys. B 11, 159 (1969).

?"For the operations with tensor products of operators needed here see
Chap. X of the book by A Bohm, Quantum Mechanics (Springer, New
York, 1979). For a more mathematical treatment, but still on an elemen-
tary level, see M. Reed and B. Simon, Functional Analysis (Academic,
New York, 1972).

Z8Reference 1, p. 2710.

24 is related to 4 through a correspondence of the spin groups defined by
the G1(5,R) matrix O, of M™>' induced by stereographic projection (see
Ref. 18, p. 355 and Appendix of Ref. 1). In these references the @, for
projection of S; onto T}, is discussed [Eqgs. (3.14) and (3.15)]. (See also Ap-
pendix C.}

30Reference 1.

31See Ref. 29 for the correspondence between g and D ( ).

3Compare V. Bargmann and E. P. Wigner, Proc. Nat. Acad. Sci. USA 34,
{5), 211 (1946), and H. Joos, Fortschr. Phys. 10, 65 (1962) for the case of the
Poincaré group. See the Appendix of Ref. 1 for the case at hand, i.e., for
E4).

33A. Bshm and G. B. Mainland, Nuovo Cimento A 18, 308 (1973).

345ee Ref. 1, p. 2710, Egs. (45), (46), and (47) and the discussion dealing with
these equations. See also H. Joos, Ref. 32. The SL(2,C) case is treated in
these works but the reader can easily convince himself of the validity of
their arguments for SO,(4). Our | f5 (u))'s correspond, up to an orthogo-
nal transformation of the | j, j;( + joc)) to the SO,(4) analogs of the

o4;))

| pB; €}
consider in these papers for s = }. (For s arbitrary see Ref. 33.)

35A. R. Edmonds, Angular Momentum in Quantum Mechanics (Princeton
U. P., Princeton, NJ, 1960).

36A. Chakrabarti, J. Math. Phys. 4, 1216 (1963), and Ref. 1, p. 2710. [Again
the analogous SL(2,C) case is treated.]

37A. Bshm and G. B. Mainland, Fortschr. Phys. 18, 290 (1970).

38Compare Ref. 1 and see also A. Bohm and P. Moylan, “On the integrabi-
lity of certain symmetric representations of the Lie algebra of SO(4,1),”
J. Math. Phys. (to be published, 1985), for the corresponding representa-
tion on UIR space of Z. In the paper by Bohm and Moylan a very careful
analysis of the Lie algebra representation associated with an induced mul-
tiplier representation realized on UIR spaces of Z is presented.

3% 8S0O,(4) analog of Ref. 36, Egs. (1.4) and (1.9).

“Reference 1, p. 2209 or Ref. 18.

*IReference 23, p. 508.

42J, M. Lévy-Leblond, Commun. Math. Phys. 6, 286 (1967).

43P, Moylan, MPI preprint, October, 1984.

“Reference 23, Chap. X and Ref. 18 (K*_ is the four-dimensional upper
half cone.)

“SReference 18, p. 356.

4Reference 23, p. 542 and R. Strichartz, J. Funct. Anal. 12, 4 and 341
(1973).

“TSpecialize the results of Ref. 19 to the SO,4,1) subgroup of SO,(5,1).

483, Helgason, Differential Geometry and Symmetric Spaces (Academic,
New York, 1962), Chap. X.

“For the analogous treatment of SL(2,C) see E. P. Wigner, Istanbul Lec-
tures, edited by F. Giirsey (Gordon and Breach, New York, 1964).

30], D. Jackson, Classical Electrodynamics (Wiley, New York, 1962), p. 367.
In his notation (1/y — 1){1/v%) = (1/(1 + u,) so (B16) follows immediately
from his equation (11.53). See also W. Drechsler, “Linearly and Nonlin-
early Transforming Fields on Homogeneous Spaces of the (4 + 1) de Sitter
Group, Appendix A,” Max Planck Institut preprint, MPI-PAE/PTh 17/
84, (1984, and L. Fonda and G. Ghirardi, Symmetry Principles in Quan-
tum Mechanics (Dekker, New York, 1970}, p. 300, Eq. (5.111a).

P. Moylan 40



Linearly and nonlinearly transforming fields on homogeneous spaces

of the (4,1)-de Sitter group

W. Drechsler
Max—Planck-Institut fiir Physik und Astrophysik, Werner—Heisenberg-Institut fiir Physik, Munich, Federal
Republic of Germany

(Received 29 March 1984; accepted for publication 28 June 1984)

Scalar functions on the homogeneous spaces #* of the de Sitter group G = SO{4, 1) are studied,
where the spaces /2™ are of the form G /K with K being a subgroup of the Lorentz group

H = SO(3,1) contained in SO(4,1). The spaces /#* can be regarded as fiber bundles

E® =E®(G/H,H /K ), with the base V| = G /H being a space of constant negative curvature
characterized by a fundamental length parameter R [(4,1)-de Sitter space], and the fiber § = H /K
being a homogeneous space of the Lorentz group. The action of G on the spaces E ® is a linear
action on ¥} and a nonlinear action on .S, where the latter action is defined by a generalized
Wigner rotation. A gauge theory based on the (4,1)-de Sitter group is investigated with matter
represented in terms of a generalized wave function @ (x;£,p) [with xeU, (Riemann-Cartan space-
time), £€¥ ;, and 7€$'] which is defined as a map from a cross section on the bundle £ = E (U,,

F=E*, G=S0{4,1)) over space-time U, with fiber F = E® = G /K and structural group

G = SO(4,1) into the complex numbers. The introduction of purely nonlinearly transforming
fields v, P (x;y) is discussed as well as the nonlinear realization of the SO(4,1) symmetry in terms of
transformations of the Lorentz subgroup H (generalized Wigner rotations). The geometric

implications of symmetry breaking are pointed out.

I. INTRODUCTION

Several years ago it was suggested to represent matter in
particle theory in terms of fields defined on the homogen-
eous space of a group. Since the Poincaré group plays a
prominent role in particle physics, the original proposal was
to use a homogeneous space of the Poincaré group’ and in-
troduce a generalized wave function® as a scalar-valued
function defined on a homogeneous space of the Poincaré
group replacing thereby the ordinary quantum mechanical
wave function defined over Minkowski space-time by a more
genera] object.>* The idea in this connection was to allow the
spin of the material objects described in terms of these gener-
alized wave functions to play a dynamical role in the theory.
Instead of introducing multicomponent fields defined over
Minkowski space-time transforming as a particular linear
representation of the Poincaré group characterized by a
fixed number of components, one enlarges the space over
which the wave functions are to be defined and considers
scalar functions on a homogeneous space of the Poincaré
group. (In Ref. 1 the use of the ten-parameter group space of
the Poincaré group was proposed; in Ref. 3 lower-dimen-
sional homogeneous spaces of the Poincaré group capable of
carrying half-integer spin representations were suggested.
Compare also Ref. 5 in this context.) A field associated with
a particular fixed value for mass and spin is obtained by
posing additional constraint relations, i.e., by requiring that
the Casimir operators of the Poincaré group take particular
fixed values when applied to the generalized wave function.

It is interesting to combine such a generalized wave
function formalism for objects possessing internal degrees of
freedom associated with some group G (originally assumed
to be the Poincaré group, as mentioned) with the gauge con-
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cept for interactions in particle physics and introduce as a
representation of matter in the theory a scalar field defined
on a (soldered) fiber bundle over space-time with a homogen-
eous space of the group G as fiber. In previous investigations
based on the Poincaré group as a gauge group, a set of bilin-
ear source terms in the generalized matter fields was con-
structed (generalized current components) which were
shown to induce torsion in the underlying space-time base of
the bundle geometry yielding thereby a description of a
Poincaré gauge theory defined over a Riemann—Cartan base
U,.%" As in general relativity, the metric of space-time is
induced in this theory by the energy-momentum tensor of
macroscopic matter distributed in classical form, while the
nonmetric, i.e., torsion part of the connection,® is induced in
the base of the underlying bundle geometry through the
above-mentioned generalized matter current representing
the microscopical, i.e., quantum mechanical or wave func-
tion aspect of matter (albeit in a single-particle formulation).
The matter fields in the theory giving rise to the generalized
matter current were called Poincaré gauge fields being scalar
fields transforming as linear® representations of the Poincaré
group. Mathematically speaking they are cross sections on
soldered bundles over a Riemann-Cartan space-time as base
possessing a homogeneous space of the Poincaré group as
fiber. The soldering is obtained by identifying a Minkowski
subspace of the fiber with the local tangent space of the base
through an isomorphism (compare Ehresmann'®).

In this paper we investigate fields defined on the homo-
geneous spaces of the (4,1)-de Sitter group which we identify
with the coset spaces G /G ' with G = SO(4,1)and G 'beinga
subgroup of G leaving a particular point of the homogeneous
space invariant (stability group or isotropy group of this
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point). In particular, we are interested in homogeneous
spaces of the form G /K, where K is a subgroup of the Lor-
entz group H = SO(3,1), which itself is a noncompact sub-
group of G. K is thus not a maximal subgroup. We shall see in
Sec. II that the homogeneous space G /K can itself be viewed
as bundles EXG/H, H/K) with base G/H = SO(4,1)/
SO(3,1) = ¥V}, being a pseudo-Riemannian space of constant
(negative) curvature’® [(4,1)-de Sitter space], and a fiber H /
K =80(3,1)/K = S8, being a homogeneous space of the Lor-
entz group. The action of the group G on the space E® is a
linear action on the base G /H and a nonlinear action on the
fiber H /K. We exemplify the situation in the particularly
interesting de Sitter case in Sec. II and discuss in Sec. I1I
scalarfunctions @ (£,9), with£eG /HandjeH /K, transform-
ing linearly under the group G with respect to the first argu-
ment and nonlinearly with respect to the second. We call
such a field a hybrid field. In the limiting case K = H, i.e., for
ER =V, the variables  are absent and one obtains a linear-
ly transforming field @ (£).

Section IV is devoted to a discussion of a gauge theory
based on the de Sitter group involving matter fields @ (x;£.j)
defined on cross sections on a soldered bundle over space-
time possessing the homogeneous space G /K = E®(V},S)
of the (4,1)-de Sitter group as fiber. Soldering is performed by
identifying the tangent space of the V', -part of E® at the
origin § of ¥V, (which is left invariant by /) with the local
tangent space 7, of space-time. Having defined the hybrid
fields @ (x;£,5) we then go over to purely nonlinearly trans-
forming fields which can be regarded as fields defined on a
bundle over space-time with fiber S = H /K together with a
nonlinear action of G on § which becomes linear when G is
restricted to H (generalized Wigner rotation). This is analo-
gous to the nonlinear realization of a symmetry discussed by
Coleman, Wess, and Zumino'? and by Salam and Strath-
dee!? (compare also Cho'%). Finally, in Sec. V, criteria for a
reduction of the gauge symmetry from G to H are given.

The space E ® which is the fiber of the original bundle
over space-time can be characterized by a length parameter
R being the curvature radius of its base G /H = V. The use
of the de Sitter group in conjunction with a gauge description
of strong interactions has been discussed before.'>'¢ In this
context R plays the role of a fundamental length parameter
of geometric origin which is regarded to be of the order of
R=10""* cm. While previously’® spinor-valued matter
fields defined on bundles with fiber V"; were used as a carrier
for the de Sitter gauge symmetry, we now consider scalar
functions on a higher-dimensional coset G /K, containing
V., with K being a subgroup of the Lorentz group.

We shall, in the present paper, not discuss field equa-
tions relating certain source expressions in terms of the mat-
ter fields to the quantities defining the geometry in the un-
derlying bundle over a curved space-time (compare in this
context Refs. 6, 7, 15, and 16). We shall come back to this
question elsewhere. Here we focus the attention on the group
theoretical aspects connected with the representation of
matter in a gauge theory with gauge group G in the form of
scalar functions'” defined on a bundle with fiber
G/K=E®(G/H,H/K), where GDHDK and G and H
both noncompact. It is for physical reasons connected with a
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gauge formulation of gravity that the group G is required to
contain a subgroup H isomorphic to the Lorentz group
(compare Ref. 7 for a formulation of general relativity as a
gauge theory of the Lorentz group). For definiteness and
later convenience the discussion is carried through for the
specific case G = SO(4,1), H = SO(3,1) and an arbitrary sub-
group K of SO(3,1). The method, however, applies more gen-
erally.

As space-time base we shall consider a Riemann-Car-
tan space-time U, although this is nowhere essential in the
present context since we do not discuss field equations for
metric and/or torsion. From the experience gathered in the
study of the Poincaré gauge theory it is, however, to be ex-
pected that the spin degrees of freedom (contained here in
the homogeneous space description related to the de Sitter
group) do couple to the torsion of the space-time base.

Finally, Sec. V1is devoted to some concluding remarks.
The Appendixes A and B contain various formulas for the
de Sitter group used throughout the text, while Appendix C
gives a classification of all the homogeneous spaces of the
(4,1)-de Sitter group based on a corresponding classification
of subgroups K of the Lorentz group. This part is mathemat-
ically interesting as a topic on its own right without any
reference to gauge theories.

ll. THE HOMOGENEOUS SPACE G/K

It is shown in Appendix B that the de Sitter group G can
be viewed as a principal fiber bundle P(G /H,H ), over the
homogeneous space V'; = G /H with fiber and structural
group H = SO(3,1). The group G acts on itself by left transla-
tion implying a linear action of G on the base of P according
to& ' = A (b,A )¢, and a nonlinear action on H by left transla-
tion with the generalized Wigner rotation
A(A(b'b)=A4(A(bAb)A) [compare Egs. (A37) and
(A38) of Appendix A and (B6) of Appendix B]. In going over
from ¢ to £’ by means of a transformation 4 (5,4 ) of SO(4,1)
the bases of the Lie algebra of H at the origin & of G /H suffer
an automorphism

Ry—Rj =A(AB"Db)R,A4 ™A (b"D))
=R;[A(6"b)1[A(b"6)]%. (2.1)
This is a consequence of Eq. (B2) and the metric preserving
property of the transformations 4 (b,A ) [compare Egs. (A3)
and (A13)]. Note that 4 (A (b",b )) = 4 (A (b,0)4 ), at the ori-
gin &, is A (A ) by (A31). The corresponding automorphism
for the de Sitter boost generators spanning the tangent space
of V até,is
Ry—R4=AA (" b)RyA A (b'b))
=Ry [A (b)) 2.2)
We now want to consider a homogeneous space of the
(4,1)-de Sitter group which is characterized by a stability
subgroup X being itself a subgroup of the Lorentz group, i.e.,
we want to investigate the homogeneous space SO(4,1)/K,
with KCH = S0O(3,1), which thus has a dimension bigger
than four.
Similarly as above for the group G, the homogeneous
space G /K canbe viewed asa fiber bundle associated to P (G /
H,H ) with base G /H and fiber H /K, i.e.,'®
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G/K=ERXG/HH/K). (2.3)

We denote the bundle space by E ®, where R is the elemen-
tary length parameter characterizing the base space
G/H =V, of E® as mentioned in the Introduction (com-
pare also Appendix A). The fiber H /K is a homogeneous
space of the Lorentz group which we call S. In Appendix Ca
classification of the spaces G /K in terms of spaces S = H /K
based on a classification of the subgroups K of H = SO(3,1) is
presented. In the subsequent discussions in this paper we
shall, however, not choose a particular one from the given
list of these spaces. We shall refer to any one of them as to the
space E ® possessing as fiber the homogeneous space S = H /
K which is parametrized in terms of coordinates 7%
n=1,..4d, withd =dim H — dim K = 6 — dim X.

The bundle E ® can, for almost all points, be written as a
Cartesian product of two homogeneous spaces

ERG/HH/K)= VXS, (2.4)

where the notation a.a. is explained in Appendix C. In the
classification given in Appendix C we make use of this fact,
while in the text we adhere to the notation (2.3) since, for
arbitrary groups GDH DK, E®(G /H,H /K ) need not gen-
erally be a product space.

Let us next determine the action of the group G on the
space E®. To this end we think of E® as parametrized in
terms of coordinates £ labeling the points of the base V', and
of coordinates j labeling the points of the fiber S, i.e.,

ER=(£5}). 2.5)
Associated with the structure of the spaces V' and .S as ho-

mogeneous spaces of the groups SO{(4,1) and SO(3,1), respec-
tively, we introduce two projections (compare Appendix B)

m G—G /H, (2.6)
and

7. H->H /K, (2.7)
and write the coordinates (£,7) by labeling the points of G /K
interms of group actions choosing as originin G /K the point
with the coordinates (£,7,),

§=mg(b,A)=mglb), (2-8a)

y=mg(BA)=7¢(B), (2.8b)
where g(b,A)=g(b)glA) parametrizes G = SO(4,1) [see
(A19) and (A9)], and

8lA)=g(BA)=8(B)kA) (2.9)
parametrizes H = SO(3,1) in an analogous manner {g{ #)isa
parametrization of H /K (with origin y,), and g(A ) is a para-
metrization of the subgroup K of H leaving j, invariant].

The action of the de Sitter group G on the homogeneous
space G /K = E ® can, in view of Egs. (2.8) and (B6), be writ-
ten in the following way [g = g(b,1 )1:

ERSE™ = (ng(b,A (b ), (@B (b Nl B)}.

(2.10)

The first entry on the right-hand side of (2.10) is the action of
G on G/H determined in Appendix A and B yielding
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7g(b1g(A(b',b)) =mgb)=¢  with b'=4 (6)Ab. In the
second entry the notation (g(5,4 )g{b )) _means that the part
of the transformation of the product g(h,4 )g(b ) lying in the
subgroup H in the decomposition (A35) [here written for
g(b,A )and g(b,1)] is to be taken and decomposed according to
Eq. (2.9) with only the part g( 8} surviving the projection 7'
(see below). Thus exactly the A-part of the product g(5,1 )g(b )
which can be dropped under the projection 7 enters under
the projection 7’ as the transformation (g(5,A4 )g(b )),. Ac-
cording to Eqs. (A36) and (A37) this is just the generalized
Wigner rotation g{A (b’,0)). Thus Eq. (2.10) takes the form

ERSE™ = (nglb')meld (b,b)g(8))  (211a)
with

b’ =A(b)Ab, (2.11b)
and

Ab'b)=A(bAb)A. (2.11c)

Hence, under the action of the group G one obtains a linear
transformation of the base space of E ® according to

E'=ABA, (2.12)

and a nonlinear transformation of the fiber S of E ® accord-
ing to
V' =h{A(bAb)A ), (2.13)
where % denotes a representation of H on S. To obtain this
result we use the same arguments for the group H and its
subgroup K as was used for & and its subgroup # in Appen-
dixes A and B, i.e., [compare Egs. (2.8), (2.9), (B7), (B8), and
(A36)]
TeA(b",b)g(B) =78y (B 8As (B B))
=78 s(B') =) (2.14)
We thus have established the result that the action of the
group G=S0(4,1) on the homogeneous space
G /K = E®(G /H,H /K ) is the usual linear action (2.12) on
the base G /H = V', (being a pseudo-Riemannian space of
constant negative curvature), and a nonlinear action (2.13)
on the fiber H/K =S (being a homogeneous space of the
Lorentz group). The action of G in the second case is just the
one given by the SO(4,1) Wigner rotation A (b',b)
= A (b,Ab)A depending on the parameters b and A of the
transformation g of G and on the point £€G /H with b = £ /
R.

11l. SCALAR FUNCTIONS ON HOMOGENEOUS SPACES
OF THE de SITTER GROUP

In this section we discuss scalar fields defined on the
homogeneous spaces G /H and G /K, with KCH.

Let us first treat the case of functions @ (£ ) defined on
G /H = V' which we call linearly transforming fields. They
form a representation of the (4,1)-de Sitter group according
to the relation

Up)P(E)=2(4 7' (B,A)) (3.1)
with the operators U, obeying U, U, = U, . . Here we de-

note, as usual, an element of G by g and in the 5X 5 matrix
representation acting on G /H by A4.
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Using the parametrization (A 14) for the one-parameter
subgroups, Eq. (3.1) yields the following representation for
the generators of the de Sitter group in terms of differential
operators to be applied to scalar functions @ (£ ):

= o1
Lab¢(§) =1161_12?[U e@“")¢(§) - ¢(§)]
—ilimL[® " ®)E)— @ E)], (32)
e—0 €
where & is regarded to be fixed (equal to unity) and
~ a . J J
Lo —Rarit' 2= {26, 2).
5 (Rap)ab 2 g 2% s 2%
(3.3)
Here the last equality follows from (A13). The operators
L, = — L,, are a set of ten differential operators in the
variables £ ¢ satisfying the Lie algebra (A 12) of the (4,1)-de
Sitter group. Although formulated in terms of the coordi-
nates of the embedding space R, ; in which V| represents a
hypersurface the operators (3.3) do not lead out of the
de Sitter space V', when applied to a function @ (£ ) defined

on the hypersurface. Contracting L, with £ ° yields, with
(A1),

oF [ 6% 9 @
$%a = _Rz'(ag" TR a;“)= — R,
(3.4)

0]
where the “internal” differential operators d,; a = 0,1,2,3,5,

]
constrained by £ °d, = 0, span the tangent space T, of V'; at

g

Let us now go over to scalar functions @ (£,7) defined on
G/K=ER®G/H=V,,H/K = S)withéeV; andjeS. The
discussion in Sec. II showed that their first argument trans-
forms linearly while their second argument transforms non-
linearly under transformations g(,4 ) of the de Sitter group
Ugsi) P 5) = P4 ~'BA)ER A BABIAY),  (3.5)
withA (Tb, 0Ab)cocA = A (b',b). Dueto the cocycle property
of the SO(4,1) Wigner rotations, A (b”,b’)A(b’b)
= A (b",b), Eq. (3.5) defines again a representation of SO(4, 1)
obeying U, U, =T, ." The action of the group G is,
however, a nonlinear one with respect to the transformation
of the second argument of @ (£,ty). It becomes a linear action
if g(Tb, c0 A ) is restricted to the subgroup H, i.e., for Tb =0
[compare Eq. (A31)]. In this case 4 (b’,b) = w0 A. We intro-
duce the notation “hybrid field” to denote a function @ (£,ty)
with a transformation law as given by Eq. (3.5).

The definition of the infinitesimal generators of SO(4,1)
for functions @ (£,p) is given by a formula analogous to (3.2)
with L, replaced by M,,, where

Mab =Zab +S’ab' (3'6)

Here the operators L,,, given by Eq. (3.3), affect the first
argument of @ (£,) while the S, are differential operators
affecting the second argument of @ (£,5). From the properties
(A39) and (A43) of the generalized Wigner rotation we find
for the operators S,

Q D w =m d

Stk (Rnk) m aj;'n H (3.7)
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and
Sy = [1/(1 + Y)16*Ss, (3.8)

where R, is a representation of the Lorentz group acting on
the homogeneous space S = H /K. The explicit form of the
operators S, as differential operators in the variables §” can
be constructed, for the various homogeneous spaces H /K, by
the method described in Ref. 3. Choosing for K the maximal
compact subgroup SO(3) one again obtains a linear action of
S, on H /K while in general, for higher-dimensional cosets,
the action of the Lorentz group on H /K is a hybrid one as in
the analogous de Sitter case treated above. Equation (3.8)
shows that the operators M, generating the de Sitter boosts
for scalar functions @ (£,7) defined on G /K possess an S-part
given in terms of the operators S, satisfying the Lie algebra
of SO(3,1). The resulting expression, however, depends on
the point £ on V', since b * /(1 4+ 7) = £* /(R — £7). Itiseasy
to check that the operators M, and M., satisfy the algebra
(A 18a)—-{A18c) of the (4,1)-de Sitter group.

IV. GAUGE THEORY ON A BUNDLE WITH FIBER G/K

After the discussion given in the preceding sections
concerning various homogeneous spaces of the (4,1)-de Sitter
group we now turn to a gauge formulation based on the
group SO(4,1). To this end we introduce a soldered fiber bun-
dle over a Riemann—Cartan space-time U, as base possessing
as fiber F the homogeneous space G /K = E®(V'},5)and as
structural or gauge group G the (4,1)-de Sitter group with an
action on the fiber as determined in Sec. II. We thus intro-
duce the bundle

E=E(U,F=E*V,,S),G=S0@4,1)). (4.1)
This bundle is associated to the principal bundle
P(U,F=G=_S80(4,1)), 4.2)

where G can be viewed, as noted before, as the bundle P (G /
H,H ). The soldering of E is obtained by identifying the tan-
gent space of the subspace ¥ ; of Fat the point £ = & with the
local tangent space T, of U, at x through an isomorphism'®
(compare also Refs. 20 and 21). Thus the point é—the origin
of V' ;— is the point of contact between base space (space-
time) and fiber at xeU,. Due to the soldering there are two
different Lorentz groups to be considered here acting in a
“parallel” manner: On the one hand, there is the Lorentz
subgroup of SO(4,1) associated with the point £ (its elements
are the generalized Wigner rotations), on the other hand,
there is a Lorentz group acting as gauge group on the usual
Lorentz frame bundle L (U,) = P(U,, F = G = SO(3,1)) over
a Riemann—Cartan base. The local sections on L (U,) define a
connection with metric and torsion components (see Refs. 6
and 7). We shall come back to a relation between these two
Lorentz group actions in a different context and focus here
the attention on the de Sitter gauge symmetry and its sub-
symmetry leaving the Lorentz gauge symmetry associated
with a vierbein formulation of general relativity aside. We
thus treat the de Sitter group as an internal gauge group.
Also the bundle (4.2), which is the de Sitter frame bun-
dle over space-time studied before,'>!¢ can be regarded as a
soldered bundle. We denote the connection on (4.2) by the set
of ten one-forms o}, = — wf, with coefficients "% ,, i.e.,
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oR =dx* IR (4.3)

where dx * is a natural basis in ¥, the dual tangent space of
U, at the point x. The I" %, are 40 de Sitter gauge potentials
which were called de Sitter rotation coefficients in Refs. 15
and 16. Let us for later use introduce the 5 < 5 matrix quanti-

ty

pabs

of = — (i/2)w’ R (4.4)
having matrix elements [compare (A13)]
Ri Ri
Dk s
(@®)% = ( Ry ) (4.5)
@y 0
with the row index ¢ = (i,5) and the column index b = (k,5).

Introducing the one-forms
' =ofy =", (4.6)
Eq. (4.4) can be written as

AR 2
& _ (@ 0)
“ <9T 0/’

where @® is a 4X4 Lorentz matrix with matrix elements
(@™}, and His a column vector of one-forms and & 7 is trans-
pose. The form (4.7) for the connection corresponds to the
decomposition g = m @ p of the Lie algebra of the de Sitter
group with m generating the Lorentz subgroup of SO(4,1)
leaving the point £ fixed, and with p bemg a vector subspace
ofg spanmng the tangent space to V' at § (see Appendix B).
The forms 6', i = 0,1 2,3, assoc1ated with the latter, are
called the soldering forms.*°

Under a de Sitter gauge transformation, the matrix o*
transforms according to

o'®=Ao®4 "' —A4dA

(4.7)

(4.8)

whered = A (b (x),A (x))and, inanatural local coordinate ba-
sison U,, d = dx * d,,. It is apparent that the matrix »® will
only keep its form (4.7) if 4 is restricted to the Lorentz sub-
group, i.e., for b (x) = 0. We shall come back to this below.

The curvature 2 ® is given by Cartan’s structural equa-
tion for the space (4.2)

NR =do? — o® A\o¥, (4.9)
where d denotes the exterior derivative and A the exterior

product of forms. In analogy to Eq. (4.7) 2 ® decomposes
into a matrix of two-forms:

R @
nR=(@T 0), (4.10)
where £ ® is the 4 4 matrix
DR =di® —ORADGR —ONDT (4.11)
and
O=V=db— "6, (4.12)

In the last equation we have denoted the SO(3 1) covariant
exterior derivative with respect to &% by v.

The Bianchi identities following from Eq. (4.9) as inte-
grability conditions read

V2R =d0® -~ 0®*ANQR+ DR N® =0, (4.13)

where V denotes the covariant derivative with respect to the

45 J. Math. Phys., Vol. 26, No. 1, January 1985

de Sitter connection (4.4).

We mention in passing that the bundle {(4.2) goes over
into the affine frame bundle over space-time in the limit
R— o0 in which the de Sitter group contracts to the Poincaré
group ISO(3,1) (InOnii—~Wigner contraction), and the
de Sitter space V', with group of motion SO(4,1) goes over
into Minkowski space M, with group of motion 1SO(3,1).?
This relation is worth remembering in connection with the
extensive research done on the Poincaré group as a gauge
group and its relation to extended theories of gravitation
(compare Refs. 6 and 7 and the literature quoted there). The
bundle (4.1) goes over for R— o into the bundles discussed
in Refs. 6 and 7 possessing a homogeneous space of the Poin-
caré group as fiber. In the contraction limit #* has to be
identified with the connection on the Lorentz frame bundle
over space-time, and the &' go over into the forms 6° + V&%,
with the 6 denoting the fundamental one-forms (vierbein
forms)§'=A! p(x)dx #, and X ' being an affine vector field (see
Refs. 6 and 7). The o ' play the role of the torsion in this limit.
Except for some remarks in Sec. VI below we shall, however,
not discuss in detail the Inonii-Wigner contraction of the
structural group in the bundles (4.1) and (4.2) and treat in-
stead the de Sitter symmetry as a gauge symmetry on its own
right.

We now consider as a representative of matter in a
gauge theory of the de Sitter group a generalized scalar wave
function @ (x;£,7) which is defined as a map from a cross
section o: U,—~Eon E(U,, G /K, G = SO(4,1)) into the com-
plex numbers'? with @ (x;£,5) transforming as in Eq. (3.5)
under de Sitter gauge transformations, g(x) = g(i) (x),A~ =N,
i.e., behaving under changes of the cross section according to

P '(0:65) = Uy @ (::6.5) = @ (34 ~'Eh ~HA (0,5 )).
{4.14)

D (x;£,9) is a hybrid scalar de Sitter gauge field. Along with
the field @ (x;£,7) there is a connection defined on E induced
from a corresponding connection on (4.2). The form I" ® de-
fining a connection on the bundle (4.1}—and thereby defin-
ing a covariant derivative for @ (x;£,j}—is the SO(4,1)-Lie
algebra valued one-form acting on @ (x;£,9)

=dx* I} =dx*[i %, M* 4+ rk M"] (4.15)
Here the M, are given by Egs. (3.6), (3.3),(3.7), and (3.8), and
the I‘R = — F are the connection coefficients defined

G/H
above. We denote by I ® the part in (4.15) associated with
the soldering forms 8
G/H

I R= —dx* &M, =0'M,. (4.16)

The covariant derivative of the function @ (x;£,y) is giv-
en by
D, P (x:£.5) = (3, + il ;)P (x:6.5), (4.17)

with D, & (x;£,§) transforming in the same way as D (x;£,7)
implying the usual transformation rule for the connection
I' ® [compare Eq. (4.8)]

L% = Uyy MU g — iUy dU . (4.18)
Let us now go over to purely nonlinearly transforming
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fields, called (y)® (x;p), which are identical to the fields
D (x; §' J)boosted back to the origin& = § in G /Hwith § being
the point of contact of fiber and space-time base in the sol-
dered bundle E (U,,G /K,SO(4,1)) (see above), i.e., with (A9),
W P %) = Ugp) P (x:6.5). (4.19)
Here we made use of the fact that a pure boost g( ) does not
affect the last argument of @ (x;£,). Similarly one defines
W P XF') = Ugp P (x:8.5). (4.20)

It is easy to show from Egs. (4.14), (4.19), and (4.20) together
with the formula {[compare Egs. (A33) and (A34)]

Usgto) Ugtoy Ugta 1560 U gio} U gis) = U giatory (4.21)
that

(N)¢ "sy) = Ug(A 1b',bn(1v)¢ {esp) = (N)¢ (), (4.22)
with

F=h{Ab"b). (4.23)

This shows that the nonlinear fields v, ® (x;)) transform un-
der the generalized Wigner rotation A (b',0), i.e., transform
nonlinearly under transformations of SO(4,1). The fields
) @ (%)) could be viewed as defined on a cross section of a
bundle i

=E'(U,F=S8=H/K,G = S0(4,1)), (4.24)
possessing as fiber the homogeneous space S of the Lorentz
group together with a nonlinear action of SO(4,1) on S given
by g(A (b',b)) =g(A (b,Ab)A ). A gauge transformation on
E'’ is expressed for scalar functions defined on E' by Eq.
4.22).

Now, what is the corresponding connection on £ ' defin-
ing a covariant derivative for the nonlinearly transforming
fields (4.19)? In view of Egs. (4.18) and (4.19) the connection
associated with the fields v, @ (x;p) is given by

TR = Uy T *U g} — iUy, dU &) (4.25)
Changing the cross section on £’ according to Egs. (4.22) and
(4.23) implies that " ® transforms as

T = Ugaoonm I *U g
— Upn oy AU gy - (4.26)
In order to interpret Eq. (4.25) let us first observe that
Uy, is generated by the Ls; only (a pure boost does not act
on S, as mentioned above), i.e., it can be written as

Ugo, =177, (4.27)
with &5’ and b related by (A17) [both being x-dependent
here]. The &5(x) are a set of fields parametrizing the boost
Uy, for generalized wave functions defined as cross sections
on E. In second quantized theories they are usually called
the “Goldstone fields.”

Any transformation 4€SO(4,1) induces an automor-
phism of the Lie algebra g which in the defining 5 X 5 matrix
representation reads

4
R,,—R, =AR,,A = R,y [4 ]a‘a [4 ]b’b' (4.28)

A similar relation holds for the operators L, as follows from
Eq. (4.28) together with (3.3). Specializing to a de Sitter boost
A (b) one obtains
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. A®b)2
L,—L,= Ug(b)LabUg(bj =[4 (b)]a [4 (b)]bbLab ,
. (4.29)

where L, is a set of operatqrs taking particular values at the
origin £ =¢£ of V' with L, being zero when applied to
NP (x;}::), gnd with ch,- being equivalent, in application to
wMPxp)ie,atf=¢, to

a

L, =iRJ, =iR = (4.30)
O et

Furthermore, one finds

U §U g} = &, (4.31)
showing that .

U~ [Z,.k +S;,.k =M, forab=ik
UgtorMas U o) = Ly, =M, for ab=>5,
(4.32)

The result for a,b = i,k is true since the §, and the L; com-
mute; the result for ¢,b = 5,/ follows from (4.31) and (3.8).
With (4.32) Eq. (4.25) explicitly decomposes into the follow-
ing contributions taking values in the Lie algebra of H and in
the vector space generating G /H, respectively,

G/H
(N,I‘ = w) F +wm % (4.33)
where
H 2. _
(N)FR=%(0,§¢(le+S’k), (434)

which depends only on the operators S * in applications to
) @ (x;9), and where
G /H

w T 2=(0+ vASI)LSi (4.35)

depends only on Zs,-, with the last term on the right-hand
side of (4.35) originating from the right-most term in (4.25)
using, moreover,

d (65"225,.) =d (asizst) = (Gasi)zsn (4~36)

which is true since &5'L; commutes with U, as defined by
(4.27). It is now immediately apparent that Eq. (4.26) can be
H

split into an equation for y,I"® possessing an inhomogen-

eous transformation character typical for a connection on
G /H
(4.24), and into an equation for ) I" ® being, in fact, invar-

iant under gauge transformations g(A (b',6)) (with 6’ and
Vcos transformmg as Lorentz vector fields), i.e.,

+R __ R —1
(N'F - US‘A (b",b)) (N)r US(A (b',b))

— iUpa b5y AU ga5 ) (4.37)
6 G/H
wm I "=m T {4.38)

Here U, -, can be viewed as being generated by the S,
G/H -

only, and (y, I" * being an S, - valued one-form acting on

" P (xP)-
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V. SYMMETRY BREAKING
G/H
If v, I ®is a field which is dynamically of no impor-
G/H
tance, i.e., if, for example, ™) I" ® does not appear in the
Lagrangian, one could think of eliminating it from further
considerations by putting both sides of Eq. (4.38) equal to
zero implying, with regard to Eq. (4.35) that the soldering
forms are covariant derivatives with respect to the Lorentz
part of the connection w*:

0! = Vo5 = dids + R Bk, (5.1)
This means that the “Goldstone fields” @5’ appearing in Eq.

(4.27), in fact, determine the soldering forms. The @', given
by Eq (4. 12), now are

&' =V —VVa)S =R* %,
with

RE; =do®; + 0%y No®* (5.3)
These equations imply that the @' together with the pure
Lorentz part of the matrix of curvature forms given by the
first two terms on the right-hand side of Eq. (4.11) determine
the @,

We mentioned above that the form (4.7) for the connec-
tionon (4.2)remainsinvariant under transformations 4 (4 )of

the stability subgroup H of the point § with the entries in
Eq.(4.7) transforming as

(5.2)

'R =A% "' - AdA T, (5.4a)

8’ = Ab. (5.4b)
G/H

With v, I' ¥ assumed to be zero everywhere the gauge

symmetry has been reduced to the subgroup H, and the
original de Sitter gauge symmetry is broken down to a linear
Lorentz gauge symmetry with connection » and curvature
R §. Only the relation (5.1) is a remainder of the original
SO(4,1) gauge symmetry. Assuming further that the &* are
covariant constant would eliminate the altogether from
the description. It is tempting to relate the Lorentz gauge
degrees of freedom obtained above to gravitation which in
Cartan’s moving frame formulation can be regarded as a
gauge theory of the Lorentz group.” However, we shall not
explore this relation here in any detail since we intend to
come back to this topic in a different context.

If, on the other hand, one does not assume (5.1) to hold
true, one has, in going over to the nonlinearly transforming
gauge and matter fields (4.37), (4.38), and (4.19), broken the
symmetry down to the subgroup H yielding now a nonlinear
realization of the original gauge symmetry G. This nonlinear
realization of a gauge symmetry with group G on the stabil-
ity subgroup H associated with the origin of the coset space
G /H is usually called, in second quantized theories, a “spon-
taneous symmetry breaking.” In these theories G is the sym-
metry group of some Lagrangian defining a gauge theory,
and the subgroup H is the symmetry group of the ground

H
state of the system. While &® or y,I"* remain true gauge

fields associated with the subgroup H (generalized Wigner
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G/H

rotations) the remaining fields 8'or w) I ®associated with

the boost t generators are homogeneously transforming fields
{9 and Va)5 are Lorentz vector fields [compare Eq. (5.4b)],

G/H

and y, I

The soldering forms 6 and the “Goldstone fields” &' are
G/H

now independent quantities which determine 5, I" *. Actu-

R s an invariant [compare Eqs. (4.35) and (4.38)]}.

ally, the &' are neither geometric quantities like &%, 9, 0%,
and @, nor are they matter quantities; they are “parameter
fields” parametrizing the boosts U, transforming the hy-
brid matter fields @ (x;£,7) into the nonlinear matter fields
NP (x,y) Finally, the curvature on the bundle (4.2) is given
by 2% and O defined by Egs. {4.11) and (4.12). They are
independent geometric quantities characterizing the mani-
fold (4.2).

VI. DISCUSSION

We studied in this paper functions defined on homogen-
eous spaces of the (4,1)-de Sitter group G which are of the
type G /K, where K is not a maximal subgroup of G but a
subgroup of the Lorentz group H = SO(3,1) which itselfis a
noncompact (maximal) subgroup of G. It was shown that the
spaces G/K can be viewed as fiber bundles
G/K =ER(G/H,H /K), where the base, V), =G /H, is a
pseudo-Riemannian space of constant negative curvature
and the fiber, S = H /K, is a homogeneous space of the Lo-
rentz group. The action of G on the space G /K is a linear
action on V' and a nonlinear action on .S with the latter
given by the generalized Wigner rotations studied in Appen-
dix A. After presenting a classification of the spaces G /K
based on an analogous classification of the homogeneous
spaces of the Lorentz group (see Appendix C) and introduc-
ing functions defined on G /K, we went on to discuss a gauge
theory based on the (4,1)-de Sitter group with matter repre-
sented in terms of generalized wave functions, @ (x;£,7), de-
fined as a map into the complex numbers from a cross section
on a soldered bundle E *(U,, F = G /K,G = SO(4,1)) over a
Riemann—Cartan space-time U, having as fiber the homo-
geneous space G /K of the (4,1)-de Sitter group. The physical
idea in this context is to represent the spin content of matter
in a gauge theory in terms of scalar wave functions defined
on a higher-dimensional space, in fact, a homogeneous space
of the (4,1)-de Sitter group. This is a gauged version of the
proposal made in Refs. 1, 4, and 3 for a field theory based on
the Poincaré group, with the group G = SO(4,1) replacing
the Poincaré group. [A discussion of a Poincaré gauge the-
ory in a related context can be found in Refs. 6 and 7 (see also
the literature quoted there). For the original motivation to
use the de Sitter group see Refs. 22-25 and also 15, 16, and
26.]

Having defined the de Sitter gauge fields @ (x;5.),
which we call hybrid gauge fields since the argument &
suffers a linear, while the argument j suffers a nonlinear
substitution under de Sitter gauge transformations, we intro-
duced purely nonlinearly transforming fields (v, @ (x;j). This
was done by boosting the variable £ of @ (x;£,) back to the
origin £ of V; = G/H. In this way the gauge group G is
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realized in a nonlinear manner on the stability subgroup H of
the point £€G /H in terms of the generalized Wigner rota-
tions.

Finally, the geometric implications of the reduction of
the symmetry from the original gauge group G = SO{4,1) to
the gauge group H = SO(3,1) were investigated. The relation
of the Lorentz subsymmetry H to the Lorentz gauge formu-
lation of classical general relativity in terms of the Lorentz
frame bundle over a Riemannian or Riemann—-Cartan space-
time was not discussed in detail in this paper. We intend to
come back to this question elsewhere in an investigation of
the InGnii-~Wigner contraction of the de Sitter group to the
Poincaré group in the bundle formalism presented in this
paper. (This is the limit R— 0.} In a forthcoming article the
field equations will be discussed which relate the matter
functions to the geometry of the underlying bundle space
and clarify the connection between the spin degrees of free-
dom contained in the generalized hybrid or nonlinear wave
fields on E, and the torsion degrees of freedom contained in
the soldering forms 8.
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APPENDIX A: PROPERTIES OF THE (4,1)-de SITTER
GROUP

The (4,1)-de Sitter group is the group of hyperbolic rota-
tions in a five-dimensional Lorentzian space R,; which
leaves the quadratic form

§a§a =§a§bnab = —Rz’

with

(A1)

Ne = diag(l, =1, — 1, — 1, — 1) (A2)

invariant. (The summation convention for repeated indices
over the range a,b = 0,1,2,3,5 is assumed throughout.) We
denote by SO(4,1) the identity component of the four-fold
connected pseudo-orthogonal group G leaving (A1) invar-
iant, and denote its elements in the defining 5X 5 matrix
representation by A. SO(4,1) is a short-hand notation for
O@4,1)** with + + standing for sign 4° = + 1 and
det(4“,) = + 1. The metric preserving property of the
de Sitter transformations implies the pseudo-orthogonality
relation

A '=794Ty, (A3)
where T denotes the transpose and 7 is the de Sitter metric
with components (A2).

The hypersurface defined in R, ; by Eq. (A1) is a one-
shell hyperboloid which is a model for a four-dimensional
pseudo-Riemannian space V' of constant negative curva-
ture with curvature radius R and curvature scalar — 1/R 2
[(4,1)-de Sitter space] on which the group SO(4,1) acts as a
group of motions, i.e., on which SO(4, 1) acts transitively. '}
is thus a homogeneous space (compare Appendix C). In the
mathematical literature the radius of the de Sitter hyperbo-
loid ¥ is usually considered to be unity. For physical rea-
sons we shall not make this assumption here; moreover, V',

will be identified with the noncompact coset space (compare
Helgason!!)
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G/H = SO(4,1)/S0(3,1) = V', (A4)

where H is the (noncompact) stability subgroup with ele-
ments

AA)= A

o © O

0 0 0]t

leaving the particular point §’ of V' invariant [being the
proper orthochronous Lorentz group SO(3,1) = 0(3,1)**]
and with & given by

0
0
0 (AS)

0
—R
The aspects of the homogeneous space V' as a coset space
are discussed in Appendix B. .

Any point ¥} can be obtained from § with the help of

ade Sitter boost 4 (b ) accordingto & = A (b )&, which readsin
components

£°=[A(b)]%E"% (A6)
with
) b'b .
;(+——k—_ — b
[4(6)]% = 1—ey NE (A7)
'—bk _67
where
|63 =¥ = /1 + b’b; and € =ssign b°. (A8)

Here a = (i,5) is the row index and b = (k,5) the column in-
dex with the indices i,k in the range 0,1,2,3. Indices a,b,
¢,d,...are raised and lowered with the de Sitter metric °® and
N4, Tespectively, while indices iyj,k,l,... are raised and
lowered with the Lorentz metric % and 7,,, respectively;
[74 = diag(l, — 1, — 1, — 1)]. The boost 4 (b ) depends on
b* k = 0,1,2,3, and €. However, for simplicity we write 4 (b)
instead of 4 (b *,€) [with the exception of Eqs. (10a) and (10b)
below]. Equation (A6) shows that

b*=¢&*/R and ey =b°=£3/R. (A9)

From (A3) it follows that the inverse boost and the identity
are given by

A7 b)=A Y bke)=A(—b*e), (A10a)
Ab*=0e= —1)=1. (A 10b)
For € = + 1 one has for
-1 0 0 O 0
01 0 O 0
b*>0: A(b*=0,e=1)= 0O 01 O of,
0 0 0 1 0
0O 0 0 0 -1
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which is an element of O(4,1)”* carrying & over into
&' =(0,0,0,0,R ). We mention in passing that frequently in
the literature antipodal points &£ “and — £ © are identified on
the de Sitter hyperboloid (compare Gelfand, Graev, and Vi-
lenkin®’) thus allowing one to restrict the boost to the case
€ = — 1 [compare the corresponding choice (AS5) for £]. In
this paper we shall follow this convention taking thus essen-
tially half the hyperboloid (A1) as a model for the (4,1)-
de Sitter space and assuming € = — 1in Eq. (A7). (Compare
also Hannabus?® in this context.)

A transformation 4€SO(4,1) carrying a point {€V;
overinto & ‘eV}, i.e., &' = A&, can be broken down into two
boosts and a Lorentz transformation A (b',b ) according to

A=AB(ABb)M '(b), (Al1)
with b * given by (A9) and similarly for 5 **. The form and
properties of thetransformation4 (A (b',b )), being the analog
for SO(4,1) of the usual Wigner rotation, will be discussed
below.

A 5X5 matrix representation of the Lie algebra of the
(4,1)-de Sitter group is given by the matrices R,, = — R,,
obeying the commutation relations

i[Rab?Rcd] = nacRbd + 77bdRac - nadec - nbcRad'
(A12)

The matrix elements of the R, are

(Rap)a = — i[nad(sbc— Ubd‘sac]- (A13)
For the ten one-parameter subgroups of SO(4,1) with param-

eters * = — & generated by R, we write

A (D) = e~ PR, (A14)
where in the exponent no summation is performed. The pa-
rameters &s' = — &° can be used to parametrize the trans-

formations (A7) for boosts in a particular direction charac-
terized by b for i = 0,1,2 or 3, according to (remember that
€= —1)

b° = sinh &°

(A15)

b =sinoy, r=123.
The parameters @™ parametrize the Lorentz subgroup of
SO(4,1).

The space V' can be parametrized by the exponential

5o b .
[exp(lﬁszsj)]“b = T4 % _ ,
— by Y
(A16)
with
. j .
bx=55~'ﬁ“‘_h___ VD595 (A17)

,/a)sfa)sj

where here and in Eq. (A16) a summation overj = 0,1,2,3 is
implied (compare Gilmore®). It is apparent that Eqgs. (A16)
and (A 17) reduce to the one-parameter subgroups generated
by a single Ry;, for i = 0,1,2,3, with the b given by (A 15).
Decomposing the Lie algebra g of SO{4,1) into
g =m@ap, where the elements of m (represented here in

49 J. Math. Phys., Vol. 26, No. 1, January 1985

terms of six 5X 5 matrices R,; ) generate the subgroup H, and
those of p (represented here by the four boost generators R ;)
generate the space V', i.e., the coset space G /H (see Appen-
dix B), the commutation relations (A 12) take the form

i[Ry,Ry 1l = NaRj + MRy — NuRj — N Ris

(A18a)
i[RSHRjk] = NuRs; — Ny Rse» (A18b)
I[Rs,R5;] = —R;. (Al8c)

Any element 4 of SO(4,1) can be parametrized in the
following way (noncompact version of the Cartan decompo-
sition) {compare Ref. 28):

A=A4bA)=4(b)4A) (A19)

in terms of boost parameters b * parametrizing the coset
space G /H, and in terms of parameters & parametrizing the
Lorentz subgroup H of SO(4,1). We always write the boost to
the left of the A-transformation. [The particular parametri-
zation of 4 (A ) in terms of one-parameter subgroups of the
Lorentz group will be discussed in Appendix C in connec-
tion with the discussion of the homogeneous spaces of the
Lorentz group.] It is easy to show from (A7) that

A{A)A(b)A ~HA)=A(Ab). (A20)
Next we consider the product of two boosts with pa-

rameters b '~ and b * and write the result in the form (A19).
Explicit calculation yields

Ab)A(b)=A4(B)4(A (b))

=A(A(b'b)A(B), (A21)
where
B=A(b')b and B=A(b)b’, (A22)
with
B=(BS:'_F) and§=(§5=3"r), (A23)
where
Bi=b'+b"F+bb;/(1+7"), (A24)
Bi=b"4+biy’ +b%;/(1+7), (A25)
and
BS=B’= ~I'= —(b*b, + 77" (A26)

with ¥ given by (A8) and analogously for y'. It is apparent
that B® and B“ are related by a Lorentz transformation
A YA (b',b)). Written down for the first four components
{the fifth component remains unaltered) one has

Bf=[A""b"b)1%B’, (A27)
where the matrix elements of A (’,b) are given by
. bbb} b*b,
[A(b"b ;=('+ _)(5f+-—_-)
(bb)l Ty 1+7
. BB
b"b, — s, A28
+ Vs (A28)

From this expression one immediately derives the following
properties for the Lorentz transformation A (b°,b ):

ATYb'b)=Abb"), (A29)
Abb)=Ab,—b)=1, {A30)
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ABO)=A0b)=1, (A31)
A(Abb)=A (A32)

The last equation will be established below in a more direct
way.

It is now easy to see that the generalized Wigner rota-
tion A (b',b ) appearing in (A11) is identical to the Lorentz
transformation appearing in the boost product (A21). Using
(A27)—written for the five-component vectors with the help
of (A22) in the form A(B)b' =A(A (B ,b)A(b)b
—and comparing with (A11) one finds

AA DB B)=A4"" b7 b)(A B b)) (b (b)
(A33)
which results, with the help of (A21) and (A29), in
AADB' b)) =A4(A " 'bb)=A(A(b"Db)). (A34)

Henceforth, we thus shall drop the bar and refer to the Lo-
rentz transformation A (b ',b) as to the generalized Wigner
rotation [or SO(4,1) Wigner rotation] associated with the
points £’ =Rb'and§ =Rbof V'}.

Using Eq. (A21) the multiplication rule for the elements
of the de Sitter group in the parametrization (A 19) takes the
form

A (b1,A )4 (b2,A5)
=A(B=A4(b)A,0,)4 (A (b1,4,0,)4,4,). (A35)

Let us now regard the element 4 of SO(4,1), with the
property £ ' = A in the parametrization (A19) as given by
A=A4 (b,A ). After multiplication with A4 (b} from the
right Eq. (A11) then takes the form

ABA)A(b)=AbM(Ab"D)) (A36)

This is the typical equation discussed in theories based on
nonlinear realizations of groups.'®'? In the present case the
de Sitter group is nonlinearly realized on the stability sub-
group of the origin £ of the coset space G/H = SO(4,1)/
SO(3,1) = V' through what we called the “Wigner rota-
tions.” The realization becomes linear if 4 (5,4 ) is restricted
to the subgroup H, i.e., for 4 (b = 0,4 )- This can be seen im-

mediately in the following way: Considering the left-hand
side of (A36) as a product according to (A35) one finds

AB=A4b)Ab) (A (BAb)A)=A (b )A(A(b"b)),
(A37)
implying that
b'=A(b)Ab (A38a)
and
A(b'b)=A (b,Ab)A. (A38b)

These equations express the nonlinear character of the real-
ization of the de Sitter group G on the Lorentz subgroup H.

For b*=0, i.e., 4(b) =1 implying b’ = Ab, Eq. (A38b)
yields, using (A31),
A(Abb)=A(0,Ab)A =A. (A39)

This is identical to (A32) showing, as stated above, that one
obtains a linear realization of the group G on 4, the stability
subgroup of the origin £, in restricting the transformations of
G to H. Taking finally A=1in Eqgs. (A38) leads to the for-
mula
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Ad(B)bb)=Abb)=A(bAb)b), (A40)
where the last equality follows from (A29) interchanging the
roles of b and b. This shows that, in particular, the transfor-
mation 4 (A {b',b)) can be expressed as a product of three
boosts:

ATBNA(B)(b)=A(A(bb))

with b’ =4 (b)b.

We finally derive the expression for the transformation
A (A (b,b)) for infinitesimal b and arbitrary b. Computing to
first order in the b * using

(A41)

Ab)=1+ib'R, (A42)
in (A41), or starting directly from (A28), one finds
AABDL))=1—(/(1+7)bb*R,,. (A43)

This relation shows explicitly the dependence of the SO(4,1)
Wigner rotation on the boost parameters b’ and on the pa-
rameters of an arbitrary point £ of the de Sitter space with
b* /(L +7)=E"/(R — &),

APPENDIX B: COSET SPACES OF SO(4,1)

In Appendix A the Lie algebra g of the de Sitter group G
was decomposed according to g = m & p, where m is a subal-
gebra generating the stability subgroup H of the point § of
V ; (the Lorentz group), and where p is a vector subspace of g
spanning the tangent space to ¥'; at g with exp p parametriz-
ing the homogeneous space ¥} which can be identified with
the coset space G /H (see below). The elements of exp p were
called the de Sitter boosts in Appendix A which were de-
noted, in the defining 5 X 5 matrix representation, by A4 (b ).
The basis of the subalgebra m was in this representation de-
noted by R, i < k; i,k = 0,1,2,3, and the basis of the vector
space p was denoted by Rg;; i = 0,1,2,3. There is an involu-
tive automorphism 7 defined on g with eigenvalue + 1 onm
and eigenvalue — 1 on p. This automorphism is defined by
R,,—R ., = LRI, where I, = diag(l,1,1,1, — 1).

Since we need in Sec. II the action of G = SO(4,1) on
homogeneous spaces different from V', we generalize the
notation slightly so that it applies to any representation of
the group G. Denoting now by g the elements of G and by A
those of H we have according to (A 19) the parametrization

g=gb,A)=glblglA)=glb)h, (B1)
where g(b ) is a boost associated with a transformationon ¥}
carrying £ over into £, and whereg(A ) = Ais a Lorentz trans-
formation associated wioth a corresponding transformation
on V' ; leaving the origin £ fixed. Whenever the action of G on
V. is meant we can write again 4 (b,4 ) instead of g{b,A ).

Since H is the stability subgroup associated with the
point £ the subgroup H, leaving the point f€¥; invariant is
given by conjugation of H with g:

H, =gHg™". (B2)
Equation (B1) shows that this is equal to g(b |\Hg ™
hHh ~'=H.

Clearly, with every boost g(b) also the transformation

l(b) since

g(b )k, with any heH, corresponds to a transformation on ¥
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carrying £ over into &. Let us, therefore, introduce the fol-
lowing equivalence relation: Two elements g, and g, of G are
equivalent (i.e., determine the same point £ on V', when ap-
plied to &) if g, 'g,€H. This allows one to identify the point
£eV ;, with the left coset gH and thus to identify V' with G /
H, the space of left cosets of G' with respect to H. One can
view G /H as the quotient space of G by the above-mentioned
equivalence relation and define a projection 7:

m G—>G/H (B3)
associating with every geG the element
g =gH (B4)

of G /H. The group G acts transitively on G/H = V' ac-
cording to (compare Lichnerowicz'®)

A (B’Z Jyr=mLys ), (B5)
where L, denotes the left translation in the group G by g.
Applying this to the group element g(h,A ) yields

A (bA )mgb,A ) = 7L 5,8(b,A ) = mg(b,A )g(b,A ),
(B6)

with

mg(b,A) = mglb) =¢. (B7)
Thus, Eq. (B6)is the transformation £ ' = 4 (5,4 )€ inits rela-
tion to the action of the group on itself by left translation.

Using Eq. (A35) for the multiplication rule of the de Sitter
group the right-hand side of (B6) can be written as

7g(b,A Jglb,A ) = mglb') = ¢, (B8)
with

b’ =A(b)Ab.

The computational rule in connection with Egs. (B7)
and (B8) is that under the projection operator 7 any sub-
group transformation 4 can be dropped after having moved
ittotherightinusingg(A )g(b ) = g(Ab Jg(A ) [compare(A20)].

It is seen from Eqgs. (B3)—(B5) that under the projection
 the group G can be viewed as a principal fiber bundle over
G /H with fiber and structural group H,

G=P(G/HH), (B9)

with the group H acting on itself by left translation [see the
right-hand side of (BS) for b = 0]. The action of the group G
on the base is provided, as we have seen, by Eq. (B6).

Wenote that P (G /H,H ), which is a Lorentz frame bun-
dle over de Sitter space V', can be viewed for almost all
points as a Cartesian product (compare Appendix C). More-
over, it is shown in Refs. 18 and 30 that a canonical invariant
connection is defined on P(G /H,H ).

APPENDIX C: A CLASSIFICATION OF CERTAIN
HOMOGENEOUS SPACES OF SO(4,1) (BY P. MOYLAN)

In this appendix we present a classification of the homo-
geneous spaces of the group SO(4,1) which are based on a
corresponding classification of the homogeneous spaces of

' the Poincaré group presented in Refs. 3, 4, and 31. First we
recall the definition of a homogeneous space E (compare Ap-
pendix B).

Definition: A homogeneous space E of a group G is a

manifold E, on which an action of G is defined, and which
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gsG
satisfies: (a) the action y—gyeE is a C = differentiable map

on E; (b) the action is transitive.

There is a one-to-one correspondence between homo-
geneous spaces of G and subgroups of G which differ by
conjugation with elements of G from one another. This is
seen as follows: write every element of G in the form
g =g.8', where g'eG’' C G is an element of the stability sub-
group G’ of the point y,cE, and g,€G /G'. By transitivity
every element yeE can be written as

Y =8x8Y0=28xYo (€1)
Thus the space G /G’ can be identified with E as shown in
Appendix B. As stated there the stability subgroups of two
different points y and y, are conjugate to one another [Eq.
(B2)] and therefore the classification of all homogeneous
spaces is equivalent to the determination of all subgroups of
G up to conjugation. The mathematical problem of deter-
mining all subgroups of a given Lie group is a very difficult
one and is certainly not explicitly solved.>> However, the
classification of all subgroups of G = SO(4,1) that are ob-
tained by exponentiation from the corresponding classifica-
tion of the Lie subalgebras of the Lie algebra of SO(4,1) has
been given in Ref. 31. In our classification we will require
that the subgroup K C SO(4,1) satisfies the additional condi-
tion KC H = SO(3,1), and we will only need the results pre-
sented in Refs. 3 and 4.

In Sec. II it was stated that the homogeneous space G /
K =S0(4,1)/K is a fiber bundle E *(G /H,H /K ) with fiber
H /K and base G /H associated to the principal fiber bundle
G = P(G /H,H). Explicitly it is given by

E*=E®(G/HH/K)=(P(G/HH)XH/K)/H
(€2)

with the projection 7 being the mapping of E ¥ onto G /H
induced by the mapping 7, of P(G/H,H)onto G /H.Itis a
fact that “almost all” elements of SO(4,1) admit a decompo-
sition as®%:

SO(4,1) = P(G /H,H) = G /H X H. (C3)

a.a

Here = means equality except for the points of a set of

measure zero in P (G /H,H )and G /H (see Ref. 28). Since we
wish to investigate the properties of functions defined on the
spaces E®, sets of measure zero play a relatively unimpor-
tant role in most of the analysis and we consider the principal
bundle (C3) as essentially a Cartesian product. An analogous
result for E ® (almost every element has a unique decomposi-
tion into an element of V' and an element of ') follows from
(C3) together with the construction of E # in (C2). Thus the
homogeneous spaces which we consider have for “almost
all” elements a decomposition of the following form:

Ef=V,XS, (C4)
with S = H /K, where K C H = SO(3,1) CSO(4,1). K is a sta-
bilizer subgroup associated with a corresponding Lie subal-
gebra of the Lie algebra of H through exponentiation. The
elements (£,7) of E ® are given by Eq. (2.8), and the action of
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geGon (£,7)is given from Egs. (2.11a), (2.11b), and (2.11c) by

g=gbA

€5 =€) (cs)
with

£'=4,6 [Eq (2.12)] (C6)
and

7 =h(A(BAb)A)p [Eq. (2.13)], (C7)

where h denotes an action of H on S and A (b,Ab JA is the
SO(4,1) Wigner rotation associated with the points § and §’
of the base ¥';. We note that for certain g’s and certain §’s
and ’s the transformed points may not have such a decom-
position as in (C5). However, these points do not affect the
functional analysis, since they form, for fixed g, always a set
of measure zero.**?*

The infinitesimal generators of the representation of
SO(4,1) defined by (3.5) are defined for gen™)
= exp( — ie®*R,,) (no summation over a, b, and ** = 1
fixed) by

Fy @ 65) = 1lim — [V, P65 — P €], (C8)

where U, @ (£,7) is given by Eq. (3.5). Here the functions

& ERSC
are required to be C =. The M, (see Sec. III) are
j-'lab = Zab + §ab’ (C9)
with
~ . ] 3
L,= 1( L ——— ) C10
b % s % (C10)

and

3-, [Sik; lak = o; 1’2a3)
@S = (/1 +7)15*S,.

The S, for the various homogeneous spaces S = H /K are

determined by the equation

(C11)

Suf9) =12 e 5}, (c12)
where R, is the generator of the Lorentz transformation in
the i,k plane.

The classification of the various possible homogeneous
spaces subject to the conditions given above reduces to the
problem of finding all Lie subalgebras & of the Lie algebra of
SL(2,C} [the covering group of SO(3,1)]. The stabilizers K are
then obtained through exponentiation from k. This problem
was solved by Finkelstein® and later treated in more detail by
Bacry and Kihlberg.® Using their results we give a list of the
various possible homogeneous spaces in Table I. We have
listed explicitly in column 1 those homogeneous spaces E *
for which the stability subgroup G’ is particularly simple. In
column 2 we give a convenient parametrization of these ho-
mogeneous spaces which arise from various decompositions
of H as discussed below (see also Ref. 3). In column 3 the
dimensions of the spaces E ® are listed, and in column 4 the
bases of the Lie algebras associated with the stabilizer sub-
groups are given. In column 5 the SO(4, 1) invariant measures
of the homogeneous spaces are listed, and in column 6 the
Finkelstein classification is given.

In order to understand the parametrization listed in
column 2 of the table we consider the Iwasawa decomposi-
tion of H

H = KAN, (C13)
where K is the maximal compact subgroup SO(3) of H and 4

TABLE 1. Homogeneous spaces of SO(4,1) associated with stabilizer subgroups of H = SO(3,1).

_ Parameters of Generators of SO{4,1) invariant Notation of
E* covering space® Dimension stabilizer measure Finkelstein
S0O(4,1) £ *.@,0,4.5,tu 10 0 dé e* dt du de d cos 6 dy [6]
& L Bsit 9 Ly, — Ly, dé e dsdtdp d cos 0 dy [5]
SO@,1)/ SOP) ERp,05,0i 9 " dE ds di dia dp d cos 0 5]
E @00t 9 cos % Ly, +sin % Ly, dédididgdcos6dd (5]
— 0<f<m
SO@,1)/N E4p.0hs 8 Loy — Ly, dE & ds dg d cos 8 dyp [4]
- LOl + L3l
&0t 8 Ly, — Ly, No 4
- Ly .
ERpOLi 8 LusLos dE di dizdp d cos 0 (4]
SO(4,1)/ SO3) Erdigg, =1 7 LiLoLy, gL 3]
G0
SOW1)/ SOE.) Ehgigg, = — 1 7 Ly Loy Lox dg 24" dg’ dg” [3]
£ @05 7 L Ly, — Ly, dé e dsdpdcos 0 [3a]
LOl + L3l
O« f;#
[-4a X" 7 cos 5 L, + sin % Ly;  No [3/]
Loy — LysiLoy + Ly,
<K
5 0 6 L5, LossLoy — Loy No [2]
, Ly, + Ly,
Vi & 4 v 3 [0]

*The covering space is the corresponding homogeneous space, E, associated with the universal covering group of SO(4,1),i.c., E = SO[4,1)/K, where a bar
denotes the covering group.
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and N are abelian subgroups of H. For the covering group

SL(2,C) this decomposition leads to the following parametri-

zation:

SL(2,C): A = e~ "Phizg™ Phag ™ Whu
Xei-"Lose—"[Lm'*'Lal]e*""[Loz—Lzs], (C14)

where L ,, L,; and L,, generate SU(2), the covering group of
K, Ly; generates 4, and Ly, + L;,,Ly, — L,, generate N.
Thus @, 6, and ¢ are the parameters of X, s is the parameter
of A and ¢t,u are the parameters of N. The ranges of the pa-
rameters (@,0,¥,5,t,u) are®
0<p,¥<27,
0O,

— w0 <SLiu< w.

(C15)

We have also the following parametrization of SL(2,C):
A=e” i4’L|2e - "alee — it [Loy + Ly]
Xe—i"‘[Loz—Lzale—iﬁl’leeiSLoa’ (C16)
where®
= e[t cos ¢ — u sin 9],

(C17)

u=e[ucosy+tsiny].
The case [3] is treated using the Cartan decomposition for
SL(2,C)

SL(2,C) = SL(2,C)/SU(2) X SU(2) = T3 X S;. (C18)

This decomposition expresses SL(2,C) as the product of a
hyperboloid of two sheets in four dimensions

T;={q"l9"q. =0 ~9i -5 — 45 = + 1}, (C19)
and the three-sphere

4

3wt = 1] .
p=1
Notice that the generators of SU(2) are L,,, L,5, and L,;. The
case [3'] is perhaps not so well understood in terms of global
decompositions (see Refs. 3 and 28).

The calculation of SO(4,1) invariant measures on the

coset spaces G /K in terms of the various parametrizations
listed in Table I is a consequence of the following result.

Lemma: Let Gbe SO(4,1) and let G /K = VixXH/Kbe

the decomposition of “almost all” elements of G /K into H /
K =80(3,1)/K and V' = G /H considered above (KCH).
Furthermore, suppose there exists an H invariant measure
dy on H /K, and let

|§15| dE° dE" dE? dE
be the G left-invariant measure on V. Then there exists a
positive G invariant measure dX on G /K so that

[ max={  resa

for all feC =(G ). [Here (£,7) = XeG /K is the decomposition
of an element XeG /K, considered above, which is not in the
set of measure zero.]

S, = [u z (c20)

dE = (c21)

(C22)
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Proof: Let X#%4) _, X' = [£'(£,8)5'(7;€.g)] and define
dX as dX = dE£ dy.
Now from Eq. (C6)

df' = det(d,)dé =dE
because geSO(4,1), and from Eq. (C1)
dy' = det(h [A (b,Ab)A 1)dy = dy

because % [A (b,Ab )4 ]eSO(3,1)
dy is H left invariant on H /K.
Thus, for X' = (gX)

L/Kf(X l)dX B

which is unity since

f1&"5dg dy

VixXH/K

- 1€ 5\dg" ay

(ViXH/K)
= SfxXhdx'.
(G/KY)
This proves the lemma. [Since .#>-functions are defined
only up to sets of measure zero the “almost all” equality is
actually an equality in (C22) and (C23).]
From this result it follows that the invariant measure on
G /K is determined by Eq. (C21) and the H invariant measure
dy on H /K. The dj’s, when they exist, have been explicitly
determined for the various homogeneous spaces in Ref. 3.
Combining their results with Eq. (C21) we have obtained
column 5 of the table. Note that when no H invariant mea-
sure on H /K exists we have listed No for these cases.

(C23)
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Classical and quantum symmetry groups of a free-fall particle
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Symmetry of a free-fall particle is studied in quantum as well as classical mechanics. The quantum
symmetry group is shown to be a central extension of the classical one. In the case of two degrees
of freedom, the action of the quantum symmetry group is expressed in the form of integral
transform as a unitary operator on the space of wave functions.

I. INTRODUCTION

Symmetry of certain mechanical systems has been high-
ly studied in classical and quantum mechanics.! The Kepler
problem (or the hydrogen atom in quantum mechanics) and
the harmonic oscillator are celebrated examples.” In particu-
lar, the harmonic oscillator has been investigated thorough-
ly in quantum mechanics as well as in classical mechanics
because of the simplicity of the Hamiltonian. The Hamilton-
ian is, of course, quadratic in x and p, a position vector and a
momentum vector, respectively.

The dynamical system to be dealt with in this article has
the Hamiltonian quadratic in p and linear in x, that is, a free-
fall particle. This system seems not to have been noted in
symmetry theory. In spite of its simplicity, the free-fall parti-
cle exhibits symmetry of high interest. In fact, the classical
and quantum symmetry groups of this system are not iso-
morphic to each other. As will be shown in the succeeding
sections, the quantum symmetry group is a central extension
of the classical one. This is in marked contrast with the har-
monic oscillator whose symmetry groups of classical and
quantum systems are the same, both being the special uni-
tary group SU(n). It is worth mentioning here that the Galilei
group is known to give rise to a central extension when repre-
sented in the space of wave functions for the free-particle
Schrodinger equation.®*

Section II deals with the classical symmetry group of
the free-fall particle. The Lie algebra of the symmetry group
and that of the associated first integrals under a Poisson
bracket are shown not to be isomorphic to each other.
Through quantization this fact makes the quantum symme-
try group not isomorphic to the classical one.

Section III is concerned with the quantum symmetry
group of the free-fall particle. First, integral transforms are
treated to describe the symmetry of the quantum system by
unitary operators on the space of wave functions. The inte-
gral kernels, however, are determined up to arbitrary phase
factors. To fix the phase factors is the point of this article.
After that, the quantum symmetry group manifests itself.
For the sake of simplicity the system is assumed to be of
dimension 2. The classical symmetry group is then broken
up into the product of one-parameter subgroups. The corre-
sponding one-parameter groups for the quantum system are
fully represented in the space of wave functions as one-pa-
rameter unitary operators in terms of integral transform
with definite integral kernel. Put together, these one-param-
eter groups give rise to the quantum symmetry group the
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action of which is expressed in the form of an integral trans-
form.

Section IV contains remarks on the one-parameter uni-
tary operator generated by the Hamiltonian and on an impli-
cation of the fact that the quantum symmetry group is a
central extension of the classical symmetry group.

Il. CLASSICAL SYMMETRY GROUP

A free-fall particle is a dynamical system defined on
R" XR", the phase space, with the Hamiltonian

H=1(p,p) +glkx), (2.1)

where (x,p)eR” XR", ( , ) denotes the standard inner pro-
duct, g is a positive constant, and k is a constant vector. The
symplectic two-form @ is written in the form

o = Ydp; Ndx;, (2.2)
where (x;,p;) are the Cartesian coordinates.
Consider inhomogeneous linear transformations
(2.3)

(e 5)G)+#C)

where 4,B,C, and D are n X n real constant matrices, and u
and v are constant vectors in R”. The transformations (2.3)
are said to be symmetries of the free-fall particle when they
leave the Hamiltonian (2.1) and the symplectic form (2.2)
invariant. It is a matter of calculation to find a necessary and
sufficient condition for (2.3) to be symmetries. We have, in
fact,

AAT =1, B"TA=A"B, C=0, D=4,
(2.4)
Ak =k,

V= _Bk’ (k’u> = - %(Bker),

where A7 denotes the transpose of 4, and so on.

From (2.4), the matrix M defined tobe BA ~'is symmet-
ric. Since B=MA, C=0, D =A, and v = — Mk, we can
describe the symmetries in terms of 4, M, and u. Here, from
(2.4), A must be an orthogonal matrix fixing the vector k, and
uis subject to (k,u) = — }{Mk,Mk ). Thus the symmetries
obtained have

n—1Nn—2)+inn+1)+n—1)=n

parameters. It is easy to show that the symmetries form a
group and can be expressed in the (n + 1)X(n + 1) matrix
form
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X A MA u X
P A — Mk |1 p
1

(2.5)

(see Ref. 5).

Theorem 2.1: A free-fall particle admits a symmetry
group of dimension n? [to be denoted by FF(n)], the action of
which is expressed in the form (2.5) subject to the conditions

AAT =1, Ak=k, M" =M, (ku)= — W MkMk).
(2.6)

We remark that if £ = O then the Hamiltonian (2.1) be-
comes that for a free particle, and the second and the last
conditions in (2.6) vanish, so that the matrices in (2.5) form a
symmetry group for the free-particle which is larger than the
Euclidean group E(n) viewed usually as a symmetry group
for the free-particle. We point out further that for 4 =1,
M =1tl,andu = — it *k thesymmetry group FF(n) restricts
to a one-parameter subgroup whose orbits are just the Ha-
miltonian flows of the equation of motion. This one-param-
eter subgroup is commutative with all the elements of FF(n).
We can then get rid of this subgroup by imposing an addi-
tional condition tr M = 0 to (2.6). The identity component of
the restricted symmetry group obtained will be referred to as
FF’ (n), which is subject to the condition (2.6} plus tr M =0
and det 4 = 1, and is of dimension n* — 1.

We now proceed to generating functions of the infinite-
simal transformations by the symmetry group FF(n). We
first note the matrix in (2.5) has the decomposition

A MA u 1 M u ‘A
A — Mk |= I Mk A
1 1 1

The first and the second factors in the right-hand side of (2.7)
form respective subgroups of FF(n). We start with the sub-
group determined by M and u, the first factor in the right-
hand side of (2.7). As is easily shown, the Lie algebra of this
subgroup is formed by

0 N w
0 —Nk| (2.8)
0

with N7 = N and (k,w) =0, which will be referred to as
X (N,w). On infinitesimalizing the action of the subgroup un-
der consideration, we obtain an infinitesimal transformation
U (N,w), the action of X (V,w), on R* X R"

U ) = (0 + gw), =) — g (W —a‘%)

where d /dx and d /dp stand for the gradient operators. The
U (N,w) is an infinitesimal canonical transformation whose
generating function is then to be obtained by

(2.9)

OF _ovk, 2F — Np+gu. (2.10)
Ox dp

Calculation results in
F(Nw)=i{(p,Np) + g{p,w) + g{(x,Nk ). (2.11)

This is, of course, a first integral.
The generating functions associated with the subgroup
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determined by A4, the second factor in the right-hand side of
(2.7), are clearly angular momentums. Let R be an antisym-
metricn X nmatrixwithRk = 0.By Y (R )and V(R ) wemean
an element of the Lie algebra of the subgroup under consi-
deration and the induced infinitesimal transformation on
R” X R",respectively. Here Y{R )and V(R ) are, respectively,
of the form

R
YR)= R )
0
d a
V(R =<Rx,—>+<R ,———).
(R) Ew P P
The angular momentums generating V(R ) then have the
form

L(R)=(Rx,p),

(2.12)

with RT = — R and Rk =0.
(2.13)

We are going into details of the Lie algebras relevant to
the infinitesimal symmetry of the free-fall particle. The Lie
algebra, denoted by ff{n), of the symmetry group FF(n) has
the commutation relations

[X (Nw),X (N'w)] =X(0, —[N,N']k),

[Y(R).X (Nw)] = X ([R,N],Rw),

[YR)Y(R')]=Y(RR"])

To show this is an easy matter. Further, a straightforward
calculation shows that the correspondences

X(Nw)>—-UNw), YR)>—V(R) (2.15)

make up a Lie algebra isomorphism of the Lie algebra ff{z) to
the Lie algebra of the infinitesimal canonical transforma-
tions on R” X R"”. We next focus our attention on the Lie
algebra consisting of the generating functions Fand L under
a Poisson bracket { , }. The Poisson brackets between F’s
and L ’s are calculated to give

(F(N,w),F(Nw')} = F(0, — [N,N k)

+ & ((Nkw') — (N 'kw)),
(2.16)

(2.14)

{L(R),F(Nw)} =F(R,N]Rw),
{LR)LL(R')] =L(RR"])

We see from (2.16) that the generating functions form a
Lie algebra together with a constant function 1. Of course,
the 1 commutes with all F(V,w) and L (R ). The Lie algebra
obtained is then a central extension, denoted by eff{n), of the
Lie algebra ff{n) given in (2.14). Thus we have the following
theorem.

Theorem 2.2: Two Lie algebras are associated with the
infinitesimal symmetry of a free-fall particle. One is the Lie
algebra ff{n) of the symmetry group FF(n) given in Theorem
2.1, the other is the Lie algebra eff(r) formed by the generat-
ing functions and a constant. The latter is a central extension
of the former.

In the next section we will concentrate on a study of the
symmetry group for a quantum free-fall particle of two de-
grees of freedom (n = 2). We make in advance a detailed
review of the classical restricted symmetry group FF(2) for
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a comparison between the classical and the quantum sym-
metry groups. We fix the vector k ase, = (0,1)7. We will also
sete, = (0,1)7 in what follows. The condition Ak = k in (2.6)
with det 4 =1 then implies that 4 = 1. Accordingly, the
symmetry group FF"(2} and its Lie algebra fi"(2) have the
relation

0 0 ¢ s r
0 s -—1t
exp 0 0 —5
0 t
0
1 t s r
1 s —t —}t*+5
= 1 0 -s | (2.17)
1 t
1

where r,s, and ¢ are real numbers. We note here that
det M = — (t? + 5%)%#0 unless ¢ = s = 0. This fact will be a
reason for concentration on the case n = 2.

Let X,, A = 1,2,3, be a basis of the symmetry algebra
ff7(2) such that the matrix (2.17) takes the form
exp{tX, + sX, + rX;). A calculation then shows that (2.17) is
broken up into the product
exp(tX; + sX, + rX;)

= exp tX, exp sX, exp(r + st )X;. (2.18)

The commutation relations among X ’s come from (2.14) to
be

[Xszl = - 2X3’ [XvX3] =0, [Xz’Xs] =0 (2-19)
By F;, A = 1,2,3, we mean the generating functions corre-
sponding to X, . Equation (2.11) then reads

F1=%(P% —p3) — 8%y, F,=pp, +8x,, F;=gp,
(2.20)

Their commutation relations are known from (2.16) to be

[Fsz} = —2F;, {FI»FS} =0, {Fz:F3} =gz’ (2.21)
which should be compared with (2.19). By eff "(2) we denote
the Lie algebra defined through {2.21), a central extension of
f£7(2).
Ill. QUANTUM SYMMETRY GROUP

To discuss symmetry for a quantum free-fall particle,
we start with infinitesimal symmetry. According to the
Schrédinger quantization procedure, p; = — id/dx;, the
classical observables F(V,w) and L (R ) are quantized to be
denotedby F (N,w)and L (R ), respectively. The commutation
relations are calculated by the use of [x;,p, ] = i5y, etc., to
give

[ (Nw).F (N w)] = iF (0, — [N.N Tk)

+ ig?({Nkw') — (N 'kw)),
) . . (3-1)

[L (R),F (N,w)] = iF([R,N],Rw),

[L(R)LR=IiL(R,R"]).
Thus we have obtained a Lie algebra describing infinitesimal
symmetry of the quantum free-fall particle, which is isomor-
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phic with the Lie algebra eff{n) given by (2.16) for the classi-
cal system.

In order to get a symmetry group for the quantum sys-
tem, we follow Moshinsky and Quesne,” and Wolf.® Suppose
we are given the transformation (2.5). If x and p are regarded
as operators in the quantum system, Eq. (2.5) will be thought
of as an inhomogeneous linear transformation of the opera-
tors x and p. However, from the viewpoint of group repre-
sentation, we should consider that Eq. (2.5) is the action of
the inverse of the matrix in (2.5) on the operators x and p. We
assume that this transformation is induced by a unitary oper-
ator W in the space of wave functions, so that we have

v =0 )G +e (L)

It should be noted that Eq. (3.2) is invariant if W is replaced
by a W, a being a complex number with |a| = 1, so that Eq.
{3.2) determines Wup to a factor a. We now assume that Wis
given by the integral transform

Wfix) = f C(x.€ (€ )dE,

where df =df,--df,. Writing out the identities
Wxf = WxW ~'Wf and Wpf= WpW ~'Wf by using (3.2)
and (3.3) under a suitable boundary condition at infinity, we
obtain sufficient conditions for the kernel C {x,£ ) to define the
integral transform desired,

EC(x.E) = (Ax M -a"; + gu)C(x,s‘ )

(3.2)

(3.3)

(3.4)
L9 crero(Llyd _
—Ta—§~C(x,§) = ( ; A pm ng)C(x,é’).
Equations (3.4) allow us to express C (x,£ ) in the form
Cx,&) = c expl(i/2)({x,0x) + 2(x,5¢ )
+ (6PE) + 2(a,x) + 2(b,5 )}, (3-3)

where ¢ is a complex constant, P, Q, and S are real constant
matrices, and @ and b are real constant vectors. Integral ker-
nels of this form were discussed in Refs. 9-11. Substitution of
(3.5) into (3.4) yields

(4 + MAQ \x + (MAS — I'& + MAa +gu =0,

3.6
(AQ + ST)x + (A4S + P)& + Aa + b — gMk = 0. .
With the assumption that det M 0, we get
=—A"'M7'4, S=4"'M"', P=-M",
a= —gA " 'M~'u, b=gMk+gM 'u. (3.7)
Then, after calculation, C (x,£) takes the form
¢ exp[ — (i/2)((€ — 4x,.M ~'(§ — Ax))
+ ig{§ — Ax,M ~'u) + ig(&, Mk )]. (3.8)

The constant ¢ is determined, up to a constant factor of
absolute value 1, by the unitary condition

f Clnx)* Cln M = 8x — €),

where the superscript asterisk (*) indicates the complex con-
jugate. If we introduce 7 = An and C(n,£) = C{n,£), Eq.

(3.9)
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(3.9) is put, on account of det 4 = 1, into

[ e emsan = o —¢) (3.10)
It follows from (3.8) and (3.10) that
c=alm)~"?|det M|~"?, with|a|=1. (3.11)

Thus we have found the kernel C (x,£ ) within a constant fac-
tor a of absolute value 1. In the literature the constant « is
undetermined or set equal to 1, and hence the transform (3.3)
is a ray representation. Wolf ® gained insight into the con-
stant « in the case of n = 1. We will soon consider how to
determine it.

However, we notice that the integral transform with a
undetermined allows of the inversion formula on the space of
rapidly decreasing functions,

Flx) = j dn Clnx)* f Cln€) f(E ).

This can be verified by the use of the Fourier integral
theorem.

We next consider the case where M =0 and u =0.
Then Eq. (3.2) turns into

=G

Here we have used T in place of W. Clearly, Eq. (3.13) is
satisfied by the unitary operator 7 defined by

Tf (x) = f(Ax). (3.14)

Let W, be the integral transform (3.3) with 4 =1, so
that the kernel is denoted by C (x,£ ). Then we have a decom-
position of W, W = TW,, or

WF(x) = f ClAxE) f(EE.

The decomposition W = TW, corresponds to the inverse
matrix relation of (2.7).

To study a symmetry group for the quantum free-fall
particle, we have to determine the constant « in (3.11) in
terms of the parameters 4, M, and u. To simplify computa-
tion, we restrict ourselves to the case of n = 2. Then, for
FF’(2), det M does not vanish unless s = ¢ = 0, as was al-
ready pointed out, so that we can get the integral kernel
C (x,£ )uptoa through the calculations (3.4)(3.11)forn = 2.

Since Eq. (3.2) can determine the unitary operator W
only within a complex number &, we need another condition
for a. A reasonable condition is that W should tend to the
identity as the transformation in the right-hand side of (3.2)
tends to the identity, though in what way we bring the trans-
formation to the identity is still an open problem. However,
for a one-parameter group of transformations we have no
problem, and therefore we can actually determine a under
the condition just stated. Because of this fact, we see that if
one can decompose any element of a group G into a product
of one-parameter subgroups, then one can obtain a unitary
representation of G or of its extension by putting together
unitary representations of the one-parameter subgroups of
G. For FF"(2) we can carry out this recipe, as FF"(2) has the
decomposition (2.18).

Let F;, A =1,2,3, be quantum observables formed

(3.12)

(3.13)

(3.15)
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from (2.20). Their commutation relations come from (3.1) to
be

[F Bl = —2iF, [F,F]=0, [F,F]=ig (3.16)

which describe the infinitesimal symmetry eff "(2) of the
quantum free-fall particle for n = 2. Exponentiating this Lie
algebra will yield the symmetry group EFF "(2) for the quan-
tum system.

Wedenote by W, (¢ ) the one-parameter group of unitary
operators corresponding to exp £X; . It is plausible that the
infinitesimal operator of W, (t) is iF,, since exp itF (i it
exists) induces the same action on the operators x and p as
that of W, (¢t ) which is given by (3.2) with entries correspond-
ing to exp tX; . In fact, we can prove the relation

exp itk (:)eXp( —ithy) = (1 dy’l) (;) +g ( —WM(i)ez)

(3.17)

by showing that the both sides of (3.17) satisfy the same dif-
ferential equation in ¢, where

1 1
(1) () e

u(t)=uyt)= —1ite, ust)=te,. (3.18)

We start with W,(¢). The one-parameter subgroup
exp tX, of the classical symmetry group FF"(2) is given by
setting 4 =1, M=1tM,, and u = — 1 t?e, [see (2.17) and
(2.18) with » = s = 0]. Since det tM, 50 for ¢ #0, Eq. (3.8)

gives
Cit:x.£ ) = c,(t Jexp — (i/2)(€ — x,(1/¢)M,(§ — x))
— i(tg/2K€ + x.e2)], (3.19)

where we have denoted the integral kernel and the undeter-
mined factor by C,(#x,5 ) and ¢,(t ), respectively, in order to
indicate explicitly their dependence on the parameter ¢.

We turn to the factor ¢, (¢ ). Since the infinitesimal gener-
ator of W(t) is supposed to be iF,, the kernel C,(t;x,£) is
required, as a function of ¢ and x, to satisfy

2 Cixg) = FC e ).
Working out the both sides of (3.20) yields the differential
equation for ¢,(¢)

1 oder) g, 1

ci(t) dt 8 t
An easy calculation gives with an integration constant ¥

ci(t) =y|t| 7" exp( — ig? t3/24). (3.22)
The constant y is to be determined under the condition that

Ci(t;x,& ) —O(x — &) ast—0, (3.23)

because W,(0) must be the identity. For this purpose it suf-
fices that

J- Ci(t;x,£)dE—1  as t—0.

(3.20)

(3.21)

(3.24)

After a calculation we obtain

J- C(t;x,& )dE = y2m exp —_—l{—ts— —igt (x,ez)].
(3.25)
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Thus we have ¥ = (27) ™!, therefore
cift) = (2m|t|)~" exp( — ig® £3/24).

As a result, from (3.26) and (3.11) withn =2 and M =
we know that a is determined to be exp( — ig* £ >/24).

The integral transform with the kernel C,(¢;x,£) given
by (3.19) and (3.26) is an isometry on the space of rapidly
decreasing functions and can be extended to a unitary trans-
formation on L *(R?). This is quite analogous to the Plan-
cherel theorem on the Fourier transform.

Theorem 3.1: The one-parameter group of unitary oper-
ators W (¢} = exp itF is expressed in the form of the integral
transform whose kernel is given by (3.19) and (3.26).

We proceed to W,(s). Asin the case of W(z), the integral
kernel for W,(s) is obtained, up to a factor c,(s), from (3.8) by
settingd =1, M =sM,, andu= —15°e,,

Cals;x, ) = cylsexpl — (i/2)(§ — x,(1/5)M,(& — x))

(3.26)
M,

+ i(gs/2)(€ + x.,e,)]- (3.27)
The factor c,(s) is determined under the conditions
5‘9- Cilsix.£) = iF, Cyls;x.£), (3.28)
s
Cyls;x,E }>0(x — &) ass—0. (3.29)

We here give the result without writing down the calculation
for ¢,(s),

esls) = (2arls|) . (3.30)

Thus we have, like Theorem 3.1, the following theorem.

Theorem 3.2: The one-parameter group of unitary oper-
ators W,{s) = exp tst is given by the integral transform that
has the kernel (3.27) with (3.30).

Now we are left with W;(r). Since the one-parameter
subgroup exp rX; acts as a translation, we have the following
theorem. X

Theorem 3.3: The operator W,(r) = exp irF, is mani-
festly expressed in the form

Wi(r) f(x) = flx + rge,). (3.31)
So far we have obtained the one-parameter groups of
unitary operators W, (¢, ) = exp it; F A = 1,2,3, which cor-
respond to the classical one-parameter symmetry groups
exp 1, X, where (£;) =(1,5,7). We now make the attempt to
get a quantum symmetry group by putting exp it; F ", togeth-
er. We recall here that the quantum symmetry algebra
eff " (2) formed by F ", A = 12,3, and a constant is a central
extension of the classical one ff "(2) formed by X, , 4 = 1,2,3
[compare (2.19) and (3.16)]. We may therefore deduce that
the quantum symmetry group EFF” (2} is a central extension
of the classical one FF" (2). To think of the extension, we refer
to the Baker—-Campbell-Hausdorff formula,'?

exp Fexp H = exp(F + H + \[F,H] + 4[F[FH]]
+ SUFH]H] + ). (3.32)

In contrast with the decomposition (2.18) for the classical
symmetry group, we have by using (3.32) the decomposition

exp itﬁ’1 exp isIA;'2 exp i{r — st )f?3
= exp ig?( — Lsr + 3% 1 )exp i(tF, + sF, + rF;).  (3.33)
This is to be compared with (2.18) in which ¢, s, and r are
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replaced by —¢, —s, and — r, respectively. The factor
exp ig*( — isr + 3s? t)isin the group U(1) and commutes with
any unitary operators. Thus the quantum symmetry group
will lead up to a central extension of the classical symmetry
group by U(1).

Equation (3.33) will define exp l(tF |+ sF + rF3), since
the left-hand side of (3.33) is defined by successive applica-
tions of exp i(r — st )F;, exp 1sF2, and exp th We start by
composing two of expit; F v, A =123, The following
lemma is applied for obtaining the integral kernel for the
composition of two integral transforms.

Lemma 3.4: For a nonsingular real symmetric matrix B
one has

[ exe(eBe) + it Jag
= (2a)"? |det B |~'/2 exp(im sgn B /4)

X exp( — (i/2){n,B ~'n)), (3.34)

where sgn B is the number of positive eigenvalues minus the
number of negative eigenvalues of B.

By successive applications of exp isF, and exp ttF toa
rapidly decreasing function fand by exchanging the order of
integration, we see that the integral kernel for exp itF;
X exp isF, is given by

Clstxt) = f Clt:,€ )ColsiE £ VE.

By writing out the integrand in the right-hand side of (3.35)
by the use of (3.34) with B= — (M,/t+ M,/s) and
1 =Mx/t + M, /s + Ig(se, — te,), we obtain

C (s, 5;x,5 ) = cls,t )exp[ - —;-( - x,(;z—_:—t—zM,

+ —M. )(g x)) < (———Stz ——l—s)e
2+t2 2 ey 2
St 1 ) st? 1

+(s2+t2+_2_t)e2>+lg<§'(s2+t2+73)e1

st 1 ) >]
— ——tle}l,
+(s2+t2 2 /)7
with

cls,t) = (2m) M + ¢~ 12
352 (s> — 3t?
+ s*+1? ))

X exp( f: ( —13
According to Eq. (3.33) with r=st, we can define
exp t(tFl + st + stF3) to be

exp t(tF, + sF, + stFy) f(x)

— ig?s? t /6)exp itF, exp isF,

(3.35)

= exp(

_ exP(:@) [ cwsxgr e,

where the kernel is given by (3.36). On the other hand, Egs.
(3.8) and (3.11) with A=1, M=tM,+sM, and
u = ste; — §(t + s5%)e, also give (3.36) without the exponen-
tial factor in cfs,t ). Thus we have checked the consistency
that exp t(tFl + sF, + stF3) is expressed in the form of the
integral transform which corresponds to
exp(tX, + sX, + stX;).

(3.37)
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The remaining operators exp i(tl"\"l + rﬁ;) and
exp i(sF, + rF,) are easy to define. For example, we pick up
exp 1'(s1‘\"2 + rf'g). By Theorems 3.2 and 3.3 and by introduc-
ing new variables £ = £ + gre,, we have

exp isF, exp irF, f(x) = J. Cyls;x.& — gre,) f(€ )dE.

(3.38)
Therefore we can define exp z'(sl':"2 + rf:'3) tobe
exp i(sI""2 + ri"3) Six)
= explig? sr/2)exp isF, exp irF, f(x)
—exp(£7) [ ClowE-grelsEWE (339

Written out, the kernel Cz(s;x,g' — gre,) is shown to be also
obtained from (3.8) and (3.11) with 4 =1, M = sM,, and
u=re —igs’e, within a factor of absolute value 1. There-
fore, the exp t(sF2 +rF y) defined corresponds to
exp(sX, + rX;) actually. The same method is applicable for
defining exp t(tF L+ rFS)

We are now in a position to define exp z(F1 + st +rF 3)
according to (3.33). Since the operator exp i(r — st )F3 means
a translation of the independent variables and since the oper-
ator exp itk | €Xp st2 is expressed in the form of the integral
transform with the kernel (3.36), we can define
exp i{tF, + sF, + rF;) from (3.33) to be

exp i(tﬁ'l + sf;'z + rﬁg)f(x)
— explig?lisr — 3 1))
X [ ClotxE —gir —stlei) fEE (3.40)

Writing out the right-hand side of (3.40) yields the integral
kernel for exp z(tF '+ sF, + rF3)

ctrslexp| — (& = i —{eM, + sMLIE )
~ie( g+ (e

= rt 1 rs 1
il o) (a5 )
g\¢ s+ 2T\ 2T

(3.41)
with
- 1 1, 20, 1,
crst) = o5 — 31— o
s2t(s2—3t2)_(r—st)(rt+2st2+s3)))
8(s* + 13 2(s* +1?) '

We can easily verify that Eq. (3.41) is derived, up to a factor
of absolute value 1, also from (3.8) and (3 11) with 4 =1,

=tM; +sM,, and u =re, — (s> + t?e,, so that Eq.
(3 40) with (3.41) is shown to define exp z(tF1 + sF, + rk)
corresponding to exp(tX; + sX, + 7X;). We remark here
that the exponential factor appearing in c(r,s,t) is what we
wanted to know, which cannot be determined by Egs. (3.2)
and (3.9) only.

Along with the commutation relations (3.16) the Ba-
ker—Campbell-Hausdorff formula gives rise to the composi-
tion law for exp iZz, F,, from which we can see that the
quantum symmetry group is a central extension of the classi-
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cal symmetry group. Thus we have the following theorem.

Theorem 3.5: For a free-fall particle of dimension 2, the
quantum symmetry group corresponding to the classical
symmetry group exp(tX, + sX, + rX;) given by (2.17) is a
central extension of the latter. Its action on the space of wave
functions L*R?) is described by the unitary operator
¢ exp i(tF, + st + rF 3), where e” is a multiplication oper-
ator and exp z(tF |+ st + rF3) is expressed in the form of the
integral transform with the kernel given by (3.41).

IV. CONCLUDING REMARKS

In the preceding section we have not discussed the uni-
tary operator generated by the Hamiltonian

H=4p} +p3) + gxz. (4.1)
However, to accomplish the quantum symmetry theory for a
free-fall particle, we are to discuss the unitary operator
exp itH. Since the classical Hamiltonian flows are given by
(2.5)withd =I, M =tl,andu = — it* e, (k = e,), the inte-
gralkernelX (¢,x,& )forexp itHisobtained, uptoafactork (¢ ),
from (3.8),

K (tx,£) =k (t)expl — (i/2)(§ — x,(1/t)(§ — x))
+ i(gt /2)(& + x.e5)]. (4.2)

The factor k (¢) is determined under the conditions
%K (0, ) = iHK (E0,E), (4.3)

K(tx,£)—b6x — &) ast—0. (4.4)
Equation (4.3) gives a differential equation for & (¢ ) and Eq.

(4.4) is used to evaluate the integration constant for & (z).
After a straightforward calculation we obtain

k(t)=(27|t|)"" explim sgn t /2)explig® £°/24), (4.5)
where sgn ¢ denotes the signum of . Thus we have obtained
exp itH in the form of integral transform. The operator
exp( — itH ) gives the solutions to the Schrddinger equation
for the free-fall particle.

In conclusion we make a mention of an implication of

[X,,X,] = 0 and [F,,F,] = ig®. In contrast with the commu-
tator

exp( — sX,)exp( — rX;)exp sX, exp rX; = id (4.6)
for the classical system, we have for the quantum system the
commutator

exp( — isF,)exp( — irFy)exp sk, exp rfy = e =5 (4.7)
Hence, if a particle in the classical system is subject to the

transformation (4.6), it comes back to the original state.
However, its quantum state becomes, according to {4.7),

P—e Ty, (4.8)

The gauge transformation (4.8), of course, does not affect the
quantum system. We conclude the remark by saying that for
the Galilei group the analogous equations to (4.6) and (4.7)
lead to a superselection rule for mass.
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Factors of the Fock functional
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Can the fields ¢ and 7 of a representation of the CCR’s be written as ¢ = 1/v2{#, X1 + 1 ® #,}
and similarly for 7, such that ¢, and 7, satisfy the CCR’s? What are the possible ¢,’s and 7;’s? This
is equivalent to a factorization of the corresponding generating functionals (scaled by 1/v2).
Generalizing this question somewhat we show a noncommutative analog of Cramér’s theorem of
probability theory. If 4 and 7 are Fock fields then so are ¢,, 7;, { = 1,2; similarly for quasifree
representations of the CCR’s. As an application we show that the fields of a representation of the
CCR’s whose generating functional differs from a Fock functional by a phase factor only are just

shifted Fock fields.

1. INTRODUCTION AND MAIN RESULT

A representation of the canonical commutation rela-
tions' (CCR’s) with cyclic vector {2 can be characterized by
its generating or expectation functional

E(fg) = (2.exp i{¢ (f) + mg)}2)

=R, U(fe2), fge”, (1.1)
where, without loss of generality,? #” can be taken as a real
pre-Hilbert space with scalar product (-,-). In ordinary quan-
tum mechanics 7~ = R ", while in quantum field theory one
usually has 7" C L %R 3). The fields ¢ and # satisfy on a suit-
able domain?

[ (f)mig)] = i f8) (1.2)

and zero otherwise. Here {2 need not be in the domain of the
field operators.

The generating functional for a general Fock represen-
tation can be derived from the standard functional

Ee(f8) = exp{ — || f]*/4 — ||gl|*/4} (L.3)
by a Bogoliubov transformation.* This is an invertible map
on 7" & 7 giving rise to

¢'(f) = laf) + 7 Bf),

(1.4)

7(8) = ¢ (v8) + 7(Jg),
which leaves the CCR’s invariant. See also Egs. (2.5) and
(2.6) below.

The Fock representation belonging to Ey in Eq. (1.3} is
characterized by the existence of annihilation operators:

{¢e(f) +ime(f)}2=0, f&7 " (1.5)

Recently, Ruijsenaars’ raised the following question.
What is the form of a generating functional E ( f,g) which
differs from a Fock functional by a phase factor exp {id,, }
only? He conjectured that the corresponding fields ¢ and 7
were just Fock fields, possibly shifted by c-numbers (4,, f)
and {4,,g), respectively, where A4 ,, A, are linear functionals on
7”. This would result in a “shifted Fock functional” with
phase factor exp i{(4,, ) + (1..8)}.

This question, which will be answered in the affirma-
tive, is a special case of the following. It is well known that
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the tensor product of two representations of a group is again
a representation, where the corresponding generating func-
tionals multiply. This can be carried over to the CCR’s; how-
ever, in order to retain the commutation relations one needs
some form of renormalization. We note the following simple
fact; here ‘ denotes transpose, ( f,ag) = (@'f,8).

Lemma: Let E, and E, be generating functionals for
representations of the CCR’s with fields ¢,, 7; and cyclic
vectors £2,,{2,. Leta;, B;, ¥, 8;,i = 1,2, be operatorson 7.
Then

¢ (f):=A{dilarf) +m(B,f)} el

+ 1@ {gylar /) + m( B/},
(1.6)
7(g): = {$\(r:8) + m(6:8)} @1

+ 1 {4,(r:8) + 7(6:8)}

is a representation of the CCR’s and the curly brackets do
not vanish for f, g0 iff

56 wC DG 5= o)
(1.7a)

and

a;, B\
( ) exists, = 1,2,
vi 6

The generating functional for the new representation—re-
stricted to the subspace generated by the Weyl operators
U ( f.g) applied to {2, ® £2,—is given by

E(fg) = H Ela; f+v:88: f+ 6:8).

i=1
Conversely, let E, E,, E,, a,,..., §; be given such that Egs.
(1.7) and (1.8) hold. Then ¢, 7 can be written in the form of
Eq. (1.6).

The proof is evident. Equation (1.7a) is most easily seen
in the notation of Eq. (2.8) below. Similarly for Eq. (1.7b),
where the CCR’s imply that ¢,(f) + 7,{g)#0 unless f=g
=0.

Definition: A generating functional E,( f,g) appearing in
adecomposition of the above form is called a factor of E ( £,g).

(1.7b)

(1.8)
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Definition: A cyclic representation of the CCR’s is qua-
sifree® if the generating functional is an exponential of bilin-
ear and linear forms in fand g (“quasifree functional”).

Theorem: Any factor of a Fock functional is a (shifted)
Fock functional. Any factor of a quasifree generating func-
tional is quasifree.

As a corollary we can answer the question of Ruijsen-
aars.

Corollary: If a generating functional E ( f,g) differs only
by a phase factor from a Fock functional, it is just a shift of
this Fock functional.

Proof: By Eq. (1.1), E(f,g) is also a generating func-
tional, being obtained by /> — f, g¢— — g. Then

E(f/\2.8/\2) E(f/\2.8/\2)
is the Fock functional, and the Theorem applies. Q. E.D.
The above theorem will be proved in full generality in
Sec. II. But since the generality obscures the extraordinary
simplicity of the underlying idea we will consider here a spe-
cial Fock case, namely

Ec(f8) = E\f/\2.8/\2)E( f/2.8/2).
Then ¢y, 7 can be decomposed as in Eq. (1.6). It is easy to
see that £2, and £2, are in the domain of the corresponding
field operators (see Lemma 2.1 below). Hence, by a shift, one
can assume their one-point functions to vanish. The annihil-
ation property, Eq. (1.5), now reads

{61 f) + im ()32, 0 2, + 2,8 {¢,( f) + 7 /)}2, =0.
Squaring this, the mixed terms vanish and we get

I{¢;(f) + im( N} =0, j=12.

So E,, E, have annihilation operators and are thus Fock
functionals!

Remark 1: The theorem can be viewed as a noncommu-
tative analog of Cramér’s Theorem’ in probability theory.
This states that if a normal random variable £ is the sum of
independent random variables &, and £, then £, and &, are
also normal (or degenerate). Equivalently, if a Gaussian posi-
tive-definite function is a product of two positive-definite
functions, then the latter are also Gaussian.

Remark 2: The theorem can be carried over to com-
pletely general fields, without CCR’s and without space-
time symmetries. We call a field Gaussian if all its truncated
n-point functions vanish for #> 2. It will be shown else-
where® that if 4 is Gaussian and

A=A1®1+1®A2,

then both A, and A4, are Gaussian, too.

Remark 3: For non-Gaussian fields a general decompo-
sition into prime fields and infinitely divisible fields was ob-
tained by the author some time ago.’

Il. PROOF OF THE THEOREM

We first show that {2, and (2, are in the domain of any
power of a field operator.

Lemma 2.1: Let A, and 4, be self-adjoint operators in
Hilbert spaces &#°, and 7%°,. Let

A:=4,81+104,.
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If 0#£0, 002,67 ,p(+ay for some ¢>0, then £
egﬁp{‘“;l } i=12

Proof: With the spectral measures of 4,, 4, we can write
in self-evident notation

lle* 2, 8 2,|* = fdﬂl (xy)dp, (xy)e T2+ x) o,

By Fubini’s theorem the integrals over x,, x, exist separately.
Since

Jd.u.-(x)ez' = f du, e+ |  du, e,
x>0

x<0
one obtains the statement. Q.E.D.
We now turn to the Fock part of the theorem and first
formalize our basic observation on annihilation operators.
Lemma 2.2: Let a, and a, be operators in Hilbert spaces
7, and #,. Let 0#£ 0,7, and let

($1,0,2,) =0, i=12. (2.1)
i

{a,81+18a,}2,002,=0, (2.2)
then

a2, =0, i=1.2. (2.3)

Proof: We square Eq. (2.2). The mixed terms vanish by
Eq. (2.1), and we get ||a;£2;||* = 0. Q.E.D.

In analogy to Segal’s formulation’® of the CCR’s we
introduce the following notation:

h=(g, heZ @ 7,

(by,hy) = (f1, /2) + (81:82),
D (h) = (f) + 7(g), (2.4)

0 1
J=(-— 1 o)’
a;, B )
Ki = (7" 61) N = 1,2-

By Eq. (1.7b), each X, is invertible.
The CCR’s now read

(2 (h,),® (h;)] = ifh,,J hy). (2.5)
If T 'is an invertible operator on " @ 77, the field

@,(h): =D (Th)
satisfies the CCR’s iff T is symplectic, i.e., iff

TIyT=J, (2.6)

which characterizes a Bogoliubov transformation.
Equation (1.6) now reads

@ (h) = ?,(K;h)@ 1 + 1 & P,(K;h). (2.7)
The CCR’s imply Eq. (1.7a), which reads
K{JK, + K53JK, =J. (2.8)

Without loss of generality we can assume that we have a
Fock functional as in Eq. (1.3), since a Bogoliubov transfor-
mation does not alter the factorization properties. In view of
Lemma 2.1 we can also assume

(2,,9,(h)2;) =0.
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The annihilation property, Eq. (1.5), reads
{®h)—i®h)}2=0.
Equation (2.7) and Lemma 2.2 thus imply, forj = 1,2,

(2.9)

{®,(K;h) — i®,(K;Jh)}2, =0. (2.10)

Lemma 2.3: Forj= 1,2,

S;:=K;J'KJ>0 (2.11)
and

JS; =S;J. (2.12)
The operator

T,:=K,S;7'? (2.13)

is symplectic.
Proof: Squaring Eq. (2.10) for h#0 and using the CCR’s
(in their weak form on matrix elements) we obtain

”¢j(th)‘()j”2 + ||¢j(Kth)ﬂj”2 = - (th»JKj-]h)

For h#0, each term on the lhs is nonzero by the CCR’s,
since K h#0. Since J' = — J, Eq. (2.11) follows.

This implies S| = S; and thus

S,J =8 =JKJK;J=JS,,
proving Eq. (2.12). Using 1 = J'J, we obtain

T;JTJ — sj— VZSjJS —12

7
—_ Sj_ l/2sjjsj— 172
=J
by commutativity. Q.E.D.
In Eq. (2.10) we now replace h by §,~ '*h. With Eq.
(2.12) we then have
{®,(T;h) — i®,(T,Jh)}2, =0, (2.14)
with 7, symplectic. Hence &, is a Bogoliubov transform of
@,(h): = &,(T, " 'h),
which satisfies
{®;(h) — i®,(Jh)}2, =0.
Thus @, is a Fock representation by the remark before Eq.
(1.5). This proves the Fock part of the theorem.
To prove the quasifree part of the theorem we use Cra-
mér’s theorem mentioned in Remark 1 of Sec. I. By Lemma

2.1 we can again assume that all one-point functions vanish.
A quasifree generating functional is then of the form

E(h): = (22,e*M02 ) = exp{ — (2,0 (W’ )/2}, (2.15)
as seen by differentiation. Now let h be fixed and reR. Equa-
tion (1.8) reads for E (th)

E(th) = E,(tK h)E,(tK,h). (2.16)
The factors on the rhs are positive-definite functions of ¢, and

the lhs is a Gaussian by Eq. (2.15). Hence, by Cramér’s
theorem,

E(tKh) =e "7 =1, (2.17)
As in Eq. {2.15), the constants ¢; are the “moments”

¢; = (2,,@,(K;h712,). (2.18)
Replacing h by K ;= 'h yields the statement. Q.E.D.
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lil. DISCUSSION

Cramér’s theorem is a highly nontrivial result. It was
first conjectured by Lévy and then proved by Cramér by
Hadamard’s factorization theorem for entire function, a
rather deep result. The first part of our proof—based on
annihilation operators—suggests trying a ‘“quantum me-
chanical” proof of Cramér’s theorem.

The quasifree part of our theorem may in principle be
used to prove the Fock part. But it is easier to prove it direct-
ly, as we do, without recourse to Cramér’s theorem.

We point out that the quasifree part holds also true
without condition Eq. (1.7a}—invariance of the CCR’s—as
is apparent from the proof. For the Fock part, however, this
condition is needed. This is seen from the following.

Example:

$r=¢r0®1l+18\24,
T, =Tp ®{25,
2, =10 0.

This is a non-Fock reducible representation of the CCR’s
and

E\(f8) = Er(f8le~ Wz,
With ¢,(f) = m,(f), m(8) = — #,(g) we have
E,(f8) = E\lg f)

and

Ec(/8) = E\(f/2,8/2)E,(f/2.8/2).
In this case, however, Eq. (1.7a) is violated.

Condition Eq. (1.7a) insures that a factorization of the
generating function corresponds to a decomposition of the
fields. The invertibility condition Eq. (1.7b) insures that the
decomposition is not just a splitting of 7" into disjoint sub-
spaces.
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The eigenvalues and degeneracies of the covariant Laplacian acting on symmetric tensors of rank

m<2 defined on n-spheres with n>3 are given.

I. INTRODUCTION

In a previous paper' we computed the eigenvalues and
degeneracies associated with the action of the Laplacian on
symmetric transverse traceless tensors of rank m<2 defined
on r-dimensional spheres S, n>3. Here we make use of
these results to obtain the eigenvalues and degeneracies asso-
ciated with nontransverse tensors, and present a table of the
complete eigenspectrum of the S” Laplacian on symmetric-
tensor fields up to rank two. Knowledge of this spectrum is
important for quantum-gravitational computations** in Ka-
luza—Klein theories.

Il. NONTRANSVERSE VECTORS

On a compact, simply connected manifold without
boundary, such as the n-sphere, an arbitrary vector field ¥,
may be written in a unique manner as the sum of two other
vector fields*:

V,=T, +L,, 2.1)
where T, is transverse,
VT, =0, 2.2)

the “longitudinal” vector field L, is the gradient of a scalar
field S,

L,=V,s, (2.3)
and T, is orthogonal to L, in that
f d"xg'?g”T L, =0. (2.4)

(V, is the covariant derivative operator on S™.)

The spectrum of V°V,, acting on transverse vectors has
been computed in Ref. 1 (see Table I}. Keeping in mind the
well-known spectrum of V“V,, acting on scalars on S”, we
can easily obtain the spectrum of ¥V, acting on longitudi-
nal vectors on S " using Eq. (2.3).

Define

LY=F,T"=9,T", I=12., (2.5

where T is a scalar harmonic (see Table I). Since the 7'""s
form a complete set of scalar functions, the L /s defined in
{2.5) will span the space of longitudinal vectors (2.3). Fur-
thermore, the L /”s form a complete (rather than overcom-
plete) set of longitudinal vectors, since L !”s constructed
from orthogonal T “”s will themselves be orthogonal:
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Jd ny g1/2 gazﬁa T‘”vbT'“’)
= fd nx g1/2 gab aa TO 3,,T’“"
= fd"x TH aa(gl/z gab abTAI’))
= _ fd nxgl/2 T(l)?aVaT:(l')

=E%ﬂfd"x g2 T, (2.6)
Integration by parts shows that every L !) is orthogonal to
every T'"). In addition, it is clear that none of the L ”s will be
identically zero: LY'=3,T""=0 would imply
T = const. But the only constant 7""'is T [see Eq. (2.2),
Ref. 1], and that one has already been excluded.

To show that the L *"s are eigenfunctions of V°V,, we
make use of the commutation relation® for covariant deriva-
tives acting on vectors,

(V¥ = VY)Y, = ViR “uac @7
and the relation® between the metric and Riemann tensors
on an n-sphere of radius 7,

Rapea = (l/rz)[gbcgad — 8ac8sa ]
Employing (2.5), (2.7), and (2.8), we obtain
VV L= —([ll+n—1)—(n—-1DI/ALY, 1=12..

(2.9)

The degeneracy of the / th eigenvalue in (2.9) is the same as
the degeneracy of the / th scalar eigenvalue {see Table I).

(2.8)

Il. NONTRANSVERSE TENSORS

A unique decomposition,* analogous to (2.1) for vec-
tors, exists as well for rank-two symmetric tensor fields H_,
onS”™

H,, =T, +(1/n)g,,H; +L,,. (3.1)
T,, is symmetric, transverse, and traceless:
Ty ,=YT,, =T% =0. (3.2)

The longitudinal traceless part L,, can always be written in
the following manner:

Lab = va Vb + Vb Va - (2/n)gachVc (33)
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TABLE L. Spectrum of ¥V, on § " of radius 7 acting on scalars, vectors, and rank-two symmetric tensors.

Eigenfunction Eigenvalue Degeneracy
S 1 1) @1 ! 2
) _i+n—1) ol e U ol =0, 1,..
T 7'2 Dl(nr 0) “(’l — 1)! El I 01 ly
Vectors, ¥, 1 1)—1 i 12! i 3
0. §Fap ") = _tit+n—-1)—1 +n— +n—1)l+n— —
THO.VTY =0 = Dy(n, 1) = n— 20 1) 1=1,2,
LO_F,T0 —”"“'“2_‘”’” Dyin, 0) 1=1,2,
Symmetric Tensors, Hu 1 1)-2 1) — 2 + n)l — )21 W 4+ n— 3
TYTTY =Tt = T{} =0 ~HEE =l ppey e A B R s,
LY =¥,T94+¥,T" —’”*"_'12"‘”*2) Din, 1) 1=2,3,.
T
LY =V LP+F,L0—/mg, FLY  — ’—(’ii;—l’:ﬁ Dy(n,0) 1=2,3,.
=2V, ¥, T — 2/n)g, Ve ¥. TV
g TV _l +___"z' =1 Dyn, 0) 1=01,.
for some vector ¥,. This vector, however, is not unique, 0=V, 7H+V,T9, (3.8)
since if any V, satisfies (3.3) for a given L,,, the vector
V, + C, will satisfy (3.3} with the same L, provided C, isa = = ~
. . __©a 3] )
conformal Killing vector field, i.e., 0=V4V,T,'+V,T;) (3.9)
v Cb + vb _ (Z/n)gab ch =0. (34) Usmg (27), (39) becomes
Since we know that any vector can be written as a linear 0= — Ui+n ; 1)~ n] T (3.10)

combination of transverse harmonics 7'{ (see Table I) and
the longitudinal vector harmonics (2.5), we see that the space
of longitudinal traceless tensor fields L, is spanned by the
following sets of “longitudinal-transverse” and “longitudi-
nal-longitudinal” tensor fields, respectively,

L‘” =V, 7{4+V, TV (3.5a)
and
Ly =V.LY+ VL) — (2/nge, VLY
L
= zﬁ(ib )T"’ — (2/n)g, V¥, TH, (3.5b)

(We shall determine later those values of / for which these
tensors are nonzero.) The commutation relation for covar-
iant derivatives on a rank-two tensor is

(6 Vb b va )'Hc =HedR ecab +HceR edab (3 6)

After some straightforward manipulations usmg (3.6),
we find that the tensors (3.5) are eigenfunctions of V°V ,,

V"VJ;%'J=—— [l(l+n—'12)—(n+2)]l;gc] (3.72)
and
eagam: _ [I(l+n:21)—2n]‘2(b,c,. (3.7b)

We now determine which of the longitudinal tensor
harmonics (3.5) are identically zero. Consider first the longi-

tudinal transverse tensors (3.5a). If L ) = 0, then the corre-
T

sponding T'{ is a Killing vector field,
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Since T'{) is not identically zero, / must equal 1. Thus, the

nonzero L U)°s are those with / = 2,3,..

Similarly, ifa long1tudmal-10ng1tud1nal tensor (3.5b) is
zero, it arises from a longitudinal vector harmonic satisfying
the conformal Killing equation,

0=V, LY+ V,LD —(2/n)g, VLW (3.11)

Taking the divergence of this equation and using (2.5) and
(2.7), we find

0— [l(1+nr—2—l)—n] Lo,

so the nonzero L U)>g also start at / =

(3.12)

From Table I we note that the number of TV"s is
n(n + 1)/2, which is equal to the number of linearly indepen-
dent Killing vector fields on the n-sphere. > We also see that
the number of L /s is n + 1, which is the number of confor-
mal Killing vector fields on § ” which are not also true Kill-
ing vector fields.%’

Finally, we show that the longitudinal tensor harmon-
ics (3.5a) and (3.5b) are linearly independent, provided that
the T{”s and T""s from which they are constructed are
linearly independent. Suppose not; then there exists at least
one relation of the form

SChaLG?+ >C(lq)L%?=0, (3.13)

Lq T T ] L L

where the CT (7, gy'sand C (I, q)’s are constants not all of which
L

are zero. The index “‘¢” distinguishes between L Qs (L )s)
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constructed out of different 7¢”s (L !”s) corresponding to
the same /. Using the definitions (3.5a) and (3.5b), Eq. (3.13)
becomes

%(Sctare+ e aryo)
[,qT I,qL
+V( ClhqTh?+YCll, 3,"9))
b ET( q) g;,L( q)L

2 =
_-g,,VC( Cll,qT*?+ SC(, L’-ql):o.
£V ZCUaTE + SC gL
(3.14)

Since the T %"s and L { ¥’s are linearly independent, the
quantity in parentheses in (3.14) must be nonzero. Equation
(3.14) then says that this quantity must be a conformal Kill-
ing vector field; but this is impossible, since, as we have
shown, conformal Killing vector fields must be made out of
T%%gand L »9"s with / = 1, and these are already excluded
in the construction of the longitudinal harmonics.

The results obtained in this paper® and in Ref. 1 are
summarized in Table I.
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A rescaling transformation of space and time is introduced in the study of nonlinear dissipative
systems that are described by a second-order differential equation with a friction term
proportional to the velocity, £ (¢ Jv. The transformation is of the form (x,t )—{(£,0 ), where

x = &C(t) + alt),d@ = dt /A *(t ). Thisrescaling is used to find each potential for which there exists
an exact invariant quadratic in the velocity and to find the invariant. The invariants are found
explicitly for a power-law potential, (¢ )}x™* '/(m + 1), and an arbitrary coefficient of friction
B (t). Weshow in an example how the rescaling transformation can be chosen to give an asymptotic
solution of the equation in cases where the exact invariant does not exist. For certain parameters,
the asymptotic solution is a self-similar solution that is an attractor for all initial conditions. The
technique of applying a rescaling transformation has been useful in other problems and may have

additional practical applications.

1. INTRODUCTION

In recent years considerable work has been devoted to
finding exact invariants for Hamiltonian systems. One-di-
mensional systems have received the most attention (cf., for
example, Refs. 1-3) and there has been some work on three-
dimensional systems.* A major motivation for studying in-
variants of dynamical systems is the possibility for applica-
tion in plasma physics and other self-consistent many-body
problems; and applications of exact invariants have been
made to the Vlasov-Poisson equations recently.>® In this
paper we discuss the extension to dissipative systems of some
ideas and results that have arisen in connection with finding
exact invariants for nondissipative systems.

For the Hamiltonian

H=14p'+Vigt) (L.1)

all of the potentials ¥(g,¢ ) have been found such that there
exists an exact invariant that is quadratic in the momentum p
(see Ref. 3). For those potentials, the invariants can be ob-
tained and the system rendered autonomous by making the
generalized canonical transformation’ from (¢g,p, )to (Q,P,T')
given by

Q=(g—a)p, P=I[plp—a)—plg - a)),
T:j}ﬁwuu

where aft) and p(¢) are arbitrary functions of time and an
overdot denotes differentiation with respect to time. This
transformation is a type of rescaling of the variables (g,0,¢ ).
Results for the Hamiltonian (1.1) can also be applied imme-
diately to a certain class of dissipative systems because the
more general Hamiltonian

H=a(t)p” +b(gtlp +clg.) (1.3)

can be transformed to (1.1) by the generalized canonical
transformation’

(1.2)

“ Permanent address: Physique Mathematique, Modelisation et Simula-
tion, Université d’Orleans, 45045 Orleans Cedex, France.

68 J. Math. Phys. 26 (1), January 1985

0022-2488/85/010068-06$02.50

b

- (1.4

t
Q=gq, P=p+ T=fdﬂmﬁ
This transformation is a generalization of one used by
Kanai.®

The original derivation of the quadratic invariants for
the Hamiltonian (1.1) did not start from the transformation
(1.2); rather, the transformation was a result. A different
point of view, which has been adopted before in connection
with problems related to the Hamiltonian (1.1),” is to begin
with a rescaling transformation. This will be our starting
point for discussing dissipative systems. We shall generalize
(1.2} by rescaling space and time in terms of three time-de-
pendent functions instead of two; however, we shall not as-
sume an a priori rescaling of momentum. A rescaling trans-
formation of configuration space variables and time only
does not require that the system under study be Hamilton-
ian. It can be used with an arbitrary system. In general, our
objective in introducing such a transformation is to obtain
equations in the new variables for which an exact or approxi-
mate invariant can be found. It also may be that the new
equations can be treated more conveniently than the old
equations even if an invariant cannot be found. This possibil-
ity is important because we can expect that explicit exact
invariants will be found only for severely restricted classes of
dynamical systems, no matter what method be used.

A rescaling transformation can sometimes be used to
remove dissipation terms from the equations of motion, as is
the case with a damped linear oscillator. In other cases it can
be useful to introduce or modify dissipation by means of
rescaling. For example, friction in the new equations may
allow asymptotic solution of the equations for large values of
the new time variable. Such asymptotic solutions can repre-
sent nontrivial attractors in terms of the original varia-
bles.'!!

The extent of possible applications of rescaling to dissi-
pative systems is not known. Many more useful applications
may yet be found. An important area of practical interest,
where a multidimensional generalization of the transforma-
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tion used in this paper may be useful, is resistive magnetohy-
drodynamics.

In this paper we illustrate a particular rescaling proce-
dure for dissipative systems by discussing examples. In Sec.
II we introduce rescaling for a second-order ordinary differ-
ential equation that describes the motion in one dimension of
a particle moving under the influence of a potential in the
presence of friction. This is the equation of motion for a
particular Hamiltonian system of the type represented by
(1.3). In Sec. ITI, we consider a particular class of such equa-
tions that are associated, for example, with nonlinear small
oscillations about an equilibrium point, which occur when
the curvature of the potential at the equilibrium point van-
ishes. We find the cases for which our rescaling transforma-
tion leads to an autonomous system and we solve the equa-
tions explicitly and in detail. For those cases, the energy for
the new equations is an exact invariant, quadratic in the ve-
locity, and our results are an explicit example of the known
general results for the Hamiltonians (1.1) and (1.3). Our re-
sults are also a generalization of a result due to Sarlet and
Bahar.!? We give an example in this class of equations from
which the solution of the Emden equation for two different
exponents can be obtained. In Sec. IV we consider cases for
which the rescaling transformation does not lead to an au-
tonomous system, but does allow us to find an invariant asso-
ciated with the long-time asymptotic behavior of solutions.
We summarize our conclusions in Sec. V.

Il. THE RESCALING

We consider second-order ordinary differential equa-
tions of the form

d X 3¢
+B() e

where ¢ {x,t) is a space- and time-dependent potential and
B3 (t)is a time-dependent coefficient of friction, which may be
positive or negative. We introduce a rescaling transforma-
tion from (x,t ) to (£,8) according to

x=£EC(t)+alt), dt = A%t)do, (2.2)
where C (t), a(t), and A4 (¢ ) are three arbitrary functions. We

shall call £ (6 ) the new coordinate and @ the new time. The
equation of motion in the new variables is

=0, (2.1)

d*% d§ 3 _
7 +B a§ =0, (2.3)
where
P>, 42 ij‘ﬁ — iﬂ_
Ao)=4 [B+2 Cdt A at )]’ 2.4)
3E8)= 2 Ay —;-ic—(‘fit +B‘2—f)§2
d3a da
+*(7r‘ B e 23

The transformations defined by (2.2) form a group. From
(2.2) it is easily shown that if C;, 4,, and a, characterize one
transformation and C,, 4,, and a, characterize another,
then the result of applying transformation 1 followed by
transformation 2 is another transformation of the same
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form, characterized by and
a=a, +Ca,
If# = Oand ¢ is independent of §, then the energy in the

new frame,

L&)

will be an exact invariant. Setting B=0in (2.4), we can im-
mediately integrate the equation to find

C=CC, A=A,

(2.6)

A(t)=C(t)exp[iB(t)], (2.7)
where
Bt) =f,3(t \dt'. - (2.8)

By using (2.7) in (2.5), we can find the form which ¢ must
have in order that ¢ be independent of 8

_ 1 x—ay
6 xit) = (23)¢( —<)
C+BC 2
'—2(_0 )(_m
— (@ + Ba)x — a), (2.9)

where (,3 is an arbitrary function of its argument. The exact
invariant € can be expressed in terms of x and ¢ through the
relation

dx _ C d¢
& Ve +£&C+a. (2.10)
The result is ’
1 . . 2
e-;exp(ZB [C(— —a) C(x—a)]
+¢(x_“) (2.11)

Equations (2.9) and (2.11) are an example of the results found
previously concerning invariants quadratic in the momen-
tum (or velocity) for Hamiltonians of the form (1.1) and (1.3)
(see Ref. 3).

lli. APPLICATION TO A PARTICULAR CLASS OF
EQUATIONS

Consider the potential

éxt)=nt)[x"+/(m+1)], m#1. (3.1)
This potential is associated with small nonlinear oscillations
about an equilibrium at x = 0 if m is an integer larger than
unity. Such oscillations occur if the curvature of the poten-
tial at the equilibrium point vanishes. With this potential
(2.1) becomes

d’x

dt?
Forcertain functions (¢ Jand 8 (¢ ), thisequationis of the form
discussed in the previous section for which the rescaling
transformation renders the equation autonomous with an
exact energy invariant. In order for the potential to corre-
spond to the allowed potentials given by (2.9), we must take
alt)=0, (&)= [K/(m+ N]E™ "' + (L /2)62, (3.3)
where K and L are arbitrary constants. The requirement that

=0. (3.2)
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(2.9) be satisfied separately for each power of x leads to the
following conditions on 7, £, and C:

Nt)=K/C™*3exp[2B(t)], (3.4)
d>C dc L
ar P T e o)

Equation (3.5) can be solved for C in terms of 5. Then (3.4)
gives the family of functions (¢ ) which, for a given3 (¢ ), make
the potential (3.1) be in the class of allowable potentials given
by (2.9). For such a y{¢), (3.2) is transformed into

d*

do?
by the rescaling transformation. This equation can be solved
easily and, for m = 2 and m = 3, the final quadrature can be
performed in terms of elliptic functions.

We can find the general solution of (3.5). First we notice

that the general solution for L = 0 is given by

(3.6)

+LE+KE™=0

Cit)=J() (3.7a)
and that a class of solutions for L = — b2/4 is given by

C?(t)=J(¢), (3.7b)
where J (¢ ) is defined by

J(t)=a+bf exp[ — B(t")]dt’, (3.8)

and a and b are constants. We next make the ansatz that the
general solution of (3.5) can be written as

C*t)=MJ*t)+ NJ(t), (3.9)

where M and N are constants. It will turn out that this ansatz
is correct. Differentiating (3.9) twice we obtain

2CC = 2MJJ + NI,
2(CC + C?) = 2MJ? + 2MJJ + NJ.
Multiplying (3.10) by £ and adding (3.11) we find

(3.10)
(3.11)

2[C(C+BC)+ C21 = 2M + N)J + BT) + 2MJ 2. (3.12)

Since J + BJ = 0, (3.12) simplifies to

C(C+BC)= —~C?+ MJ> (3.13)
From (3.10) we have C = (1/2C JJ (2MJ + N) and we can re-
write (3.13) as
C(C+BC)=(JY/4CH[4MC* — 2MJ + N)*]. (3.14)
Taking (3.9) into account and the fact that J=25
X exp[ — B ()], (3.14) becomes

C+BC= — ((b%/4)/C?exp[2B(t)]}N~ (3.15)
Thus, the general solution of (3.5) is obtained by taking
N=1land —b*4=L:

C2=MJ*+J, (3.16a)

13
J(t)=a+(—4L)”2fexp[—B(t’)]dt’, (3.16b)
where M and q are arbitrary constants. The fact that there
are two arbitrary constants shows that this is indeed the gen-
eral solution.

Combining (3.4) and (3.16), we find that there is an ener-
gy invariant for (3.2) when #{¢ ) is given by

70 J. Math. Phys., Vol. 26, No. 1, January 1985

Wt)=K/(MJ? +T)m+32exp[2B (¢)]. (3.17)
Written explicitly, the invariant is
e=LJ(MJ+ 1)exp[2B(t)]
[d_x_ J(1+2MJ) xr_b_z x?
dt 2J(1+MJ) 8 JIMJ+1)
X X (3.18)

m+ 1 (MJ2 4 1m0z

This result is a generalization of a result given by Sarlet
and Bahar,'? who also obtained this invariant for (3.2), ex-
cept that the class of functions (¢ ) that they found is a sub-
class of the functions given by (3.17). Their results corre-
spond to the case M = 0, which gives the solution (3.7b) for
Cit).

An example: Consider the case

b_ s

1—4

Blt)= 2, explB(t)] =1, Jit)=a+
(3.19)
From (3.17) we have
e =K ([M(a+ [b/(1—A)]e'~*)

+(d+ [b/(l _l)]tl-/{)](m+3)/2tu}—1.
(3.20)

Two interesting limiting cases can be obtained from (3.20).
The first is

M=0, a=0, b=1-—-24, (3.21)
which leads to

At) = KtAim—D—(m+ 312 (3.22)
The rescaling functions 4 (¢) and C(¢) are

At)=t"2 C(t)=t"-47 (3.23)

The form of 4 (¢ ) indicates that the new time, 8, is at the limit

of logarithmic compression. That is,
6—1=logt, (3.24)

where 6 is normalized such that ¢ = 1 corresponds to 6 = 1.
This limit of logarithmic compression is found frequently.'?
The invariant for this case is

e=1*"[**+ vt (4 — 1)]

+ (K /m + 1)]xe = 72m e+, (3.25)
where
- ‘fj_’t‘ . (3.26)

If we set A = 2 and m = 5 in this example and replace ¢ by r,
the radial coordinate in a spherical coordinate system, then
(3.2) becomes the Emden equation with exponent 5, which
arises in the study of spherically symmetric stellar equili-
bria, '

1 d( dx)+x"‘

2 dr\ dr
d*x 2 dx
] — r— m=0. 3.27
dr r dr tx (3.27)

The fact that the energy invariant exists for the Emden equa-
tion with exponent 5 was recognized by Chandrasekhar.!*
The second interesting limiting case is obtained from
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a=0and b—0, M—w with Mb2>(1 —A). (3.28)
With these limits, we obtain

Yt)=Kerimrn-mad (3.29)

AR)=t'""*72 C(t)=1t'""4 (3.30)

e=1vt+ A — 1x12+ [K/(m + )] {xe? Y+,
(3.31)
From (3.29) we see that A =2 and m = 1 gives the Emden
equation with exponent unity. Thus, we have also found the
energy invariant that Chandrasekhar' obtained for that
equation.

IV. ASYMPTOTIC INVARIANTS
We consider the equation

d X A dx

+ — — 4 put'(sgnx)jx|” =
—z T Tt e x)ix" =
which has the same form as the limiting cases considered in
the example in Sec. II. [See (3.22) and (3.29).] For this equa-

tion we have
Blt)=A/t, exp[B(t)] =t* yt)=pt". (4.2)

Wemakeaparticular choice of transformation functions 4 (¢ )
and C (¢ ) that is convenient for obtaining exact energy invar-
iants for (4.1) as well as for finding asymptotic results when
an exact energy invariant does not exist. T his choice, which
has been useful in some other problems,'! is based on a split-
tmg of the ¢ (6,0) defined by (2 5) into two parts. We define a

“rescaled potential” ¢1 and a “transformation potential” ¢2
by

4.1)

$i(E.0) = (44/C)g, (4.3)
3 _l4*(dCc  ,dC\,,
$:6.9) 2 C ( dt? +h dt )g
A% { d?a da
e (G e a)e ‘a4
so that
$(E.0) = $:(E.0) + $,(£.6). (4.5)

For treating (4.1), we select C(¢) and A {¢ ) such that the re-
scaled potential is f-independent and we choose a relation
between C(r)and 4 (¢).

Tobegin with, werelate C (t)and 4 (¢ ) according to(2.7),
sothat = 0. Then, choosing a(t ) = 0and C (¢ ) according to

Cr+¥y2r+r— (4.6)
we find
$i(E)=pllE |+ /m + 1)], (4.7)
3AE0) = § RA+nlr+m+3—-A{m+ 1))
(m + 3)
x 1+(e_1)’"+3+2’"“”"” ]_2
m+3 ’
(4.8)

where 6 is normalized such that @ = 1 when ¢ = 1. The rela-
tion between @ and ¢ is
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m+34+2r—A(m
m+3

=t[m+3+2r»—/l(m—1)]/(m+3)_l

6-1) —1)

(4.9)

From (4.8) we recognize the two limiting cases given by (3.22)
and (3.29) for which an exact invariant can be found when
it ) has the form ut". For r = [A (m — 1) — (m + 3)]/2 [cor-
responding to (3.22)], ¢, is 6-independent. For
r=A{m+ 1) — (m + 3}[corresponding to (3.29}], ¢2 is zero.
For both cases, the energy € is an exact invariant since B 0
and ¢ is #-independent.

Now let us consider the case where the energy invariant
does not exist and, to begin with, we suppose that we have

r>[Afm—1)—{m+ 3)]/2. (4.10)
Moreover, now and henceforth we assume
m>0, A>1, u>0. 4.11)

From (4.9) we see that 6— 0 When t— oo; and from (4.8} we
see that ¢,—~0 when 6— . Asymptotically, the motion in
the new space is frictionless in a f-independent potential.
Therefore, € (the energy in the new space) is an asymptotic
invariant. We notice also that the region in the (r,m) plane
described by (4.10) and (4.11) includes the straight line

=A({m + 1) — (m + 3). (See Fig. 1.) On this line the asymp-
totic invariant is also the exact invariant corresponding to
{3.29), for which 4, is zero.

At this point we notice that, for m < 1, a negative trans-
formation potential can play a role asymptotically even
though it goes to zero as & ~for each £. In this case, thereisa
potential crest that can push a particle into the outer region
where the dominating potential is the transformation poten-
tial that goes to minus infinity for large {£ |. Then, in order to
find the asymptotic behavior, we simply have to solve (4.1)
neglecting the potential. Qbviously, this will depend on ini-
tial conditions and it indicates a bifurcation of the particle
trajectories, some particles escaping the physical potential,
others oscillating in the rescaled potential. To delineate the
region for which such behavior can take place, it is sufficient
to compare, at large times, the velocity of the moving crest
with the velocity of particles in the outer region. For
r = — 2 these velocities are equal for all values of A when
m < 1. Moreover, comparison of these velocities for r < — 2
and r> — 2 shows that the bifurcation can only take place
for values of r and m inside the triangle bounded by the three
straight lines m=0, r= —2, and r=[m{A-—-1)

— (A + 3)]/2. (See Fig. 1.)

We now turn to the case

r<lAim—1)—(m+3)1/2, (4.12)

which is the opposite of (4.10). The rescaling transformation
that we used when (4.10) was satisfied is inconvenient for
analyzing the long-time behavior when (4.12) holds. We need
tofind another “new space” where the asymptotic properties
can be deduced from physical arguments. We give up the
requirement 8 = 0, instead selecting C (¢) and 4 (¢ ) such that
the rescaled potential and the transformation potential are
both f-independent. The transformation given by

A(t)=t"% aft)=0 (4.13)

will suffice. It is interesting to note that the logarithmic com-

C(I) = tlr+2)/tl—m),
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pression of time associated with 4 (¢) is the same as we had
from (4.9) in the limiting case 2r = A (m — 1) — (m + 3).
The total new potential is now

)= —"— + 1]
2742 ) mr—m—
2(m—1)2M(m )—r—m—1].
(4.14)
From {2.4) and (4.13) we have for the new friction
C 4
por=i[ % +2(G - %))
_ 3+2r+m—/l(m—-1). (4.15)
1—m

For a given A, (4.14) and (4.15) partition the (m,r) parameter
plane by means of the four straight lines

r=1[l—1Um—@A+3)1/2,
r=A—1lim—@+1), (4.16)

asillustrated in Fig. 1. There are four zones, labeled I, 11, III,
and IV. In zones I and II, the coefficient of friction is posi:
tive, while it is negative in zones III and IV. The potentials ¢
and the signs of the coefficients of friction are indicated in
Fig. 2.

We begin with zone I1. Because the friction is positive,
the particle will asymptotically reach the neighborhood of
£ = 0, where, since m > 1, the dominant potential in £ space
is the transformation potential. This means that the motion
for t— o« is described by (4.1) without the potential term,

dxx
at T a Y 17

The solution is

r=-2, m=1,

x=Xxgt' " 4+, (4.18)

where x, and y, are arbitrary constants. In zones IIl and IV,
the coefficient of friction is negative and we shall have
|€ |[— oo for large values of @ or . However, because m < 1 in
these zones, the dominant potential in £ space for large |£ | is
again the transformation potential and the asymptotic solu-
tions will again be given by (4.17} and (4.18).

In zone I, we have both a positive coefficient of friction
and a total potential in £ space with two wells, as is indicated
in Fig. 2. Consequently, the motion in the new space is bifur-
cated and the asymptotic state is a static equilibrium at the
bottom of one of the potential wells, located at + &,. There-
fore, the asymptotic solution for x is

x = £yt ~lr+2/m—11, (4.19)

The choice of C (¢ ) in (4.13), which has the same time depen-
dence as (4.19), could have been suggested by a short consi-
deration of the stretching group symmetries that are ad-
mitted by (4.1). For zones I and IV, there is a self-similar

r

f T m " FIG. 1. The (r,m) space (drawn for the case
% / A = 2). In the hatched region we have € as-
I ymptotically invariant. The rest of the space
A is divided into four zones. The equations for
m| T the three lines are r=(m—5)/2,
r=m—1l,andr=m - 3.
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+
>
+

FIG.2. Thetotal potential § (£ )in
the four zones. The signs indicat-
ed are the signs of the coefficients
of friction. In zone I, the points

+ £, are attractors; in zone IV
they are unstable.

7.
L

ZONEIL

-~
™~

ZONE IIL ZONE I

solution of (4.1) with this time dependence and, therefore, it
could have been supposed that this time dependence would
play an important role in describing the solution for those
zones. The stretching group transformation is

t=c%1 x=c"X. (4.20)
In order to leave (4.1) invariant, we must have
= — [(r+2)/{m — 1)]8. (4.21)

This leads to a group invariant x/¢ "% and, consequently, to
a self-similar solution of the form

x = Et ~lr+2/m—11 (4.22)

where E is a solution of

BE™ —E[(r+2/(1 —mPl[Am—1)—r—m—1] =0.
(4.23)

In zones I and IV, the real solutions of (4.23) are + &,. The
rescaling process has told us about the stability of the self-
similar solutions. In zone I, not only is the self-similar solu-
tion stable, it is also an attractor for all possible initial condi-
tions. In zone IV, the solution is obviously unstable due to
the form of the potentlal and the sign of B {see Fig. 2). The
ability of rescaling to give information about the stability of
self-similar solutions has also been noticed in a problem of
stellar dynamics.®
It is interesting to note that the point (r = — 2, m = 1)
is a pivotal point for the diagram in Fig. 1. That point corre-
sponds to a linear harmonic oscillator with a coefficient of
friction that decreases as ¢ ~', in which case a stretching
group exists from which the solution can be found easily. It
was noticed earlier by Besnard ez al.® and by Sarlet and Ba-
har'? that the linear oscillator is a limiting case in the treat-
ment of undamped motion in a power-law potential. When
damping is present, the linear oscillator again appears as a
special case because the rescaled potential and the transfor-
mation potential are both quadratic in £. This means that the
conditions (3.4) and (3.5) are replaced by the single condition
dC dC L
7 +B(t) +7’( )C= CTexpl2B ()]
where Lisan arbltrary constant. Then an exact energy invar-
iant can be found for all functions (¢ } and £ (¢ ). In contrast,
for the nonlinear power-law case (m = 1), the invariant only
exists when y(t ) and £ (¢ } are suitably restricted.

, (4.24)

V. CONCLUSION

We have discussed the application of rescaling transfor-
mations to dissipative systems by means of some simple ex-
amples. First we showed how to use rescaling to obtain the
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potentials for motion in one dimension that allow an invar-
iant that is quadratic in the velocity and to obtain those in-
variants. This result has been obtained before by other
means. We applied the result in detail to time-dependent
power-law potentials with damping. This allowed us to ob-
tain exact invariants for a restricted class of time depen-
dences. Then we showed how the rescaling method could be
used to obtain time-asymptotic solutions of the equations for
some time dependences that did not allow the exact energy
invariants.

Rescaling transformations are potentially useful in
many applications. The basic idea, which we have illustrat-
ed, is to choose the transformation functions in such a way
that the new equations are more readily analyzed. A possibly
important application may be to equations of resistive mag-
netohydrodynamics. Another possibly important applica-
tion is to numerical computations. In particular cases, it may
be possible to transform equations to a form for which
simpler, more accurate, or more stable numerical methods
are available. For example, numerical solution of (4.1) may
be rendered simpler by rescaling in such a way that the new
coefficient of friction vanishes and the rescaled potential is &-
independent. If B (¢ ) and (¢ ) are slowly varying, then in the
new space there will be periodic motion on which is superim-
posed a small perturbation due to the transformation poten-
tial.
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On the analysis of relaxation in electrolytes
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Debye and Falkenhagen [Phys. Z. 29, 121 (1928)] analyzed a linear initial/boundary value
problem for a differential equation of diffusion type to model the phenomenon of relaxation in
electrolytes; specifically, they sought to characterize the disappearance in time of the radially
symmetrical and static charge distribution surrounding an individual motionless ion after the
latter is instantaneously removed. A detailed reexamination discloses the existence of multiple
solutions for the posed problem, with agreement as regards the initial condition and disparity as
regards behavior at the central location. A regular solution during the entire relaxation regime is
exhibited and offered in place of the classical one, due to Debye and Falkenhagen, which retains a
singular nature at the site originally occupied by the reference ion.

I. INTRODUCTION

The modern theory of liquid electrolytes, given both a
qualitative and quantitative basis through the perceptive ap-
proach of Debye and Hiickel,! envisages that any individual
(reference) ion has a surrounding *“‘atmosphere” or cloud
with the opposite sign of charge; for dilute solutions the
spherically symmetrical and static space-charge distribution
about the central ion (at » = 0) is obtained from the function

Yr)=Cle™"/r) (1)
which satisfies the ordinary differential equation
1 d ( 2 dy ) 2
——\r— |- =0, 0 2
rdr\ dr v > @

and vanishes in the limit 7— o . Soon thereafter Debye? cited
the importance of examining temporal changes in this model
and wrote, “Suppose a charge (of small dimensions) has been
long enough at some point of the liquid, so that its ionic
atmosphere has reached its equilibrium value. Now let us
annihilate this central charge at the instant 1 = 0. We will
ask how the charge density of the atmosphere spreads out to
zero density. The mathematical expression for the charge
density or the potential as a function of the distance from the
center and the time turns out not to be very simple. The
principal point however is that there exists an essential time
constant governing the decrease.”

Debye and Falkenhagen® presented the first analysis of
arelaxation time (€ ) for the whole ionic atmosphere, relying
on the partial differential equation

1 3 (,0a _

fas(s 8s) I=%7 50
which involves a pair of dimensionless variables s = «r and
7 =t /6; the explicit solution

>0, (3)

_ e (" e
Sfls,7) R fr_ o e~ dt
=5 (- ) )

is stated without derivation and justified on the grounds that
fls0)=e"/s )
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in accord with the initial {(equilibrium) form (1), and that

f (S, oo) =0
as the ultimate disappearance of the atmosphere implies.
Falkenhagen’s book* contains the assertion that (4) is the
only solution which satisfies all the necessary conditions,
namely (3) and (5). The expression (4) appears again in the
published version of lectures at Harvard by Debye® with the
appertaining statement, ‘“We shall not give here the math-
ematical steps for obtaining this solution, but the fact that it
satisfies the boundary conditions is easily verified.”

The entire magnitude of electricity in the ionic cloud
can be calculated from its density, s°f (s, ), and is thus propor-
tional to

0= [ srtsrs 6
0
on utilizing the distribution function (5), the initial value
00)= [ "f(s.0s = 1 Y
0

follows directly. Given the determination (4) and the reduc-
tion which is described in the Appendix, Part (I}, two results
are established, viz.

1 [+ _. I
Q(T)=7+ _;r?e ———(W)I/ZJje €°d¢, >0
= 1 _ 2 712 2 P2 — e 750 (8)
2 3(17_)1/2 5(77.)1/2
and
lim Q(7) = }#@(0). (9)
—0

The discontinuity revealed by (9), together with the nonuni-
form limit relations

lim lim sf(s,7) = lime~° =1

s—0 70 s—0

and

. . 1 ® 2 |
lim 1 7)) =1 —dt= —
tim lim o s,7) = lim 75 Le £=3

prompt a reassessment of the problem ab initio and of the
solution (4) in particular.
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Appropriate specifications for the basic differential
equation (3) comprise a single initial condition at =0
[namely (5)], since a first-order 7-derivative occurs, and a
separate pair of boundary conditions at the endpoints
s = 0,0, inasmuch as a second-order s-derivative occurs;
however, Debye and Falkenhagen simply invoke the re-
quirement that the solution must approach zero when s— oo
and omit any specific reference to the behavior at s = 0. In-
deed, the value of sf'(s,7) when s—0 can be left arbitrary, and
thus the problem posed for the relaxation time consider-
ations admits an entire family of solutions.

A general approach which features preliminary trans-
formation of the initial /boundary value problem is described
in Sec. I and a particular solution that manifests continuity
of the total charge up to the initial instant of time is found.
This solution is rederived in Sec. IIT where the consequences
of applying various direct analytical procedures are drawn.
Finally, in Sec. IV the Debye—Falkenhagen solution is re-
constructed and compared with other versions that assume
the same initial form; furthermore, the existence of a
noteworthy solution of the differential equation for the re-
laxation regime, namely one which has null values initially
and finally, is established.

Il. GENERAL ASPECTS OF THE INITIAL/BOUNDARY
VALUE PROBLEM

The pertinent equation (3) which enables a study of
transients in a single species electrolyte, is convertible by
simple transformations to the ordinary one-dimensional dif-
fusion equation on a half line; thus, let

Sfls,7)=@ls,7)/s (10)
and the equation for ¢ (s,7) becomes
¢ 9
272 _g¢=2, 11
2 ¢ a r ( )
Next, applying the representation
$ (s,7) = e~ "Y(s,7) (12)
it is found that
% _
—_— , >0, 7>0. 13
a a7 (13

Standard analysis (and, specifically, the use of a Fourier sine
integral) furnishes a solution of (13),
— /M —7)

s [ " e ,
Ys,7) = WJ; I/’(O,T)—‘——(T_T,)g,,z ar

T ® 1 — /47
se e ’
+ g | e 4

which satisfies the conditions
Y(s,0) = (s,0)=e"" >0,

Yoo, 7) =0, 7>0,

and allows for an arbitrary choice of the boundary value
#(0,7),7 > 0. The direct inferences from (14), namely

(15)

lim ¥{s,7) = ¥(0,7), 7>0
s—0
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and

1/'(.?,0) ( 5;1/2 J- 7_1—3/2e—1’—sz/4-r’ dr =e—-s,

manifest its self-consistency; and the result of differentiation
therein, viz.

¥l =— i;/»(s,rns:o
1 __Wo,7) »
1/2 dT (‘T'—T)I/Z
1 e
f, (W) a
1 1//(07' -
1/2 (7.__ 7_)1/2

-

e
(17_7_)1/2 + (77,)1/2 J; (TI)I/Z
is reserved for later comment [cf. (19)].
There exists an analogous solution of the partial differ-
ential equation (13), wherein the boundary derivative y (7)
takes the place of the function (0,7), with the other require-
ments unchanged- this is expressed by

dr', >0 (16)

—52/4(1' )
s, 1) = )1/2 f xlr ) )1/2
_e v 4y AT
+ FIIZJ; e —(7)1/2 {17)

and the requisite properties
lim( - % ) =y(7), 7>0,
Js

s—0
1 ® v —ssar AT
l//(s 0) 1/2 J; e (T:)l/z

are confirmed. The particular version of the representation
(17) that emerges after making the choice s = 0, i.e.,

=e” %5 §>0

1 dtr’
¢(O,T) = 1’_1/2 o (f_(j ) 1)71-/2

1 . (”
+ ——e(ﬁ)m J; (1-)”2 dr’ >0 (18)
constitutes an integral equation for y (7); and the solution
(which is obtainable by employing a conventional Laplace

transform procedure)

1 0 ,

—ro?
agrees with (16), 1nasmuch as
J' ® e~ "o*do
o 1+ 0’2

-1 [~ T e[ S ()1,2 (20)

A singular component of y () in the limit 7—0, which
stems from the second term of (19), can, in principle, be re-
moved by a particular determination of the function ¥(0,7).
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If, in fact, the representation

®
1/2 f e

obtained from the explicit term in (18) is utilized for evaluat-
ing the common integral in (16) and (19), the result

! T o —r
W) ooy [T

o (7.__7_!)1/2 ﬂ.1/2 . (T')I/Z
(22)

I dT'
(Tr)l/?.

Y0,7) = (21)

1 T

,”.1/2

implies, together with (16), that y ()
quence of (13), namely

= 0. The ready conse-

R 23)
yields, furthermore
J:a ylrdr= — J: Y(s,0)ds = — 1, (24)

given the condition (15); and the outcome of integrating (19),
namely

- _ . (0,7’ ,
J; x(rdr = _1+Tl£]: 17_1/2f (r— T)I/Zd =0

is compatible with a null value of y (7) when (22) holds.
The appertaining solutions of (3), generated from (14)
and (17) through the relationship

fls,7)=e~"Yis,7)/s (25)

comprise, in additive manner, terms that have a null initial
value and the others,

i = (‘),,zfe
e

— 7 — /47 dr’ (26)

TI3/2 !

Ar

, 27)
TI 1/2 (
respectively, which assume the common initial value

Sf(s,0)=e""/s, s>0;

a distinction between the latter as functions of s emerges,
insofar as (26) is regular at s = O for all 7> 0, while (27) im-

plies that
L J l *®
7 ) e

7—0.

J— dT’

Lilg-if(syf)= (1_,)—,,2

—1,

If the measure of charge Q (7) defined in (6) is calculated
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on the basis of the expression (27) it turns out that

T 2 7 —¢2
Q) =1+2 /—;—e“ ——mJje 6 dg

. 4 /2 2
— - G

._’0’
(28)

and thus [in contrast with (9)] the limit Q (r}—>1,7—0 mani-
fests a continuous transition to the initial value.

Having regard for the general expression [furnished by
(14) and (25)]

1 g ,
Fl6m) = 5 j $(0,7)

% exp (— (r — ') — s2/4{r — 7)) dr

( — 7 )3/2
1 - — 7 — /47 dT’
2" e 129)
it is easy to establish the connection
Qin=e "+ f #(0,r)e" """ dr' (30)
(1]

between Q (r) and ¢ (0,7) = lim,_,,, sf'(s,7); furthermore, (30)
implies that

Q +0=4(07)

and, in particular, that

(%)...-

The determination which follows from (27),

— 1+ ¢(0,0). (31)

s0n= 1 ["ea 32)

yields ¢ (0,0) = 1 and hence, (dQ /d7),_, =0, as is consis-

tent with (28).
Let

Fls) = f " fisridr 33
(4]
and the relation

lim(
s—0

is a straightforward consequence of the basic differential
equation (3) for f(s,7). Utilizing (29) it turns out that

3’%) + J; "2 F (s)ds = L " s Ods =1 (34)
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Fls)= on Sfls,7)dr
_ [ ¢,

. e~ T 1 ® . ,exp(—(r—7)—s/4r—7)) ,,
- 2(7)1/2f J- 13/2 dr + 2( )I/ZJ dTJ ¢(0’T) ( 7.)3/2 dr

_ TAr e exp( — (r — 7') — /41 — 7))
= e 2( )1/2_[ ¢ (0,7)dr' J. dr

2(77,)1/2 1/2 (T—T’)3/2
1 3 e—E—5/4%
=k et )uzf ¢ (07 )dffo R d¢
1 (" dr s 2.d (et
=k T )”Zf # O ( &l em %
=e-s[l + L f ¢(O,T)d7], (35)
2 s Jo

and the mutual compatibility of (34) and (35), regardless of the specific nature of ¢ (0,7), is confirmed.
After (17) and (25) are cited to justify the representation
o= S/Hr—7)

1 * s AT I '
f(S,T) ( )1/2 J; € (7_1)112 + (77)1/2S J; X(T) (7._7.')1/2 dr (36)

and the function % (s) expressed in accordance with (33), the outcome is

_ o — sy AT 1 —r e /M f') -
y(s)_ (17,)1/2 J. J (7.!)1/2 + (7)1/2 J. dTJ"X(T) )1/2

1/2, — 17— s/41 1 _S2/4(T T’)
= —(7)1/2 J; 7% dr + ——(F)I/ZSJ(; ar fl’( ) — ) dr' dr

= )1+ sk, (37)
independently of y (7), and the relations (34) and (37) evidence full agreement.
To verify that the representation (14) of #{s,7) conforms with Eq. (24) which involves {r) = — (3 /s)y(s,7)|, _ o, consider
® ® i ' — 5%/4(r — 7)) s * C dr'
3 dr = s J d J. 0, n CXp (T dr J' ‘rJ- 7 — /47 d
J; T = 2 b ¥ $ O T o = N 7o

s o0 X o0 dT
— 0’ e d lf — /41— T)
2(7)1/2.[) pOmendr ), ¢ (r— 7P/

s v _gur AT ® e AT
BETRE [_f ) e +fo ¢ Tm]

=j ePp0r)dr+1—e*
0

= [ worur+1—e (38)

on the hypothesis that the latter integral exists. Differentiation in (38) with respect to s then yields, in the limit s—0, the
integral condition (34).

lil. PARTICULAR ANALYTICAL TECHNIQUES

The analysis in the preceding section, based on conversion of the original partial differential equation (3) to the simpler
form (13), reveals the existence of whole families of solutions that satisfy a prescribed (and common) initial condition. It is
instructive next to examine the results yielded by other procedures for resolving the given equation, bearing in mind the
absence thus far of a direct link with the Debye-Falkenhagen solution (4).

A Laplace transform approach may be directly invoked for the system

149 ( af ) af ,
. ’ 0 0 3
2 as\ 3 $>0T> 3)
fis,0)=e"%s, [ (s,r)—»O, 5— 0 (5
with an assigned initial condition relating to the variable 7; thus, on designating
Fool= [ e rrisnar (39)
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it follows from (3) and (5) that

d> 2 d

(ds2 s ds (40
where

¥ =1+p. (41)
Let

fls.p) = (s,p)/s (42)
and

(ssz )"’“e b s>0. 43)

An appropriate solution of (43) takes the form
é (s,p) = A cosh s + if e~ “{cosh s sinh ys’ — sinh ys cosh ys'}ds’
y Jo
A 1 1 A 1 1 1 1
elg- el d - el - e
2 2ry+1 2 yy-1 vy =1 2vlr+1)

exclusive of a solution B sinh ys to the corresponding homogeneous equation which generates a regular component of fat
s = 0. The arbitrary coefficient 4 in (44) is fixed by the asymptotic behavior ¢—0, s— o, whence

=(//ly+ 1)]

and
$lsp)=e"/p—e P+ /pp+ 1)/ (45)

having regard for the relation (41) between ¥ and p. On applying the inverse of the transformation (39) to the function specified
by (42) and (45), it follows that

—~Jp+1s o
flsr)= —— f e"’-—l—[e“’— Z ]dp: 1 f emxr Lo =15 4 (46)
2mis Je p e+ 1)!/? s ) Yr—=1

after deforming the contour C (on which p = p, + i8, py >0, — « <& < ) along the sides of a branch cut at the section
— oo <p < — 1 of the negative real p-axis. The function ¢ (s,7} = sf(s,7) characterized by (46) satisfies the differential equation

ié. — _ 1 e~ "~ /4T
dr (mr7)!/? ’
whence
1 R
y = e— e ——
s = = | e
and
__1 ¥ —r_enr dr
f(S,T) - 77'1/25 Jr e (T,)l/z

in conformity with the prior representation (27).
If the function B sinh ysis added to (44), thereby fashioning the general solution of (43), and the condition of boundedness
ats = oo is invoked for the specification of 4 in terms of B, it turns out that

1 © dr B | ey
o) = o [ T T amE T )

with an arbitrary coefficient B. The second term of (47) constitutes a solution of the partial differential equation (3) which is
regular for all s>0 when 7 > 0; this may be termed an instantaneous source function by virtue of its singularity at s = 0 and null
value for s> 0 at the initial instant 7 = 0. The deduction from (47),

Q(T)=f°° Sfls,r)ds =1+ 2r/me =" — ?/2 ﬁe‘§2d§+Be*’
) 7' Jo
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reveals that the total charge assumes the prescribed initial value Q (0) = 1 only when B = 0 and the concomitant source term is

removed.

The solution of (43) which vanishes at s = 0, thereby precluding the existence of a singularity for the function fin (42),

namely

& (s,p) = B sinh ys + —f
is rendered precise by the assignment B =

plsp)=e*/p—e T 1/p, B(aw,p)=0

¥{cosh s sinh ys’ — sinh s cosh ys'}ds’

1/¢7y + 1) and this yields

(48)

in place of the determination (45). On expressing the inverse of the transform function (48) it is found that

1 o= sinyy — 1s d

f(S’T) = - X
s N X
_ 1 ooe — o —§/40 do
- 2am ), o>
=fl(s97-)

after differentiating the previously established relation

1 ,cos — 1s 1
J et -2 w= 7% J;

0.1/2

with respect to s.

A different means of integrating the nonhomogeneous
differential equation (43) employs an auxiliary or Green’s
function; specifically, given the function G (s,s’) which satis-
fies the relations

dz N S s
(Ti?_ )G(s,s)f Ss—5'), ss5' >0,

(49)
G0s)=0, G(wo,5)=0
and admits the explicit (symmetric) representation
G(ss)=(1/y)sinhys_e 7" = G(s',s), {50)

it can be verified in standard fashion that

350 = f " Glssle " ds + 3005615

=@0ple= P _e=/p_eP+Typ
and thus, reverting to the original variables s, 7,
¢ (s,7)= e‘"¢ (s:p)dp
2mi

= Wfsﬁ(off')
2
v exp(—(r—7)—s /4(7'—r))d ,

(7. )3/2

S o0
— e
+ 2(17.)1/2 J;

which duplicates the content of (12) and (14).
If the Green’s function G (s,5”) is replaced by a different
one, viz.

gls,s') =

whose s-derivative vanishes at s = 0 and otherwise satisfies
the same conditions as does G, the solution of {43) can be
exhibited in the form

!
v — gy AT
1.'3/2’

- Vs

1 cosh ys_e ", (51)
14

79 J. Math. Phys., Vol. 26, No. 1, January 1985

o0
J‘ e—a—-s’/‘ta dU

— s

és.p)= —

( % ¢ (S’P)), 7 Lw gls,s')e =% ds'

~ e (w009,

—-—S

e e~ P+ 1s
P P+ 1
where the final pair of terms are precisely those entering into
(45) and thus characterize the Laplace transform of the func-

tion f(s,7) given in (27). The first term in (51) represents the
Laplace transform of

) (Geen).,

Xexp (— (1 —7) — /41 — 7))

(52)

d !
(r—7)"
and hence the full inverse of (52),

—_— 1 7
Blsr)= - f &3 (5.0)dp

corresponds to the function described by (12) and (17).

As an alternative to the transform analysis of the system
(3) and (5) with a separate and explicit initial condition, con-
sider the single differential equation

(v2 —1- —)/_ YrH (— 7)8(s)

whose inhomogeneous term accounts for, via the Heaviside
function H ( — 7), both a steady source regime (7 <0) and the
abrupt disappearance of the source (at 7 = 0). On invoking
the representation

(53)

l @

H(—n= o [ el

_ [1, 7<0
2 @

54
0,7>0 (54)

with a contour that passes below the point @ = 0 and also the
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representation for a local singularity/source at s = 0,
1 J’ ®
b(s) = e**dk
) 7PJ)- .«
a particular solution of (53) is readily constructed, viz.

l'k-s — ot
waw+z(k 1)} dw dk,
wherein
k?=kk.
After evaluating the w-integral it follows that

1 (" dk
= — exp (ks — (k> + 1)r ,
f= 5] e lkes — (k24 1)) s
and thus, consequent to integrating over directions in k

space,

2 kdk
s,7) = — | sinkse ¥tV T
flom)= f K241
— 1 ¥ v—sur AT

in accord with the result

HJ' sinkse %+ = k dk
k241

= if cos kse* + Y dk
s Jo

- (s/tﬁ)\/;r-e - 7—52/47-/1,3/2'

The agreement between (55) and an earlier determination
(26) may be noted along with the fact that a singular behavior
at s = 0 is manifest only when 7 = 0.

IV. INTERRELATIONSHIP OF SOLUTIONS AND
CONCLUSIONS

The approach chosen (though not specifically present-
ed) by Debye and Falkenhagen for securing their representa-
tion

forlor)= L [ eSdg “)

is discernible from an analysis of Debye® concerning tran-
sient effects in a two-component electrolytic solution. His
characteristically simple procedure rests on the preliminary
ansatz

fls,r)=e™*"e"/s) (56)

for a particular, two-parameter, separated variable solution
of the differential equation (3). Inasmuch as

ld(sza')e""s e
— g2 = = , 0
sds\ ds/ s s 5>
if follows that (56) satisfies (3) provided
a=1+«
and thus the integral
flsm) = f A=+ £ g (57)
o s _

expresses a more general solution of the linear differential
equation. A specification of the function 4 («) is reached by
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enforcing the initial condition, viz.

* iKs _ e s’ 5> 0’
[ - Awema={i " 20
which yields
A(K)=—1—f e-w—sgg— 1 1 (58)
27 Jo 27 1+ ix
Combining {57) and (58) the representation
1 @ e—(1+x2)r e+iKs
7)) = — - dx 59
Sls) 2 J_w 1+ix s (59)

emerges and this may be transformed in the following man-
ner. Consider sf'and the appertaining relation

i(sf) +sf = —I—J- e~ U+ cos ks die
ds
1 -1 — /4
= ——¢ . 60
2mrr)/? (60)
Since
T 1 —(1+ x’)r ld,
str) =lim of) = o [ S (1 — e
o L —(1+x)r
LN R (61)
W J-w 1442
by reason of symmetry and, moreover,
_dg_ = — ._1_ ” e"(1+"2"rdK
dr 27
1 -
= S T
the subsequent determination
1 ® e
gir)= —t [ em¥d (©2)
Tt U

provides the integration constant (relative to 5) which fixes a
unique solution of the differential equation (60). Thus, re-
casting (60) in the form

a - e’ o — ST
L= 5o
1 — (s — 27)%/4r
= — ¢
2712

and integrating
1 * 2
sf(s,re’ =glr) + ————f e~ =24 gg
if (5,7) 8lr) Amr) 2 Jo

1 R
17‘/2J:/?e £ dg

1 s/2T — 1 s
+ =7 f_ﬁ e~¢'dt (63)

after the change of variable s — 27 = 2y/7¢ is employed. In-
asmuch as

fjae_§2d§=£be‘5zd§

the Debye—Falkenhagen representation follows immediate-
ly from (63).
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Let the variable 7' in the expression

1 o0
57)=——+ | e
Jalsim) ()% .[
be replaced by £, where

, s
‘/-T— 2( )1/2 g’

]
v —gsar AT

(1")”2 (271)

and thus

Vr =4(§+V57 + 25)
dr’ 4 :
(7)1/2 - (1 + (;2 + 25)1/2 )dg’

accordingly,

o) = | e - (7 - 5 )‘/2)]( i

= S e

=Jor{s,7) +*(57) (64)
with
* - _¢ = ” -¢? &
ren= S o T 6

= (¢*/2s) erfe(yT + 5/2(7)'/?).

It is fitting that the function f* which represents the differ-
ence between a pair of others with the same initial and final
values (7 = 0, o) vanishes itself at these epochs. A straight-
forward calculation [Appendix II] establishes

5T =5 *s) = S J I R S
N7~ s/27

m €*+ 29"
as a solution of the partial differential equation
& * * _ 9p*
Is* o —¢ ar’

whence f* satisfies the basic equation (3) underlying the re-
laxation theory analysis.

An appraisal of results, now in order, affirms the earlier
contention that Debye and Falkenhagen dealt with an im-
perfectly posed mathematical problem: The single initial
condition which they held to be definitive is merely a com-
mon feature of solutions that possess different behaviors at
the central or source point. The contrasting features of three
definite and distinct solutions f{s,7), f5(s,7), and fg(s,7) for
small values of 7 merits note; thus

1 * —_——¢ da
fils,7) = ___2(#)1/2 J; /w?‘m
e 1 T o —# do )

and, pursuant to the change of variable o = s%/4¢ ?,
pn=t - 2 [T (1= S )eea
Bl s ()% Jsayz 4
R (LR ] Wy
e 2 1+ & d
s (m)%s 2 s/zrf d

+ / T =54 r 0. (66)
T
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The latter estimate implies that

lim fi(s,7) =e /s, 5>0,
—0

lim sfi(s,7) =0, 7>0,
0

whence f, exhibits a regular nature at s = O for 7> O; further-
more, the respective magnitudes

Q)= f s =e=7, 750
and '
QinN=1—7+17 7<«I

arrived at on the basis of (26) and (66) are manifestly consis-
tent. Next, the function

____1 * —o—5 do
Lls,m) = (77')1/2s.[ e /a0 T
_ e’ 1 T 2ue dO
T s T s b e puTs
. e’ 1 i aey dO
s m,{; (1 —ole™" 172’ 7<1
(27)
is converted, in the manner employed for f;(s,7) to
2
fols,7) = — —2 —_ i (1 + i_)e—s’mr
V T S 6
2 TB/Z — $/4r
— ¢
3(,”)1/2 s
+ (1+ fz—)f e~ d¢, 70 (67)
T 6 / Jsraf7

and the deductions therefrom
—s

, §>0

tim fys,r) =

N
lim sfys,r)=1 —2_ | = 4 —2— 72, 750
s—0 T 3(7’,)1/2

along with
lim lim sfy(s,7) = lim lim sf5(s,7) = 1
—0 50 50 70

make plain the uniform continuity of fy(s,7) relative to the
variables s,7. The three term estimate in (28) for Q (7) at small
values of 7 is correctly reproduced by integrating the perti-
nent representation (67) of f5(s,7).

A version of the Debye-Falkenhagen function,

e_s e_s « _g!
$5,7) = — — —— e~ ¢ d¢,
forls) = = = =75 fmﬁ_ 2%
allows an estimate
forler)= f— — [ L Lo-2nr o g (68)
s r s

conditional on the inequality s» 2./7; and since the limits
7—0, s—0 are not interchangeable in respect of fi, a direct
counterpart of the uniform estimate (67) for f;(s,7) is lacking.

The realization of a singularity at s = 0 in the general
expression (29) for f(s,7) depends on the first term therein,
inasmuch as the second is regular with 7> 0. Let the function
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¢ (0,7) in (29) be assigned the specific form

¢ (0,7) = lim sfy(s,7)

1 Y /
~—,-f e -Jg,¢(o,0)=1, (69)
which follows from (36) if y (7) = O; then the appertaining
convolution
F(s,7)
5? ] dar
- 0’ ' — — 7 -
J:¢( T)exp[ (r=7) Yr—7)) (r = 7P
=2 e—gz-*‘""db( ) ’22 )d; (70)
S Jsr2{r
has a derivative
617 - 1 —r—s5/4r
ar P

e
(rr)"%s 2 (€2 —5/4n)'2

_e—'r—:z/4r 1 _ 2
= P T )

whose reduction is accomplished with the help of the result

a
— .l_ °°e_l’._—‘ix_= we_(a +°2)dg'
2 Ja ,u/_—az 0
= L e (71)
2
Hence,

1
y(‘»"):J:e_—a_ﬂw( P 1/2 )da', F5.0) =
(72)
and it follows from (29) and (72) that

1 C e do
for)= 5 fo emomre Lo

_ 1 J"e—a—sz/w do
(‘)T)UZS o 01/2

— e’ _ 1 J"e——o—:’/kl do
s (77')!/25 o a.l/2
1 fw o— 40 A0
=—| e = filsT
(17')1/2&' . o2 28:7)

with the anticipated singularity at s = 0.
Alternatively, let the function

2= —tim 2 (&7 (5,7),
-0 Js

which enters into the general representation (36) for £ (s,7) be
specified through the expression

® o d
¢(s,r)=5(;7,;£e o o

that is yielded by (29) when ¢ (0,7) and the first term are both
given null values. Thus,
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xi=- ——f e o

e—a‘
- (17,7,)1/2 + l/ZJ o2 dg, 7>0

= — o €90 (73)

where ¢ (0,7) designates the function (69). A two-part reduc-
tion of the appertaining integral

—32/4(1' ‘r’) ,
fX( NV —— )1/2

is indicated, and the result

J-‘r 1 e——s’/-t(‘r ) i = s fm —¢? d;
o (71)1/2 (7. _ T')llz 7172 s/2fF;(;2 - 32/47.)1/2
_ s f‘” e Xdy

T2V Jaar yly — 5/41)2
(74)
bears directly thereupon. Furthermore, if
2s,7)
= | ¢(0,7)exp{ — (r —7) —s*/Yr—T )}-—d—-
o ( — 7 )l/2
=st e-5’~"/‘¢’¢(o,r— 322)£, (75)
s/2T 45 'Y 2
then
a% — 1 e ™7 $2/4r
ar 12
o f ed g
()2 Jesar yly — s/47)'/?

The common integral in (74) and (76} is dealt with by first
defining

IA)= L i

and noting that [cf. (71)]

dl e d
—d7 - » (X__a2)l/2 X
_ f_e—la’
A ’
whence
® e di
1= [T e 2
=2ﬁf e~ %do
a Jaji

and, in particular,

() = r—e-_—xil—=2[’1re-°’da. (77

@ Wy —a’ @
On combining (76) and (77) there obtains
X = 1 -—1'——:2/41'_2e—f e_°2d0'
or 2 /2T
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and, accordingly,
Hs,7)

=fe‘”“”“’-d1—72—-2fe‘ f e~ “dod¢
] ag (1} s/2JE

— fe—a—.s’/4a do
o a'?

® do
27 -4 ——s-f —o-s40 27 (18
+ .[/2J?e ’ 2 Jo ¢ o? (78)

Thus, the representation (36) yields

e”* 1 —o—srae O
fls,7)= B - 2(1’,)1/2 J:e e P
1 “ — o —$/40 do
J
APPENDIX

when the results (73), (74), (75), and (77) are taken into ac-
count.

In summary, the preceding analysis establishes the fact
that the solution proposed by Debye and Falkenhagen be-
longs to a trio, f,(s,7), fa(s,7), and fpr(s,7), all of which com-
ply with the same prescriptions at 7 =0, 7 = o0, and s = oo;
fils,7) alone is devoid of singularity at s = O when 7> 0 and
may therefore lay claim to a preferential status during the
transient regime envisaged.
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(I) Let the Debye—Falkenhagen representation (4) for f(s,7) be utilized in connection with the volume charge integral

Q(s7) = fo " (s rids;

then, pursuant to integration by parts,

Qlsr)= #J:d( —e“)[sf;_s/zﬁe“zdg']

s
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whence
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R N T
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= — 4+ —e T — e~ di,
2 T w2 ) 6
as stated in (8).

The corresponding expressions generated by the choice (27) for the function f(s,7) are

Q(s,7) = ——1:/2 f e~ (1 —e=/*")dr'

and

T

4 (., . 4 d (1 __4J‘Fd(_._1_—;=)
Q(w’T)=FJ.F ;28 ¢ d§= -— ﬂl/zjd_a—(_{J—a‘)a=l 1’_1/2 o ; 2e

T . 2 T e
SRRV L ﬁf S

in agreement with (28).
(IT) A direct verification that

\/;‘# sr)=e"* .[/:_.s/zﬁ e ¢ _“(;2 +§2g)1/2 d¢
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satisfies the partial differential equation
Py _,_ o
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It has been shown previously that the resolvent of the inhomogeneous truncated Milne’s integral
equation with isotropic scattering enables us to reduce dimensionally the above auxiliary equation
via Chandrasekhar’s X- and Y-functions. In the present paper, extending the above procedure to
the case of anisotropic scattering, we show how to use effectively the Bellman—Krein—Sobolev-
like formula for the dimensional reduction of the Cauchy system of the source function via the

generalized Chandrasekhar X- and Y-functions.

I. INTRODUCTION

It is well known'!™ that an inhomogeneous truncated
Milne’s integral equation for the source function, i.c., the
auxiliary equation, plays an important role in the theory of
radiative transfer. In the case of isotropic scattering, making
use of the Fredholm resolvent, an initial-value solution of the
auxiliary equation was reduced to the Cauchy system of
Chandrasekhar’s X- and Y-functions, which fulfill the Ric-
cati-type of integrodifferential equations.>® In the case of
anisotropic scattering, it usually has been the case that invar-
iant imbedding of the source function enabled us to convert
an initial-value solution of the auxiliary equation to the
Cauchy system of the scattering function and that of the X-
and Y-functions.>*%7 In this paper, extending our preceding
procedure® to the case of anisotropic scattering, we show
how to use powerfully an initial-value solution of the two-
dimensional resolvent of the auxiliary equation, i.e., the Bell-
man-Krein-Sobolev-like formula, for the dimensional re-
duction via the generalized X- and Y-functions. In our
preceding papers,® ' it was shown that, with the aid of in-
variant imbedding, the scattering fucntion of Chandrasek-
har’s planetary problems with the diffuse (or specular) reflec-
tor was computed. In our subsequent paper, making use of
the present procedure, we shall show how to get an initial-
value solution of Chandrasekhar’s planetary problems with
hybrid reflectors.

Il. BASIC EQUATIONS

Consider the family of generalized Milne’s integral
equations with anisotropic scattering in a turbid siab:

Sfltvx)=g(tw) + /{Zt,u {f( ywx)}, (1)

where 0<t<x, — 1<v<], g(t,w) is the forcing function,
A (0<A<1) is the constant parameter, and A is the two-di-
mensional truncated Hopf ’s operator

x 1
A ) = [ [ Etvwsivwdyde. @
(4]
In Eq. (2) the generalized exponential function is given by
E (t,y;0,w) = exp| — (|2 — y|)/w]P (v,w)/w, (3)
where the phase function P (v,w) in radiative transfer satisfies

the local principle of reciprocity, i.e.,
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P{w) = Pw,y), 4)

P{—vw)=Pv, —w)=Pw, —v), (5)

P(—v, —w)=Pw), (6)
where O<v,w< 1.

In Eq. (2) the plus or minus sign of w corresponds to the
interval length 0<y<¢<x or 0<t<y<x, respectively. In other
words, Eq. (1) takes the form

Sflevx)
x 1
=g(t) + /lf L E(tyw, —w) fly, — wx)dy dw

+/1f0 f E (ty;0a0) f( pwx)dy duw. U

It is assumed that the interval length x is so sufficiently small
that Eq. (1) has a unique solution. Furthermore, it should be
mentioned that the E-function is shift-invariant with respect
to the geometric argument, whereas it is asymmetric with
respect to the angular argument.

Suppose that the Fredholm resolvent X (¢,y;v,w;x) does
exist and it satisfies the following integral equations:

K (t,y;0,u;x) = AE (t,y;0,u)

X 1
+A f f K (t,zv,wx)E (z,y;w,u)dz dw,
0 JO
(8)

and
K (ty;v,u;x) = AE (t,y;v,u)

x 1
+A f f E (tzp,w)K (z,y;w,u;x)dz dw,
0 JO
9)

where 0<t,y<x, — 1<v,u<l.
With the aid of the resolvent K, the solution of Eq. (1)
takes the form

Fltox)=glew) + j: J; K (tyv,w;x)g( y,w)dy dw.  (10)

Upon differentiation of Eq. (1) with respect to x, Eq. (1) be-
comes

filtox) =4 L E (tx;v,w) f(x,w,x)dw
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x 1
+ A f f E(typw) f.(ywx)dydw, (11)
0 JO

where the subscript x represents the differentiation. On in-
troducing the @-function, which governs the integral equa-
tion

D (t,ux)=AE (t,x;v,u)

>3 1
+4 f f E (t,y;o,w)@ ( p,w,ux)dy dw,
0
’ (12)
it is seen that
1
fotox)= f D (tw,wx)f (x,w,x)dw. (13)
(1]
From Egq. (10) it follows that
X 1
feewx) =gt + [ [ Kirpwulgtyady du. (14
0 JO

Equation (13) becomes

[ tvx) = folcb (t,v,w,x)dw( glx,w)

+ J:: JOIK (xy;w,u;x)g( y,u)dy du]- (15)

On the other hand, Eq. (10) may be differentiated with re-
spect to x to get

Sfiltox)= J:K (£.x;0,w;x)g(x,w)dw

x ]
+ f f K. (t.yvwix)g( y,w)dy dw. (16)
0 JO
From comparison of Egs. (15) and (16) it follows that

D (t,v,u,x) = K (t,x;0,u;x), (17)

1
K. (ty;vux) = f P (ty,wx)K (x,y;w,ux)dw, (18)
o

1
Kiltwwx) = | Kioxoulk o, (19
(0]
Equation (19) should be solved subject to the initial condi-
tions
K (tyvuy) = D (to,uy),
K (tyvut) =@ (yout),

for O<t <y, (20}
for 0<y<t, 21)

and Eqs. (17) and (19) are the desired relations. Equation (19)
is similar in form to the Bellman-Krein—Sobolev for-
mula,!!-13

Ill. CAUCHY SYSTEM FOR &-FUNCTION

In a manner similar to Eq. (1), we introduce an auxiliary
function J {t,v,u,x):

J(t,v,u,x) = AF (x,t;0,u)

X 1
+A f f E(tyv,wV (y,w,ux)dy dw, (22)
0 JO

O<r<x, — 1I<ogl, O<ug],

where
F(x,t;v,u) = exp[ — (x — ¢)/u]P (v,u), (23)

86 J. Math. Phys., Vol. 26, No. 1, January 1985

and the E-function is given by Eq. (3). Note that
D (ty,ux) = J(t,ux)/u. (24)

With the aid of Eq. (10}, the J-function is expressed in terms
of the resolvent

J (to,ux) = AF (x,t;0,u)

X 1
+A f f K (ty,w;00F (x,p50,4)dy dw.
0 0

(25)
On differentiating Eq. (22) with respect to x, it becomes
J(tvux)= —J(tvux)/u
1
+ J D (t,wx)M (x,w,u,x)dw, (26)
(¢]
where

J ev,u,x) = AF (x,x;0,u)

X 1

+a f fqb(y,v,w,x)F(x,y;w,u)dy dw.
0 0

27)

Equation (26) is the desired initial-value solution of the J-
function, whose form in the conservative case is similar in
form to that given by Kagiwada and Kalaba.®

In particular, for = 0 we have

J.0vux)= —J(Ow,ux)/u

+ f ltD (O,v,w,x) (x,w,u,x)dw. (28)

Inserting (x — ¢ )in place of ¢ in Eq. (22), it can be rewritten in
the form

J{x — t,u,x)
= AF (x,x — t,u)

X 1
+ AJ f E(x — typ,w)l ( y,w,u,x)dy dw
0 JO
= A exp[ — t /u]P (v,u)
>4 1
+ if J E(ty;vwl (x — y,w,ux)dy dw. (29)
o Jo

Differentiation with respect to x provides
J.x — t,u,x)

1
=A '[ E (t,x;v,wl (0,w,u,x)dw
0

x 1
+ A f f E (ty;v,wl, (x — yw,u,x)dy dw. (30)
0 (o]

On keeping Eq. (12) in mind, after some minor rearrange-
ments of terms, the solution of the above equation becomes

1
Jox — twux) = f D (t,v,w,x)M (O,w,u,x)dw. (31)
(¢]
Putting ¢ = 0 in Eq. (31), it becomes
1
Jxvu,x) = f D (0,v,w,x)V (0,w,u,x)dw. (32)
()]

The generalized X- and Y-functions are defined by the rela-
tions
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X xv,u) = J (x,0,u,x)/A, (33)
Y (x,v,u) = J (O,v,u,x)/A. (34)

On recalling Egs. (24), (28), and (32), a Cauchy system for the
X- and Y-functions takes the form

1
X, (xpu)=A4 f Y(x,v,w)Y(x,w,u)d—w, (35)
o w
Y, (xvu)= — Y (x,v,u)/u
! dw
+ A | Y(xuwlX (x,w,u)—, (36)
o w
together with the initial conditions
X (0,v,u) = P (v,u), (37)
Y (O,0,u) = P(v,u). (38)
On recalling Egs. (24) and (26), we have
D, (ty,ux) = — D(twux)/u

+ (%)J:¢ (t,v,wx)X (x,w,u)dw.  (39)

Once X- and Y-functions have been determined by Egs. (35)
and (36), Eq. (39) permits us to compute the ®P-function.
Then, with the aid of Eq. (19), we can compute the two-
dimensional resolvent X (¢,y;v,u;x).

IV. EXPANSION IN LEGENDRE POLYNOMIALS OF THE
PHASE FUNCTION

The results obtained in the preceding sections pertain to
an arbitrary phase function. A simplification occurs if the
phase function may be expanded in Legendre polynomials

Pwd—¢')= 3 (2—8om)
m=0
X
i=
where §,, is the Kronecker delta function, P7" is the asso-
ciated Legendre function of degree i/ and order m, and
Cr=C,(i —m\/(i + m)
f=mm+ 1,..n;m =0,1,2,...,n). (41)

CTPTWIP M(w)cos m(¢ — ¢ ), (40)

m

In this case the auxiliary function with the azimuthal argu-
ments takes the form

J(tvux;0) = J Ot,0,u,x) + 2 i J™(tvu,x)cos md,  (42)

m=1
where, for the sake of simplicity, ¢, is put to be zero. The
quantities J™ (t,v,u,x) are the coefficients of the azimuthal
expansion of the total auxiliary function. In a manner similar
to Eq. (22), the Fourier component J™ -function fulfills the
basic integral equation

J™(t,v,u,x) = AF ™(x,tv,u)

+A f‘ JIE ™t yu,wN ™ y,w,ux)dy dw,
0 JO (43)

where m = 0,1,2,...,n, 0<t<x, — 1<v<], O<ugl,
F™x,to,u) =exp[ — (x — t)/u]P™v,u), (44)
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and
E™tyv,w) = exp[ — (|t — y|)/w]P™v,w)/w. (45)
In Egs. (44) and (45) P™ (v,w) is denoted by

Puu)= 3 CTPIWPY() (46)

form=0,1,2,....,n

Once the auxiliary function has been determined by Eq.
(42) for each m, the Fourier component of the intensity of
radiation is found via the conversion of the auxiliary func-
tions. Equation (42) determines the mth component of the
total auxiliary function as a function of two arguments # and
v, whereas u and x are parameters. However, the reduction
of two arguments into a single argument results in computa-
tional simplification as below:

T{toux) = 3 C PPN Pitu,x). @7)

By substitution of Egs. (45) and (46) into Eq. (43), we get
JT(tux) = AF T(x,t,u)

n X 1
+4 j;m L fo E[(t.yw) [ y;wx)dw dy,
(48)
where
F7(x,t,u) = PMu)exp[ — (x — t)/u], (49)
and
E (t.y,w) = CT"P "(w)P Mw)exp[ — |t — y|/w]/w, (50)

fori=mm + 1,...,n.

In such a way J” (t,v,u,x) is expressed in terms of the
components J *(t,u,x) via Eq. (47), while for the evaluation of
the J I*-function we should solve the system of Eq. (48). Then,
for the complete solution of the problem under considera-
tion, it is required to solve the system of Eq. (48) for all m.
Hence, the complete solution of the problem for large » with
the aid of the J "-function becomes untractable from compu-
tational aspects.

Putting = x and ¢ = 0 in Eq. (47), respectively, we get

T"xux) =4 3. CTPION ), 51

T"O00ux) =2 3 CTP 7)Y Plux) (52)
where

X Mux) = J M(x,ux)/A, (53)

Y 7(ux) = J7(0,u,x)/A. (54)

From the physical aspects, the X 7"- and Y ["-functions deter-
mine the probability of emergence of photons from the slab
boundaries. On the other hand, recalling Eqgs. (33) and (34),
we have

X ™x,0,u) = J "(x,0,u,x)/A, (55)
Y "x,0,u) = J ™(0,0,u,x)/A. (56)
On keeping in mind Egs. (51), (52), (55), and (56), we obtain
X"rou)= 3 CIPTRX Mux) (57
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Yrlapu)= 3 CrPIWY a), (58)

An allowance for Egs. (35) and (36) enables us to get a
Cauchy system for the X- and Y-functions,

dX Mux) n i
— =,{j;m( — 1fHC Y Mu,x)
Lo m dw
X | Py w2, (59)
dYP(ux)  — Y7(ux) z
= A (044D €4
dx u + j;m 7 (urX)
1
XJ; Pw)Y ;"(w,x}%, (60)

fori =mm + 1,...,n,m = 0,1,2,...,n. The system of Egs. (59)
and (60) should be solved subject to the initial conditions

X 7(u,0) = P — u), {61)
Y7u,0) = P7(—~u), (62)
where O<u<1.
V. DISCUSSION

In the present paper, with the aid of invariant imbed-
ding, we derived a Cauchy system for the two-dimensional
resolvent of the inhomogeneous truncated Milne’s integral
equation with anisotropic scattering. It is of interest to men-
tion that, whereas the resolvent kernel of Milne’s equation
with isotropic scattering is shift-invariant with respect to the
geometrical argument, the kernel of resolvent in the case of
anisotropic scattering is of convolutional structure with re-
spect to the geometrical argument and furthermore is of
asymmetric character with respect to the angular argument.
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Then, the generalized Bellman—Krein—-Sobolev formula is
expressed in terms of the integration with respect to the an-
gular argument of the product of @-functions. The dimen-
sional reduction of the generalized X- and Y-functions is
made when the phase function is expanded in Legendre poly-
nomials. In our subsequent paper, making use of the present
procedure, the scattering and transmission functions of
Chandrasekhar’s planetary problem with diffuse-and-specu-
lar reflectors will be dealt with.
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The macroscopic field of a pointlike, arbitrarily moving monopole is split up into its bound and
radiation parts. The SO(2) fiber bundle, having the total monopole field as its curvature, is
embedded into an SO(3) bundle (Georgi—-Glashow model) such that the SO(2) monopole field is
composed in an SO(3) invariant manner by the microscopic gauge and Higgs fields: The Higgs
field constitutes the bound part and the gauge field (Yang-Mills field) is responsible for the
radiation part of the macroscopic monopole field. The role played by the field equations for the
validity of separate local energy-momentum conservation laws is discussed extensively.

I. INTRODUCTION AND SURVEY OF RESULTS

Since the pioneering work of t'Hooft’ the properties of
static smooth monopole solutions, emerging in nonabelian
gauge theories, have been understood very well (see Ref. 2 for
a review). It seems, however, that only little is known about
nonstatic, smoothly localized solutions, where the mono-
pole(s) are arbitrarily accelerated. The present paper is con-
cerned with a single arbitrarily moving SO(3) monopole in
the pointlike approximation.

From the macroscopic point of view, a pointlike mono-
pole presents no difficulties. The macroscopic monopole
field is the magnetic analog of the well-known Liénard—-Wie-
chert field for a single electric point charge. The properties of
this field were investigated thoroughly during the past dec-
ade from the point of view of traditional field theory.® At a
first glance, it may seem that a point monopole in Maxwell’s
SO(2) electrodynamics is the same as a point monopole in
SO(3) electrodynamics {Georgi—-Glashow model), because
the new effects emerging in nonabelian generalizations of
ordinary electrodynamics turn up only when one considers
smooth extended solutions to the field equations. This may
be true as long as one deals with static solutions; but if one
considers arbitrarily accelerated monopoles, the more gen-
eral nonabelian description opens up new aspects also in the
pointlike case. Here, the new approach refers to the separa-
tion of the macroscopic monopole field into bound and radi-
ation parts.

The main aim of the present paper is to demonstrate, by
means of embedding the (macroscopic) SO(2) bundle into a
(microscopic) SO(3) bundle, that the bound and radiation
parts of the macroscopic monopole field can be considered as
being differently composed by the microscopic fields: The
(microscopic) Higgs field constitutes the bound part of the
macroscopic field, which appears to be very plausible, be-
cause the bound field contributes to the energy-momentum
of the material source. On the other hand, the microscopic
gauge field (Yang-Mills field) produces, via its longitudinal
component, the macroscopic radiation field, which is re-
sponsible mainly for the interaction of the source with its
surroundings. This result is obtained by an appropriate
choice of the connection in the embedding bundle. The basic
restriction of this choice of connection is the invariance re-
quirement for the macroscopic field.
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The paper is organized as follows.

In Sec. II we shortly review the geometry of the mono-
pole field in terms of the fiber bundle language. It is demon-
strated that this field can be considered as the Euler classin a
two-dimensional real vector bundle over space-time. The to-
tal monopole field is split up into its bound and radiation
parts and the geometric meaning of the latter is discussed.
This discussion reveals the geometric origin of the partial
disentanglement of bound and radiation fields with respect
to the separate validity of Maxwell’s field equations for each
part (Bianchi identities).

The partial disentanglement of bound and radiation
fields becomes complete if one considers the corresponding
energy-momentum densities, which satisfy separate contin-
uity equations for the bound and radiative case. We shortly
discuss the question as to what extent the Bianchi identity
and the dynamical part of the field equations are really nec-
essary for the validity of the separate conservation laws.

After this extensive discussion of bound and radiation
fields of the pointlike SO(2) monopole, we turn to the main
aim of the paper by proposing that the bound and radiation
parts of the macroscopic field be differently composed of
microscopic fields: The bound part is due to the Higgs field,
while the radiative part is produced by the longitudinal com-
ponent of the Yang—Mills field. This identification program
implies the use of a higher gauge group [SO(3)] containing
the lower one [SO(2)] as a subgroup, such that the corre-
sponding SO(2) bundle is the reduction of the embedding
SO(3) bundle.

In Sec. 111, the bundle embedding, which is the process
inverse to the reduction SO(3}-SO(2), is studied in some
detail. If SO(2) electrodynamics is considered as a reduced
SO(3) system, the macroscopic monopole field F as the sub-
bundle curvature can be expressed in a manifestly gauge-
invariant SO(3) form. The bundle embedding must necessar-
ily lead to very special SO(3) field configurations, because the
exact symmetry group is only a submanifold of the proper
gauge group. Such configurations are the vacua of Higgs and
Yang-Mills type. The relation between these two vacuum
field configurations is studied in some detail along with the
invariance of the Euler class with respect to a transition from
one configuration to the other.

In Sec. IV, an intermediate configuration between the

© 1985 American Institute of Physics 89



two types of vacua can be found which allows the desired
identification of the bound and radiation fields with certain
combinations of the microscopic fields. Starting from the
Higgs vacuum configuration, the necessary change of con-
nection is performed in such a way that the curvature in the
embedding SO(3) bundle becomes connected to the accelera-
tion of the point monopole. This means that the (microscop-
ic) Yang-Mills fields, being responsible for the (macroscop-
ic) radiation field, are due to the acceleration of the particle.
This fits very well into the usual understanding of the rela-
tion between radiation and acceleration in the classical do-
main.

In Sec. V, the continuity equations for the three differ-
ent kinds of energy-momentum densities arising from the
three different kinds of fields (Yang-Mills field and its longi-
tudinal and transverse component) are studied. It turns out
that all three kinds of densities satisfy their corresponding
continuity equations despite the fact that the field equations
are not valid. Whereas for the Yang—Mills field and its longi-
tudinal component ( = radiation field) one half of the field
equations is satisfied via a Bianchi identity, the transverse
part does not even satisfy a Bianchi identity. Nevertheless, a
conservation law is valid for the transverse energy-momen-
tum density.

An integration (Appendix) of the three kinds of densi-
ties yields the corresponding four-momenta. The momenta
due to the transverse and longitudinal part of the Yang—
Mills field turn out to be equal.

il. BOUND AND RADIATION FIELDS IN SO(2)
ELECTRODYNAMICS

As a preparation to the splitting of the field into bound
and radiation parts in Yang-Mills—Higgs theory, we briefly
give a survey of this phenomenon within the framework of
abelian electrodynamics including the recent fiber bundle
approach to this problem.*

A. Field of an arbitrarily moving monopole
The electromagnetic field F,
F=}F, dx*Adx", (2.1)

of a pointlike magnetic monopole is a solution to Maxwell’s

homogenous equations (§: = — *d*)
5 *F =0, (2.2a)
sF=0, (2.2b)

which are valid off the world line of the point charge. This
field F is the magnetic analog of the well-known Liénard-
Wiechert field, which is generated by an electric monopole in
arbitrary motion. The magnetic monopole field F is given
explicitly by*

F=p 2L+ p 'nALu) (2.3)
Here, p(x) is the retarded distance of xeM ;~ from the parti-

cle world line £: x = z(s); n is a lightlike one-form which can

be written as (Fig. 1)
n=u-+yv

(2.4)

where u is the (timelike) velocity one-form and v is the dual
of a (spacelike) “radial” unit vector v [v(v) = — 1] being Fer-
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FIG. 1. The bundle hierarchy 7, C7, C 7,: The unit vector u(z): = [dz(s)/ds]

(uu = + 1) is tangent to the monopole world line £ at some point z. It is

orthogonal to the three-dimensional plane 4 (z) which itself cuts the world
line £ orthogonally at that event z and is spanned by the orthonormal vec-

tors { v;k,h}(z). Hence, e(z) = {u;v,k,h} is an orthonormal tetrad at z. A sec-

tion e(x} in the principal SO(1,3) bundle A, associated to the (trivial) tangent

bundle 7, of Minkowski space M, is obtained from e(z) by parallel transport

of e(z) (with respect to the canonical connection in 7,) along all future null

geodesics emanating from the vertex point z on 2. Thus the tetrad field e(x)

is constant over any future light cone L 3(z) and varies only when the vertex
point z is shifted along the world line. The subframe &(x}: = {v,k,h}(x)local-

ly spans the distribution 4 (x) and simultaneously represents a section in the
principle bundle A, associated to the three-plane bundle 7,. The section e{x)

can be used to calculate the connection & in 7, {3.4a) and (3.6) as well as the
extrinsic curvature {B; } (3.4b) and (3.12). The above construction evidently
implies Vu = ds ® du/ds=n & i and therefore the curvature in 7, vanishes
{3.13) on account of (3.12). However, the further reduction A—4 leads to
the nontrivial bundle 7, with the connection being given by A, (2.12) and its
curvature F representing the electromagnetic field (2.9). Thus, the electro-
magnetic SO(2) bundle 7, can be embedded hierarchically into two trivial
bundles 7, and 7.

mi-Walker-transported along the particle world line. The
two-form L

L= —kAh (2.5)
is a representation of the generator for (local) SO(2) rotations
k' = cos ak + sin ah,

h' = — sin ak + cos ah, (2.6)

within the distribution A. This distribution is spanned (local-
ly) by the unit sections k(x) and h(x) in the two-dimensional
vector bundle 7, which was used in Ref. 4 for the geometriza-
tion of the Liénard-Wiechert field. Therefore, the value of L.
upon the four-acceleration u(=du/ds) of the monopole im-
plies a projection onto 4 and an SO(2) rotation within 4:

L(a) = (ki)h — (ha)k. 2.7)
The electromagnetic field (2.3) is the Euler class of the
vector bundle 7, and hence is a member of the cohomology

group H*M [,Z) containing all closed two-forms over
M,
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dF = 0. (2.8)
which is the same as the first half (2.2a) of the field equations.
Equation (2.8) may be verified by observing that F is also the
curvature of the connection (A,) in 7

F=dA, (2.9)
Thus (2.8) turns out as the Bianchi identity for F in 7,. How-

ever, F does not admit a global “potential” A, over M,
otherwise the magnetic charge g would be zero due to Stokes

theorem applied to an  arbitrary  two-cycle
C’CM [ (C*=Q):
g=—td FsLd a, =0 (2.10)

47 Jc» 4ar Joc?
On the contrary, we shall verify below that g = — 1. The
relation (2.9) is valid only Jocally on patches chosen appro-
priately over M ;.
The potential A, transforms just as a connection one-
form in the intersections of the patches when an SO(2) gauge
transformation (2.6) is applied:

A—A] = A, + da. (2.11)
This transformation law becomes immediately evident by
observing that the connection A, can be expressed by the two
74 sections k(x) and h(x) as

A, = (k-Vh),
where the SO(2) gauge transformation (2.6) applies.

Whereas the first half (2.2a) of the field equations was
shown to be a Bianchi identity, the second half (2.2b) results

from the fact that the (Poincaré) dual of the electromagnetic
field admits a global potential “% A

(2.12)

*F=d"WA, (2.13)
which is the well-known Liénard—Wiechert potential
WA= —p~'u. (2.14)

We shall reconsider the meaning of the field equations
subsequently in connection with the continuity equations for
the energy-momentum densities, but first let us make some
remarks on the splitting of the field F into bound and radi-
ation parts.

B. Splitting of the field

A natural splitting of the total monopole field (2.3) is
based upon the separation into long range (~p ') and short
range (~p~?) terms. Consequently, one writes the total field
F as a sum of bound (°F) and radiation ("F) parts:

F=bF+rF, (2.153)
bF =p~L (2.15b)
'F=p 'nAL). (2.15¢)

In the context of this splitting, there is an interesting
point: The two fields °F and "F are partly decoupled in the
sense that one-half of Maxwell’s equations (2.2b) is satisfied
by each one of the partial fields separately; i.e.,

5F=0, {2.16a)
8°F =0. (2.16b)
Here, only (2.16a) is the relevant equation, (2.16b) is a conse-
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quence of (2.16a) and (2.2b). The geometric approach’ to the
monopole field reveals the origin of this phenomenon. The
dual (" F) of the radiation part ("F) is the curvature in the
bundle 7, normal to the original bundle 7, which has the
total field F as its curvature:

“F= —dB,. (2.17)
The connection in 7, is given by the one-form B, and so the
Bianchi identity in 7, agrees with (2.16a).

In addition, *" FF is the exterior derivative of the mean
curvature one-form for the integral surfaces of the distribu-
tion 4.

We now come to the question of to what extent the field
equations are necessary for the validity of the continuity
equations for the energy-momentum densities.

C. Splitting of the energy-momentum density

The partial disentanglement of bound and radiation
fields expressed by (2.16) becomes complete if one considers
the energy-momentum densities produced by those fields.
Since the total energy-momentum density T is quadratic in
the monopole field strength F,

T =T*E, e dx’, (2.18a)

— 8T, = F#F,, + *F**F,,  (2.18b)

the splitting (2.15a) of the total field F induces a splitting of T

into a radiative part (" T) and the bound part (° T):
T="T+"T,

— 8 T*, ="F*'F, + "F""F, .

(2.19a)

(2.19b)

Observe that " T contains only the long-range terms (~p ~2),
whereas °T is built from the properly bound part of the field
(~p~*) and the mixed terms (~p ).

The energy-momentum conservation law is usually ex-
pressed locally by the vanishing of the divergence V-T which
may be written as a one-form equation

V-T=(d, T*,)dx" = 0. (2.20)

The remarkable point in the present context is now that the
validity of the field equations (2.2) is not really necessary for
the vanishing of the tensor divergence (2.20). In fact, one has
the identity

— 47V-T="(6F A *F) — "(6*F AF), (2.21)
and thus the tensor divergence vanishes not only when both
field equations [(2.2a) and (2.2b)] are satisfied; this diver-
gence vanishes also when the wedge products, occurring in
the two terms on the right of (2.21), vanish separately. How-
ever, the most general case is when even the wedge products
are not zero themselves but only their difference vanishes. So
we see that one can actually dispense with the field equations
and nevertheless one can have energy momentum conserva-
tion!

A physically relevant application of this effect is en-
countered when (2.21) is written down for the radiation part
"F (2.15c) of the monopole field (2.3). In this case, the first
term on the right of (2.21) vanishes on account of the Bianchi
identity (2.16a) in the normal bundle #,. An explicit compu-
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tation of the second term on the right of (2.21) reveals that
the wedge product occurring there vanishes also.> Hence,
the radiation part of the energy-momentum density satisfies
the continuity equation separately,

V.T =0, (2.22)

without the field equations (2.2) being fully satisfied by "F.

This is a very plausible result if one interprets the classi-
cal mechanism of the generation of the radiation field in
quantum mechanical terms: Once the photons have been
generated by the source, they move outward with the veloc-
ity of light and independent of the subsequent behavior of the
source and its bound field. An interpretation in purely classi-
cal terms is also possible but involves a more subtle argument
concerning the geometry of light cones.®

D. The bound and radiation parts as composite fields

The separate continuity equation (2.22) for the radiative
energy-momentum density "T is extremely plausible and
therefore was welcome for the understanding and descrip-
tion of the electromagnetic field of a single monople. How-
ever, it seems somewhat unsatisfactory that the electromag-
netic field as an entity is broken apart into two parts with
rather distinct physical meanings: The bound part contrib-
utes to the energy momentum of the source and thus in-
creases its inertia and weight, whereas the radiative part is
shot out into space in order to interact with the remaining
matter in the neighborhood of the source. It seems desirable
to introduce two conceptually different fields in order to de-
scribe those two different aspects of the Maxwell field.

Following this line of thinking, one wants to have two
(microscopic) fields which together constitute the (macro-
scopic) Maxwell field F of the monopole in such a way that
one of the microscopic fields produces the macroscopic radi-
ation part " F whereas the other is responsible for the bound
part °F. A possibility for such a construction arises when
one embeds the fiber bundle 7, for the macroscopic Maxwell
field into a higher-dimensional fiber bundle 7,. Thus, one
needs a constraint field v(x) in 7,, which defines the reduc-
tion 7,—7,. The curvature fields {F;} in 7, should then co-
operate with the constraint field v in order to produce the
macroscopic field F in a way that the higher-order gauge
field (F;+') generates the radiation field "F whereas v(x) ac-
quires the meaning of a microscopic matter field and pro-
duces the bound macroscopic field. In this way, the contri-
bution of the bound electromagnetic field to the mass of the
source would actually be due to the microscopic matter field.

As a specification of this program, let us embed the
SO(2) bundle 7, into an SO(3) bundle 7,. For the geometrized
monopole field F (2.3), this embedding bundle 7, may be
constructed by means of the three-distribution A, which it-
self is spanned (locally) by the space-like frame vectors
{e;(x), i = 1,2,3}={v,k,h}(x), being orthogonal to the four-
velocity field u(x). Instead of reducing the tangent bundle 7,
of modified Minkowski space M, ( = M\ ) to the SO(2)
bundle 7,, we reduce it first to the SO(3) bundle 7, which
contains 7, as a subbundle. This subbundle 7, is specified by
the “Higgs vector” v(x) = {v' }(x). Considering the latter
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one as a 7,-section, it agrees with the first spacelike frame
vector v{x) being orthogonal to A within A (Fig. 1).

For the associated principal bundles, this reduction
process means that we first reduce the Lorentz group SO(1,3)
to its subgroup SO(3) and then the electromagnetic SO(2)
bundle is viewed as a further reduction of the SO(3) system.

Consequently, the curvature F in the SO(2) subbundle
can be expressed by the objects in the embedding SO(3) bun-
dle and is given explicitly by’

F = v'F, — e v (Dv) A (DvY)
(Dv'=dv’ + € 7, V*A)).
Here, D denotes the covariant derivative in 7,.

According to our philosophy concerning the field split-
ting (2.15a) we now try the identifications

'F=vTF,, (2.24a)

'F= —§eu v (Dv)A (D) (2.24b)
The longitudinal part of the “Yang-Mills field” F; as the
microscopic SO(3) gauge field produces the macroscopic
SO(2) gauge field. Similarly, the Higgs field v(x) as the micro-
scopic matter field produces the macroscopic bound part *F
contributing to the mass of the source.

In the following, we shall determine the connection
{A;(x)} and its curvature fields {F;(x)} in the embedding

bundle 7, such that the desired identifications are actually
verified.

(2.23a)
(2.23b)

Hll. SO(2) ELECTRODYNAMICS AS A REDUCED SO(3)
SYSTEM

If one wants to consider SO(2) electrodynamics as a re-
duced SO(3) system, one has to expect specific restrictions
for the SO(3) objects, such as connection { A, } and curvature
{F;}. The reason for this expectation is that some of the
degrees of freedom of the higher-dimensional gauge group
must be frozen in order that the higher-dimensional repre-
sentation [here SO(3)] becomes strictly equivalent to the low-
er-dimensional case [SO(2}]. One of those specific configura-
tions is known as ““Higgs vacuum”; this field configuration is
also the starting point for the construction (2.24) to be con-
sidered below. But the bundle embedding 7,—7, first leads
to another special type of SO(3) field configuration, which
may be called “Yang-Mills vacuum.” So we first describe
the latter one and then perform the transition to the Higgs
vacuum configuration. However, before relating these two
different vacua to each other, some remarks must be made
about the general properties of an SO(3) bundle 7, resulting
from its embedding into the trivial tangent bundle 7, over
space-time M [ .

A. Bundle embedding

The geometry of the tangent subbundle 7, exhibits some
constraints resulting from the fact that its embedding bundle
74 as the tangent bundle of M ;~ is trivial. The triviality of 7,
is expressed by the vanishing of the curvature {2 of the ca-
nonical connection @ over flat Minkowski space M :

2:=do+oAo=0. (3.1
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Here, £2 and w are s4(1,3)-valued two-forms and one-forms,
respectively. According to the property (3.1), any represen-
tative of the canonical connection e is of the form of a pure
gauge

w=A"1dA, (3.2)
where A is an element of the (proper) Lorentz group SO(1,3).
The decomposition of the s+(1,3) element w (3.2) with respect
to abasis {L',I'} of generators of the Lorentz group is given
by*

o=AL"+Bl (3.3)

where { L'} are the generators of the rotation subgroup SO(3)
and {7 } denote the Lorentz boost operators. The connection
coefficients A;, B; of the canonical connection w are ex-
pressed by the tetrad vectors {e,(x)] = {w;v,k,h}(x) as®

A, =&/ (e;-Vey), (3.4a)

B, = — (e;-Vey), (3.4b)
and satisfy the relations

dA; + /%A, AN A, = 1e/*B, AB,, {3.5a)

dB; + /A, AB, =0. (3.5b)

These relations can now be exploited for the geometry
in the SO(3) subbundle 7,. The connection & in 7, is obtained
by projecting the canonical connection one-form @ (3.3) onto
the s4(3) subalgebra of the Lorentz Lie algebra s4(1,3):

H=AL" (3.6)

The s0(3) curvature fields {F;} of this connection are given
by

F, =dA, + Je/*A; NA,, (3.7)
which may be also put in the form
F; = {e/B; AB,, (3.8)

when (3.5a) is used.

The connection coefficients B; acquire the meaning of
extrinsic curvature fields for the distribution 4 spanned lo-
cally by the subframe vectors §{ v,k,h}(x) and (3.5b) is written
more conveniently in SO(3) covariant form as

DB;: = dB; + /A, AB,==0. (3.9)
This means that the extrinsic curvature fields B, are covar-
iantly constant. This covariant constancy can be used for a
very short and elegant verification of the Bianchi identity in
T4

DF;: = dF; + €/“A; AF, =0 (3.10)
if one uses (3.8) for the curvature fields ;. The Bianchi iden-
tity (3.10) in 7, ensures also the validity of the Bianchi identi-
ty (2.8) for the macroscopic field (2.23), which is readily veri-
fied by observing

DDv = €, vF,. (3.11)

Let us make some final remarks concerning the embed-
ding 7,—,. Since the connection @ (3.6) in 7, was obtained
by projecting the connection (w) of a trivial embedding bun-
dle (r,), there are some special features which are not present
in the general case. The special form (3.8) of the curvature
fields F; and the covariant constancy of the extrinsic curva-

93 J. Math. Phys., Vol. 26, No. 1, January 1985

ture fields B, are only valid on account of the special connec-
tion @ (3.6). On the other hand, the relation between fields F;
and “potentials” A; (3.7), the formula (2.23) for the subbun-
dle curvature F, the Bianchi identities (2.8) and (3.10), and
the double operation of the covariant derivative D in (3.11)
are valid for any connection in 7,. We have to remember this
fact later on when we change the connection @ in 7, in order
to obtain the identification (2.24), which cannot be obtained
by a projectively generated connection such as @ (3.6). We
are demonstrating this now by applying the present embed-
ding mechanism to the bundle 7, with its curvature F being
the monopole field (2.3).

B. Yang-Mills vacuum and charge quantization

In Ref. 4 a special section e(x) = {u;v,k,h}(x) in the tri-
vial principal bundle A, associated to the tangent bundle 7,
over Minkowski space M [ has been used to perform the
splitting of 7, into the Whitney sum of 7, and #, . Utilizing
now the subframe e(x): = {v,k,h}(x)as a section in A, asso-
ciated to 7, we find that the curvature fields (F;) of the pro-
Jjectively generated connection @ {3.6) in 7, vanish. This can
be immediately seen by means of (3.8) and the specific result
found for the extrinsic curvature fields B;

B, = — (e;,-u)m, (3.12)
which are all proportional to the single one-form n. Thus 7,
is a trivial bundle

F,=0, (3.13)
and consequently the Euler class {2.23) of the subbundle 7,
acquires the specific shape

F—F = — j/*(DV) A (Dv, v (3.14)

This means that the macroscopic field F is built up sole-
ly by the Higgs field v, wheras the Yang—-Mills field contri-
bution is zero. Such a field configuration we call a “Yang-
Mills vacuum,” which is just the opposite of a Higgs vacuum
where the macroscopic field F is built up by the Yang-Mills
field alone (see below).

In the case of vanishing curvature (3.13), one can always
find an SO(3) gauge transformation S (x) = {S°;(x)}€SO(3)

e/ =Sle;, (3.15)
such that the new potentials { A, }

A =S'A+3 (SLi=5"'4S) (3.16)
vanish® everywhere in M [ :

A,=O0. (3.17)

Therefore, the SO(3) covariant derivative D can be replaced
by the ordinary one (d), and the macroscopic field (3.14) as-
sumes an especially simple form

F= —jeuv*(dv)A(dv)= — dS2 (3.18)
It just becomes (the pullback of) the surface element dS?ona
unit sphere S? contained in the typical fiber E(— 3) of 7,
[observe v, = —1, the fiber metric is here g
= diag (— 1, — 1, — 1}]. In view of this fact, it is especially
easy to find the monopole charge g (2.10) as

1
=—@pF = — 1, 3.19
g 477'.4; ( )

M. Sorg 93



because the Higgs vector v covers the unit sphere S? just
once.'® This is seen immediately by remembering that the
potentials A, in the gauge where v/ = |, have been found
originally to be given in S ?>-coordinates (,¢) as

A, =cosddyp, A,= —sinddp A;=dd. (3.20)
Consequently the Euler class F (2.9)is
F= —singddAdg (3.21)

and the charge integral (3.19) measures the surface area of
the unit sphere S2.

Observe, however, that the magnetic charge g is always
quantized (geZ) if the monopole field F is an Euler class being
always of the form (2.23). This result holds also if (3.13) is not
valid, which is seen most readily if the field (2.23) is put into
the form

F= —dS?+dA{v] (A{v}:=+vA,). (3.22)
Only the first term on the right of (3.22) contributes to the
charge and ensures that g is an integer ( = winding number
of the map v:M ;- —S ?). The second term is evidently a total
differential and cannot contribute to g as a consequence of
Stokes theorem (2.10). In this way, the property of the mac-
roscopic field F of being an Euler class and therefore also

being an element of the cohomology group H *(M ;- ,Z) has
been demonstrated in general.

C. Transition to a Higgs vacuum configuration

The Higgs vacuum configuration for the SO(3) field var-
iables {A,, ¢,}

gii=¢v;, ($'¢)= —¢2<0, (3.23)
is a special solution to the Yang-Mills—Higgs field equa-
tions?

D*F; = €, ¢ “*D¢’, (3.24a)
,  0*Y
D*D¢ ‘' = —, 3.24b
¢ 7, ( )
following from the variational principle
6f*$ =0, (3.24¢)

where the Lagrangian four-form density *.% is given by
* & =IF'AF; + }(D¢ ) A *(Dg;) — *V. (3.25)
The second half of the field equations for the Yang—
Mills fields F; is given by the Bianchi identity (3.10) quite
analogously to the abelian case (2.2a). The particular solu-
tion to the field equations (3.24) called “Higgs vacuum” (de-
noted hereafter by a bar) may be characterized now by the

requirement that the Higgs vector field ¢(x) be a covariantly
constant section in 7,:

D¢’ =0, (3.26a)
V($:) =0. (3.26b)

If the Higgs vacuum extends up to the location of the mono-
pole, one deals with a point monopole and one can dispense
with the potential V. The Higgs vacuum conditions (3.26)
now assume the shape

94 J. Math. Phys., Vol. 26, No. 1, January 1985

¢'=gv, (3.27a)
é =const, V()=0, (3.27)
Dv =0. (3.27¢)

For the sake of simplicity, we assume ¢ = 1 in the following.
The requirement (3.27¢) restricts the potentials A; to
the form

A = —euvV vV —Alvly, (3.28)
where A{v} has already been defined in (3.22). As a conse-
quence of this restricted form of the connection coefficients
A,, the curvature fields assume the very specific shape

F, = — Fv, (3.29)

where I is just the Euler class {2.23) of the subbundle 7,C7,
defined by the Higgs vector v(x). Using the definition (3.7) of
the curvature fields F; the Euler class F is found in the ver-
sion (3.22) which may be easily transformed back to (2.23).
Observe that in Yang-Mills-Higgs theory the bundle 7, is
not considered as embedded in a trivial SO(1,3) bundle 7, as
was the case in our approach to the monopole field. Conse-
quently, there are no extrinsic curvature fields B; in 7, as
long as one does not make use of the embedding 7,—7,.

After the Higgs vacuum configurations have been in-
troduced within the framework of Yang-Mills-Higgs the-
ory, the question must be faced now how the Yang-Mills
vacuum, found in our approach, can be transformed to a
Higgs vacuum? The Higgs vacuum shall turn out as the more
convenient starting point for searching for the splitting (2.24)
of the monopole field.

The desired transition is readily obtained by observing
that for any configuration { A, } the following change of con-
nection (A,—A,) in 7, results in a Higgs vacuum:

A—A; = A, + €, VDV (3.30)
This assertion is readily proved by simply calculating the
covariant derivative Dv' [cf. (2.23b)] of the Higgs vector field
by means of the new connection A, instead of the old one
(A;). This procedure directly leads to (3.27c). In the special
case of our monopole field (2.3), where the connection { A, }
and its curvature {IF;} are zero [cf. (3.13) and (3.17)], the
Higgs vacuum potentials { A, } become especially simple:

A, = €,V DV (3.31)
Further, the covariant derivative of the Higgs vector field v,
agreeing with the first frame vector v(x) of the section e{x) in
the trivial principal bundle A, via the embedding 7,7, is
found after some calculations to be

Dv = P{p~ e’ + B). (3.32)
Here, the projector P refers to the distribution 4 embedded
into A

Pl =68, +vv;= —k'k,—h'h,. (3.33)
Further, the one-forms {¢’ } are the dual objects with respect

to the triad vectors {e; } = {v,k,h} defining the SO(3) gauge
€(x):

dle,) =5, (3.34)

The Higgs vacuum potentials A; (3.31) for the monopole
field become in the chosen gauge
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A, =€uvipT e + B (3.35)

By direct use of (3.7) it can be shown that the curvature
fields F; of the Higgs vacuum potentials A, (3.35) really lead
to

F,= —v,F,
with FF being the macroscopic monopole field (2.3).

In the next section, we start from the Higgs vacuum
potentials (3.35) and obtain the splitting (2.24} into bound
and radiation fields.

IV. BOUND AND RADIATION FIELDS OF THE SO(3)
MONOPOLE

The vacuum configurations of Yang-Mills and Higgs
type discussed in the preceding section are opposite to each
other in the sense that, in the Yang-Mills vacuum case, the
macroscopic monopole field F (2.3) is due to the Higgs field
alone [cf. (3.14)]; whereas, in the Higgs vacuum case, the
field F is generated by the Yang-Mills field alone [cf. (3.29)].
In the following, we look for an intermediate configuration
such that both microscopic fields (F;,»*) contribute to the
macroscopic field F in the way described in (2.24). That in-
termediate configuration is found by a change of connection
similar to that one which led from Yang-Mills vacuum to
Higgs vacuum [cf. (3.30)]. However, the macroscopic field F
must be invariant with respect to such a change of connec-
tion. Hence, let us first study this invariance condition.

A. Invariance of the Euler class

Starting from a Higgs vacuum configuration we try to
change the connection { A, } in 7, in the following way gener-
alizing (3.30):

A—A =4 +C. (4.1)
Here the one-forms C,; change tensorially with respect to an
SO(3) gauge transformation (3.15) (as do the curvature fields
B; and F,; also):

C; =GC,S7. (4.2)

By means of the new connection {A;} (4.1) the new
curvature fields F; are found via (3.7) as

F. =F, + DC, + }e/*C, AC,. (4.3)
Consequently, the new Euler class due to the (unchanged)
Higgs vector field v becomes [cf. (2.23)]

F =F + d(vC,). (4.4)
Thus, the invariance (F=F) of the Euler class demands that
(v'C,) be a total differential

VG, = dY, (4.5)
where ¥ (x) denotes some space-time function. We do not

discuss here the most general change of connection leaving
invariant the Euler class; rather we restrict ourselves to

Vi€, = 0. (4.6)

Observe, that the transition (3.30) to the Higgs vacuum is just
of this type. Further, the new covariant derivative of the
Higgs vector field v(x) becomes
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DV = Dv' + /,v*C,, 4.7)
which may be inverted to yield [observe (3.27¢)]

C = — €, VDv. (4.8)
Using the result (4.8), the new fields (4.3) can be cast into a
more concise form. We have

175G, AC, = — v, {J&3, v (Dv)) A (DVF)}, (4.9)
which just agrees with the bound field (2.24b). Consequently,
the new fields (4.3) assume the special shape

F, = —v,'F + DC,. (4.10)

This form of the field is stringent if the assumption (4.6) is
made and the starting configuration is a Higgs vacuum.

B. The bound field

For the desired identification (2.24b) of the bound field
®F (2.15b) we must explicitly find the new covariant deriva-
tive of the Higgs vector field v. A solution to this problem is
obtained readily by observing that in the static case (nonac-
celerated monopole: #==0) the radiation field " F (2.15¢) must
vanish and the monopole field is then produced by the Higgs
vector field v(x) alone. Since in this case the extrinsic curva-
ture fields B; (3.12) also vanish, we are left in (3.32) with

Dvisp~'Ple’. (4.11)
Therefore, we now directly put!

DV =p~'Ple’/ (4.12)
and further

A; =€, V'B. (4.13)

These connection coefficients vanish whenever the particle
is not accelerated. This means that the curvature of this con-
nection can only be different from zero when the particle is
accelerated and consequently irradiates electromagnetic en-
ergy momentum. Hence, the curvature fields are expected to
be closely related to the radiation field, and this just tends
into the desired direction.
Finally, combining (4.8) with (4.12) yields

C = —euvo el (4.14)

Thus, (4.1) is really satisfied by (3.35), (4.13), and (4.14).

In this way, we have reached the second half of our aim,
namely to find that SO(3) connection {A;} which brings
about the identification (2.24b). The solution is given in
{4.13) along with (4.12). Now we turn to the first part (2.24a)
of the problem.

C. The radiation field

In order to show that the change of connection (4.1), as
given in (4.14), really produces the macroscopic radiation
field " F (2.15c) via (2.24a), we simply compute the curvature
fields F, of the connection (4.13} by means of (3.7). Observe
that the form (3.8) for the Yang—-Mills fields F; is not valid
here, because the modified connection (4.1) is no longer gen-
erated projectively from the canonical connection @ in 7, (see
Ref. 12).

After some computations, the curvature fields F; of the
connection {A;} (4.13) are found to be

M. Sorg 95



F; = (V B,)AC, — v,(B; AG) + v,(V' F)). (4.15)

Since the curvature fields § ]ﬁ‘j } of the trivial connection {A, }
vanish [cf. (3.13)], a comparison of (4.15) with (4.10) yields
for the radiation field " F (see Ref. 13)

"F=B,AC, (4.16)
and for the covariant derivative of the one-forms C;,

DC, = (v B,)AC,. (4.17)
Moreover, the (Poincaré) dual of (4.17) is found to be

*DC, = (+/B;) ADv,, (4.18)

which we shall need when studying the field equations be-
low.

Now, inserting the extrinsic curvature fields B; from
(3.12) and the connection one-forms C; from (4.14) into the
result (4.16) one really finds the radiation field " F as given by
(2.15¢). This can be seen immediately because the C; (4.14)
contain the s(2) generator L in its SO(3) form®

G =p—li‘ijej’
Ly =L, = —we =h'k, —k'n,

J

(4.19a)
(4.19b)

which also occurs in (2.15c¢).

Thus, we have also reached the second goal, namely the
identification of the macroscopic radiation field "F with the
“longitudinal” part of the Yang-Mills field (2.24a):

"F=+F, =B, AC =p " 'nALu). (4.20)

V. FIELD EQUATIONS AND CONSERVATION LAWS

After the different geometric meanings of the bound
and radiation field of the monopole have been revealed, we
study now the implications of the nonabelian field equations
in connection with the splitting of the energy-momentum
density as described in Sec. II C. There, the separate conser-
vation law (2.22) for the radiative energy-momentum density
"T was partly a consequence of the Bianchi identity in the
normal bundle 7, [cf. (2.16a) and (2.17)] and partly it came
about as a happy circumstance: The vanishing of the second
term on the right of the conservation law (2.21) could be
shown only by means of an explicit computation. But a geo-
metric necessity for the vanishing of this second term could
not be found within the SO(2) framework. In this sense, there
is no satisfactory geometric explanation for the separate con-
servation law (2.22) if one remains within the SO(2) symme-
try.

The situation can be improved somewhat if one reconsi-
ders this problem within the embedding SO(3) geometry.

Forming the energy-momentum density Y™ T of the
Yang-Mills field {F,;} (4.10) similarly as in the abelian case
(2.18),

8mMT,, = F,,FF',, + *F, FP*F’ (5.1)
the density splits up into two parts on account of the ortho-

gonality relation (4.6) and the covariant constancy (3.27¢c) of
the Higgs vector field v(x):

YMT — rp 4 T, (5.2)

Here, the energy-momentum density ! T is due to the trans-
verse part of the field {F; }

vp?
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8 Ty =fuF o + 2" s (5.3a)

f; =1f,, dx*Adx"=DC, (5.3b)
(v, = 0).

If we now form the divergence of Eq. (5.2),

VYMT =V T + VT, (5.4)

the terms referring to the Yang-Mills part (Y™ T) and the
transverse part (* T) can be shown to vanish separately:

V.YMT =, (5.5a)

V4T = 0. (5.5b)
Hence we are left with the desired conservation law (2.22) for
the radiative part "T. On the other hand, the conservation
laws (5.5) can be closely related to the vanishing of the curva-
ture fields F; for the Yang-Mills vacuum [cf. (3.13)]; in this
sense one has traced back the separate conservation law for
"T to the existence of a Yang-Mills vacuum configuration in
the embedding bundle 7,. We shall study this effect now in
some detail.

A. Conservation law for the Yang-Mills density ™™ T

The divergence of the energy-momentum density YM T
of the Yang-Mills fields F; may be written in a form analo-
gous to the abelian case {2.21) as (6: = — *D¥)

47V YMT = *(OF; A *F') — *(O *F, AF). (5.6)

Now the second term vanishes again on account of the Bian-
chi identity (3.10) and for the first term one finds

OF, =2p " %,*v/B,. (5.7)

Therefore, using the curvature fields F; in the bundle T, in
the form (3.8}, we find for the first term on the right of (5.6)

OF, A*F =20~ YDV AF,. (5.8)
. The Yang-Mills vacuum has vanishing curvature
F; =0 (3.13) and thus one really finds the assertion (5.5a)
satisfied. Observe again, that the continuity equation {5.5a)

holds despite the fact that the homogeneous field equations
(3.24a) are not valid here [cf. (5.7)].

B. Conservation law for the transverse density ' T

As for the continuity equation (5.5b) for the energy-
momentum density 'T one starts again with the identity
(©: = — *D¥%)

47VAT = *(O f, A* 1) — *(O *f, Af). (5.9)

Since the two-forms f;=DC, are not gauge fields (as are the
curvature fields F;), there does not exist such a relation as a
Bianchi identity, which automatically ensures the vanishing
of the second term on the right of the divergence equations.
Therefore, we have to show here explicitly that the second
term nevertheless vanishes.

Indeed, an actual computation shows that the extrinsic
curvature fields again emerge in the form

6*, =p2P/B, (5.10)
and hence the second term in (5.9) is found to be
O*, Af= —p ADV)AF,, (5.11)
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which again vanishes on account of (3.13). Here, we have
used also the covariant derivative D referring to the Higgs
vacuum connection { A, } (3.35). The reason for this choice is
that the f; are the exterior covariant derivatives of a tensor
one-form C, (5.3b) with respect to the Higgs vacuum connec-
tion {A, }. This simplifies the calculations by observing that
the Higgs vacuum fields F; occurring on the double differen-
tiation process

DDC, = ¢/F, AC,
are especially simple [cf. (3.29)].

Similarly, a detailed computation of the first term on
the right of (5.9) gives

(5.12)

of, = p~%/*v,B, (5.13)
and therefore
Bf, A*' = p~2e/My,C, AT, (5.14)

which again vanishes on account of (3.13).

In this way, we have verified the continuity equation for
the transverse density ‘T (5.5b). Both conservation laws
(5.5a) and (5.5b) could be related to the existence of a Yang—
Mills vacuum in the embedding bundle 7,. This is then also
true for the radiative density "T which is given in terms of
YMT and ' T by Eq. (5.2). Observe that the radiative conser-
vation law (2.22) follows now from (5.4) and (5.5).

C. Radiative four-momentum P

Since both YMT and ' T form together the radiative
density " T, the question now arises to what extent this is also
true for the corresponding integral quantities. The total irra-
diated four-momentum "P of the monopole is given by an
integration of "T over a suitable three-chain C*CM, [cf.
(5.2)].

"P=| ¥T= *YMT—f *T — ;YMp _lp,
c? c? c?

(5.15)
Since all fields involved (F;,”F,f;) have explicitly been calcu-
lated in the foregoing sections, one can carry through the
integration in (5.15) (see Appendix). One finds that the spe-
cial partitioning (2.24) of the total Yang-Mills field F; (4.10)
into a longitudinal " F and transverse part (DC, ) just splits up
the four-momentum Y™ P into equal transverse and longitu-
dinal contributions

% YMp _rp_ip— _ %f ds (it} uls’). (5.16)

Here the integration runs over the past history ( — « <s5'<s)
of the monopole up to the present moment (s). The energy W
irradiated per unit time by the point monopole is given now
correctly by the well-known Larmor radiation rate (apart
from dimensional constants) :

W= P)= —3ia). (5.17)

VI. CONCLUSIONS

The foregoing arguments present an example for the
original assertion that the embedding of abelian electrody-
namics into a higher-dimensional nonabelian field theory
may produce (already in the classical domain) further inter-
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esting effects besides the emergence of smooth particlelike
solutions. Whereas the latter effect mainly refers to the static
case and avoides the divergent problems for the classical
field energy, the new aspects of the embedding now aim at
the radiation parts of the fields when the sources are arbitrar-
ily accelerated.

In the case of a single, arbitrarily moving monopole, the
embedding SO(2)—SO(3) could be performed in such a way
that an intermediate field configuration between the two ex-
tremes of Higgs and Yang-Mills vacua arose. In the Higgs
vacuum configuration (3.26), the macroscopic monopole
field F (2.3) is produced by the Yang-Mills field F; via its
longitudinal component (v'F;) [cf. (3.29)]. On the other
hand, the macroscopic field F in a Yang-Mills vacuum con-
figuration is traced back to the Higgs field v{x) [cf. (3.14)].
The existence of two different microscopic field configura-
tions leading to the same macroscopic monopole field is due
to the possibility of changing the connection @ in the embed-
ding SO(3) bundle 7, without altering the Euler class F of the
reduced bundle 7, [cf. (4.4) and (4.5)].

This freedom on the microscopic level was exploited in
order to choose the microscopic fields F; in such a way that
the radiation part "F (2.15¢) of the macroscopic field F is
produced by the microscopic Yang-Mills field F; via its lon-
gitudinal component (V' F,), whereas the macroscopic bound
part ° F is built by the Higgs vector field v(x) [cf. (2.24)].

It seems to us that the macroscopic splitting of the enti-
ty F into its bound and radiation parts has now been linked to
a more fundamental gauge-independent separation on the
microscopic level, where different kinds of fields can be used
for the different aspects of the macroscopic entity F. Unfor-
tunately, this could be demonstrated only for the single-par-
ticle case; it remains to be seen whether the present results
also apply to the general multimonopole configuration.

APPENDIX: COMPUTATION OF THE FOUR-MOMENTA

Using the extrinsic curvature fields B, (3.12) and the
changes of connections C; (4.14) yields the radiation field " F
via (4.16). Its explicit form has already been presented in
(2.15¢). Thus the radiative density " T (2.19b) turns into

'T= — (4mp?)~'{(in) + (vi?|n @ n. (A1)

Smilarly, inserting the transverse fields f, = DC; (5.3b)
as given by (4.17) into the definition of the transverse density
LT (5.3a) yields

T = 2(4mp?)~ Yvifn @ n. (A2)
Finally, the Yang—Mills density YM T (5.1) is found as
YMT — (47p%)~ Y{(vif2 — (iil)jn @ n. (A3)

Obviously, all three kinds of densities are of the same struc-
ture and the integrations (5.15)

P=| *T
-
can be done very conveniently by means of the technique of
retarded integration.'*
In this method, the three-cell dC? on the hypersurface
C? of integration is expressed by a solid angle element d2’

(A4)
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FIG. 2. The hypersurface C > to be used for the integrations (A4) is chosen as
the three-plane C; cutting the world line R:x = z{s) orthogonally at the
event z, where the momentum P is to be determined. The proper time for
this event is s and the four-velocity is u. The three-celld C? is cut out of C}
by two light cones L(s') and L 3(s”) with vertices at the earlier events
z' = z(s')and 2" = z(s") (s" <5’ <s)on the world line £. The integration over
C} can now be split up into an angular integration over the intersections
L3AC3}, whichhaves’ = const, and into an integration in orthogonal direc-
tion to these intersections, where proper time s’ is varying. The whole three-
plane C?} is swept out when z’ tends to z and z" is moved backwards along
the world line up to the infinite past (s"— — o).

and by the proper time element ds’ at earlier times (see Fig.
2). The three-surface C ? is chosen here to be that three-plane
C} which cuts the world-line &:x = z(s) of the monopole
orthogonally in that event z at proper time s where the four-
momentum P has to be calculated. The corresponding four-
velocity is u. Therefore, the three-cell dC? on C3 1 is

dC} = *u(s) p2, {n(s')-u(s)} ~' ds’ d2". (A5)

If one computes now the values of the density three-
forms *T upon the three-cell dC? the unwieldy factor
(n(s')-u(s))~ ' and the retarded distance P drop out leaving
us with the very simple angular integrations

LJYMT - f . ds'f,,. %wﬁ)z ~ (@)} ;yn(s"), (A6a)

Jorm= - [ 5E

c}

f b S ZJ ds’' fdi(w’l)ﬁ,J n(s’).
Cé — o 4#

(V“) + (uu)}(,,n(s)
(A6b)

(A6c)
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The angular integrals are readily found to be

[ E v i) = — - G i), (A7a)
an’ (ATb)

E—n(s ) = u(s’).

With these results, the four-momenta P (5.15) combine in the
way given by (5.16).
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This paper treats the linearized inverse scattering problem for the case of variable background
velocity and for an arbitrary configuration of sources and receivers. The linearized inverse
scattering problem is formulated in terms of an integral equation in a form which covers wave
propagation in fluids with constant and variable densities and in elastic solids. This integral
equation is connected with the causal generalized Radon transform (GRT), and an asymptotic
expansion of the solution of the integral equation is obtained using an inversion procedure for the
GRT. The first term of this asymptotic expansion is interpreted as a migration algorithm. As a

result, this paper contains a rigorous derivation of migration as a technique for imaging
discontinuities of parameters describing a medium. Also, a partial reconstruction operator is
explicitly derived for a limited aperture. When specialized to a constant background velocity and
specific source-receiver geometries our results are directly related to some known migration

algorithms.

I. INTRODUCTION

The interpretation of seismic reflection data, ultra-
sound reflectivity imaging in medical applications, and var-
ious other methods of nondestructive evaluation require a
solution to the inverse scattering problem. The inverse scat-
tering problem is nonlinear and different approximate solu-
tions have been suggested over the years. Some of the most
useful in practice are the so-called migration schemes in geo-
physics. References 1-9 contain examples of such algor-
ithms. By a migration scheme (algorithm) in this paper we
understand a technique of imaging discontinuities of param-
eters describing the medium.

It must be emphasized that the construction of these
approximate solutions involves (explicitly or implicitly) two
major, separate steps: the first step is a linearization of the
inverse problem and the second step is the solution of the
linearized inverse problem.

In this paper the linearization is accomplished by a per-
turbation technique equivalent to the distorted wave Born
approximation. We derive an integral equation formulation
of the linearized inverse scattering problem for the Helm-
holtz equation. Analogous integral equations can be derived
for fluids with variable density and for elastic solids.

The primary concern in this paper is the solution of the
linearized inverse scattering problem. It requires the inver-
sion of an integral operator with an oscillatory kernel. This
operator is related—via the one-dimensional Fourier trans-
form—to the causal generalized Radon transform (GRT).

The appearance of the GRT has a simple physical ex-
planation. In all cases where it is impossible to make mea-
surements directly inside the medium of interest, the only
feasible measurements are integrals of certain combinations
of parameters describing the medium. If these integrals are
line integrals or integrals over hyperplanes we are dealing
with the classical Radon transform.!® Integrals with a
weight function over more general hypersurfaces represent
the generalized Radon transform. (Note that the problem of
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recovering a function from a knowledge of integrals over
geometrical objects such as hypersurfaces can be viewed as a
problem in the field of integral geometry.)

To solve the linearized inverse scattering problem we
invert the GRT. The inversion of the GRT is of mathemat-
ical interest by itself.!’~'® In Refs. 14-16 a general explicit
technique was developed for inverting the GRT. As we show
here, this technique leads to an asymptotic solution of the
linearized inverse problem of wave propagation.

Miller’ recognized that seismic imaging for the general
case of variable background and irregular source-receiver
geometry could be cast as the problem of inverting a GRT.
He derived an approximate imaging algorithm, using
weighted and filtered backprojection of the data, and applied
it to both synthetic and real examples. The weighting sug-
gested in Ref. 7 differs from what we obtain by an obliquity
factor.

In this paper we give an exact, formal answer to what is
the proper weighting and filtering of the data, and, most
important, to what is the nature of the reconstructed image.

The inversion of the GRT requires the introduction of
Fourier integral operators (FIO). A special role is played by a
FIO of the form F = R *KR (see Refs. 14-16). Here, R de-
notes the GRT, R * is an operator dual to R, and X is a one-
dimensional convolution operator; R * is also known as the
generalized backprojection operator (GBO). The Fourier in-
tegral operator F was studied in Refs. 14 and 16, and it was
shown that by properly choosing the convolution operator K
and the weight function of the GBO the problem of inverting
the GRT can be reduced to that of solving a Fredholm inte-
gral equation.

By modifying slightly the arguments used in Refs. 14—
16 and exploiting the fact that F is “almost” the identity
operator we rigorously establish a class of migration algo-
rithms as approximate solutions of the linearized inverse
scattering problem. The approximation amounts to using
only the first term of an asymptotic expansion for the “in-
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verse” GRT. Due to the nature of the asymptotics we are
able to give a precise meaning to what is reconstructed by
this first-order inversion for arbitrary configurations of
sources and receivers, including the case of limited view an-
gles. In particular, we show that the (locations of) discontin-
uities of the unknown function describing the medium are
recovered, rather than the function itself.

We derive an algorithm for recovering these discontin-
uities for variable background velocity and an arbitrary con-
figuration of sources and receivers. Our derivation is valid as
long as certain physically meaningful conditions on the glo-
bal structure of rays are satisfied.

Until now, mathematically rigorous justifications relat-
ing migration to inverse scattering have been given only for
migration schemes with constant background velocities and
special source-receiver geometries. Previous workers, nota-
bly Norton and Linser'” and Rose,'® have made the connec-
tion between the Radon transform and the linearized inverse
scattering problem. Norton and Linser'” derived explicit in-
version formulas for a constant background velocity and
coincident sources and receivers for plane, spherical, and
cylindrical apertures. They obtained certain backprojection
algorithms as approximations to the exact inversion formu-
las. These backprojections are migration schemes in the
sense of our definition. Specializing our results to their case
we obtain the backprojection algorithm of Ref. 17 for a plane
aperture. However, in the case of a spherical aperture our
answer is different from that of Ref. 17. Our approximation
remains valid even if the point of reconstruction is not close
to the center of the spherical aperture. As an additional ex-
ample, we obtain a migration algorithm for sources and re-
ceivers located on a plane and separated by a fixed distance.

Il. LINEARIZATION OF THE INVERSE PROBLEM

To linearize the inverse scattering problem we use a
standard procedure which is essentially a small perturbation
technique. Formally, this procedure can be stated as follows.
Consider an equation of the form

Lv=g, (2.1)
where the operator L,

L=L,+L,,
is a perturbation of a known operator L, by an operator L,.
Assuming that we can—exactly or approximately—invert
the operator L, we look for a solution of the equation (2.1} in
the form

V= vin + vsc’
where
i —1
vm = ° g,

and L ;' denotes the inverse operator. Substituting this into
(2.1) and applying L ;' to both sides of the equation we
obtain

v= —Ly'Lp™—Ly 'Ly~
By making the (single scattering) approximation

v~ — L Lo (2.2)
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we linearize the relation between the function v* and the
perturbation L,.

Let us now apply this procedure to the Helmholtz equa-
tion which describes wave propagation in a fluid of constant
density. Without complicating the necessary arguments we
treat this equation in n space dimensions since the dimension
enters only as a parameter.

First, we consider the case where the perturbation is
about a constant background velocity, which we take to be 1.
Assuming then that the index of refraction n(x) of the medi-
um in some region X can be written as

n?x) =1 + f(x),
the goal is to characterize the function f{x) from observations
of the scattered field on the boundary X of the region X, as
generated by a known incident field. Let us assume that the
incident field is due to a point source located at a point 7 on
the boundary dX. The operator L, is the Helmholtz operator
for a constant-velocity medium, i.e.,

L,=VZ +k?
where V2 is the Laplacian operator in spatial variables and
the perturbation is

L, =k¥(x). (2.3)
The incident field is given by the Green’s function
n _ i k (n—2)/2 ) )
Vi) = — T(m) Hi gnlk|x—q))

where H{)_, , is the Hankel function of the first kind. We
use the first term of the asymptotic expansion of the Hankel
function to approximate v™ by

k (n—3)/2

— {7/2)n+ 1)/2 ik |x ~ 7|
M 1

in, ~
v (x,n) =e )ln —1)2

2Q27|x — 7|

(2.4)

which is exact for n = 3. Since the operator L 5 ' is defined

in terms of the Green’s function, we obtain from (2.2) the

(first term of the asymptotic expansion of) integral represen-
tation of the singly scattered field v* as

vl ) = ‘;;’jj"_]

eik !x-g‘e‘-k 1% = nl
x (|x — €| [x — |y 2 flx)dx
(2.5)

For n = 3, (2.5) yields v* as

2 ik |x — ik |x —
) = — k ek Ix =1 gik|x—7]
16 Jx [x — & |x—n|
Let us now consider the case of variable background.
Assuming that the index of refraction of the medium in some
region X is of the form n?(x) = n3(x) + f(x), where ny(x) is
known, the problem, again, is to characterize the function
[f(x) from observation of the scattered field on the boundary
dX. Now L, is the operator

L,=V?+kM.
The perturbation L, is of the form (2.3)

Again, we choose the incident field to be due to a point
source, so that

(V3 + & 2nd w"(x,m) = 8(x — ), (2.6)
where 7 indicates the position of the source. As an approxi-

Slx)dx.
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mate solution of (2.6) we use, in place of (2.4}, the first term of
the geometrical optics approximation

vin(x,,r,) ~e~ dm/2)n + 1)/2k {n— 3)/2A in(x’,”)eik‘ﬁ i“(x,n).

(2.7)

Here, ¢ i“(x,n) is the phase function and satisfies the eikonal
equation

(Vg ™) = njx). (2.8)

Function 4 (x,7) is the amplitude and satisfies the transport
equation along the ray connecting the source at 7 on the
boundary dX and the point x inside the region X,

APV2gin 4 2V 4V gin =0, (2.9)

We note that the factor ¢ ~ 472 + 1172 (2 =3)/2 jp (2.7) is ob-
tained by matching the geometrical optics approximation
(2.7) with the exact solution in the neighborhood of the
source for large k.

If we interchange source and receiver positions then
(2.7) also yields the approximation v**(x,£ ) for the Green’s
function (which defines the kernel of the operator L ; !).
Thus, we arrive at

Uout(x,g ) ~e~ i(m/2)(n + 1)/2k {n — 3)/2A out(x,g )eik¢ oMt(x £ i’
(2.10)

where ¢ °™(x,£ ) satisfies the eikonal equation in (2.8) and
A °(x,£ ) satisfies the transport equation along the ray con-
necting the point x and the receiver at the point £ on the
boundary dX,

A outvi¢ out + ZVXA out,vx¢ out __ 0 (2 1 1)

In general, one can solve the eikonal equation (2.8) by
ray tracing. The transport equations in (2.9) and {2.11) then
reduce to ordinary differential equations along rays.® If the
background index of refraction ny(x) is discontinuous then
the rays satisfy Snell’s law on surfaces of discontinuities and
appropriate transmission coefficients have to be used in
computing the amplitudes on these surfaces. We formulate
the assumptions we need to make about the global structure
of rays—and, therefore, about the background index of re-
fraction—in the next section.

Combining (2.2), (2.3), (2.7), and (2.10) we find the (first
term of the asymtotic expansion of) integral representation
of the singly scattered field

Plekin) = (~ ik [ e nrghs e
X

XA (x84 ™(x,1) £ (x)dx, (2.12)

as a function of the receiver position £, the source position 7,
and wave number k. The integral representation (2.12) is an
integral equation for the unknown function f.

Analogous integral equations can be derived for fluids
with variable density and for elastic solids. We shall present
the derivation elsewhere. In these cases integral equations of
the type in (2.12) relate the singly scattered field to a combi-
nation of parameters characterizing the medium. For elastic
media we obtain a system of four integral equations corre-
sponding to p—p, p-s, s—p, and s—s scattered fields, and the
phase functions ¢ ** and ¢ °** satisfy different eikonal equa-
tions corresponding to the indices of refraction of p and s
waves. The amplitudes 4 (x,7) and 4 °*(x,£ ) satisfy the cor-
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responding transport equations along the rays connecting
points x,77 and x,&, respectively. In the following sections we
consider the integral equation (2.12) in a form which covers
these cases.

jll. THE INTEGRAL EQUATION OF THE LINEARIZED
INVERSE PROBLEM AND THE CAUSAL GRT

It was shown in the previous section that the lineariza-
tion of the inverse scattering problem leads to the integral
equation

o) = (— ik J*™ 'Lf(x)a(x,f,me”‘” w0y, (3.1)

where X is the domain of definition of the unknown function
f(x), &£ and 7 are points on the boundary dX corresponding to
receiver and source locations, and k is the wave number. The
phase function ¢ (x,£,7) is the sum of two phase functions

¢ (x.6m) =9 (&) + & (1), (3.2)
which satisfy the eikonal equations

(Ve (.6 = #3(x), (3.3a)
and

(V& (x:7)) = n*(x). (3.3b)

In (3.3a) and (3.3b), # and # are indices of refraction, i.e.,
positive bounded functions. We have replaced ¢ °* and ¢
by & and ¢. The function a(x,£,7) in (3.1) replaces the product
of the amplitudes 4 °* and A ™

alx,5,m) = A4 °%(x,5 )4 "(x,7). (3.4)

Both 4 °* and 4 ™ are positive since they are solutions
of the transport equations in (2.9) and (2.11). This is true even
for discontinuous indices of refraction 7 and 7 as long as the
global structure of rays satisfies the assumptions formulated
later in this section. Therefore, a(x,£,77) is positive on
X X 39X X3X and can be called a weight function. We as-
sume, in addition, that a(x,£,7) is infinitely differentiable,
namely, a(x,&,57)eC °°(I’ X dX XadX), where X is any com-
pact set contained in X.

The integral equation (3.1) is related to a causal GRT.
To see this, consider the transform R defined by

(RAWGED) = jf(x)a(x,g,n)a (t— (eEmdx, for 130,

{Rf )€ =0, for t<0. (3.5)
We call the transform R in (3.5) the causal GRT for obvious
reasons and note that the transform R agrees with the GRT
as defined in Refs. 14-16 for 1>0. However, the integral in
{3.5) is not defined for <0, and it is natural to set
(Rf)(t,£,m) = O for £<O0. Since in this article we consider only
the causal GRT, we drop the wgrd causal.

The Fourier transform (Rf) (k,£,7) of (Rf)(t,§,7)in(3.5)
with respect to ¢ yields the integral in (3.1) up to the factor
(—ik)"~", since the function v(k.§,5)/( —ik)"~' can be
shown to satisfy the dispersion relation if ¢ and ¢ are posi-
tive. Thus,

v(k.&m) = (— ik '~ (Rf) (k.&vm). (3.6)
We consider the problem of finding the function f(x} in
(3.1) in the following two situations: (i) the position of the
source is fixed, i.e., we are given v{k,&,n) for fixed 7 and for a

G. Beylkin 101



set of values £edX; and (ii) the position of the receiver is a
function of the position of the source, i.e., we are given
v(k,5 (17),m), where & (7) is a known function of 5, for a set of
values 7edX.

We specialize the arguments of Refs. 14 and 16 to the
case of the integral equation in (3.1). Having established the
relation of the integral equation in (3.1) to the GRT it be-
comes natural to introduce the same generalized backprojec-
tion operator and Fourier integral operator used in Refs. 14—
16 to study the integral equation in (3.1). This we do in Sec.
IV of this article.

We make the following assumptions about the domain
X, its boundary dX, and indices of refraction in (3.3a) and
(3.3b).

Let n(x) be the index of refraction in the region X and let
S~ ! be the unit sphere with the center at the origin of the
tangent space at the interior point xeX. Here, S%~ ! repre-
sents all directions at the point xX. Let {¢(x,£ }} be a family
of geodesics (rays) of the metric n(x)dx connecting the point x
with points £edX %, where dX °C dX is an open region of the
boundary. Each ray within the family has a direction
©eS 2~ ! at the point x. Thus the family of rays maps direc-
tions at the point x (an open domain of the unit sphere 2~ ')
into dX °. In this article we always assume that this map is an
orientation-preserving diffeomorphism. Algebraically this
means that certain Jacobians do not vanish. Physically it
means that if a source located at an interior point of X illumi-
nates a region dX ° on the boundary, then this region can be
smoothly contracted along the rays into a part of a small
sphere around the source. We note that this assumption
leads to the uniqueness and stability estimate in the inverse
travel time problem.2° When the index of refraction is con-
stant this condition is satisfied for domains which are star
shaped with respect to points of reconstruction. These in-
clude all practical configurations in geophysics, tomo-
graphy, and nondestructive testing.

Our next remark deals with the domains of definition of
the operators that appear in this article. We always define
operators on functions which belong to the class C (X ) or
C ~(X ). However, we can extend the domain of definition to
the appropriate dual class of generalized functions by the
standard procedure (see Appendix B). Thereby, we consider
such an extension automatically performed each time we
define an operator in this paper.

IV. ASYMPTOTIC SOLUTION OF THE LINEARIZED
INVERSE PROBLEM WITH A FIXED INCIDENT FIELD

In this section we construct an asymptotic solution of
the integral equation in (3.1) given the function v(k.£,7),
where 7—the position of the source—is fixed. For the sake
of brevity the dependence on n will sometimes be sup-
pressed. Thus, we write the integral equation in (3.1) as

vik,§ ) = (Wf)k.E), (4.1)
where
(WA)kE)=(—ik)"~ ‘J;f (x)a(x.£ Je™* =57dx.  (4.2)

In (4.1) and (4.2), v(k,£) and a{x,£) stand for v(k,£,7) and
a{x,£,77) in (3.1). The phase function ¢ (x,£,7) is described in
(3.2).
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We now introduce the generalized backprojection oper-
ator R * dual to the generalized Radon transform R. For
infinitely differentiable functions u(t,£ )eC (R, XJX) we

define R * as
(R *u)(y) = f u(t,€) b (1€ ME.
X t=d¢{nén)

The weight function b ( y,£ ) is a smooth, non-negative func-
tionon X X 3dX, b (y,£ )eC ~(X X dX ), which we have chosen
to be

(4.3)

b(yg)=h(yE)Va(y.E)] x(3:5) (4.4)
where 4 ( y,£ ) is the determinant
9, 9y, ¢yn
h (y,§) - ‘?y.é’l ‘?yzg. ‘:ﬁyné‘. , (4.5)

¢,V1§n -1 ¢Y2§n —~1 ¢yn§n -1

and y ( »,£ )is acutoff function. The cutoff function y { y,£ )is
described below and is chosen to ensure that y (y,£ )4 (.§)
>00n X XJX. The phase functions ¢, ¢, and ¢ are related by
(3.2). The functions ¢ and ¢ are solutions of the eikonal equa-
tions (3.3a) and (3.3b). Our particular choice (4.4) of the
weight function b ( y,£ ) in (4.3) makes it possible to regularize
the problem of inverting the GRT as was shown in Refs. 14

and 16.
We now change the variable of integration in {4.3). For

each point y in the interior of X let @ denote a point on the
unit sphere S~ . This means that o is a direction at the
point y. For the ray with direction o at the interior point yeX
let £ (@) be the point of intersection of that ray with the
boundary dX. According to the assumptions formulated in
the previous section, the function £ = £ () is invertible and
has continuous partial derivatives of the first order. We
choose weS; ! to be the new variable of integration in (4.3).
From Lemma A in Appendix A it follows that

h(p,€)dE = A1 + (fi/R)cos Y)dw, (4.6)
where . ;
cos Y ».£) = [V, (3.5 )V, ¢ ()] /A y)aly), (4.7

and dw is the standard solid angle differential form on the
unit sphere S,
Substituting (4.6) in (4.3) we rewrite R * as

R *u)( 1) = A7 , X(»8)
(R *u)(») (y)fs;_,u(ts“) e
X[l-}-Mcosrﬁ(y,g‘)]dw, (4.8)
a(y)

where £ = £ (w). In this form the operator R * can be comput-
ed explicitly by making use of ray tracing.

It remains to define the cutoff function y ( y,£ ). Given
the interior point yeX and the boundary point £edX we set
y (»€)=0, if 1+ [a(y)/A(y)]cos ¥(y,£)<0. Choosing an
arbitrarily small €>0 we set y(y,&)=1, if 1 +[A(y)/
A( y)lcos ¥( y,£ )€, and define y ( y,£ ) elsewhere so that it is
infinitely differentiable and 0<y ( y,£ )<1.

Let dX,,( y) be the region of the boundary defined by

90X, (y) = {£€dX: cos Y y.£ ) < — [A(¥)/A( )] + €]}.
Let 9X 5 ( y) be the complement of dX, ( y), i.e.,
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X2 (y)=3X\9X,(y)

To describe dX,, ( y) and, therefore, dX 5 ( y) for a given interi-
or point yeX, three cases can be distinguished.

(1) A y) > Ai( ). In this case dX, ( y) is empty since € can
be chosen sufficiently small.

(2) A( y) = #( y). In this case for sufficiently small ¢ the
region dX,, ( y) consists of an e-neighborhood of the unique
point &, where cos ¢{ y,.&o) = — 1.

(3) A(y) < A( y). In this case for any sufficiently small €
the region dX, ( y) is a connected part of the boundary 9X.
The cutoff function y(y,£)=1 on dX ‘,’,( y). If (1) holds the
cutoff function y ( »,£ }=1 on all of X. If (2) holds the cutoff
function isolates a single point £, and is introduced here for
technical reasons. In carrying out the integration in (4.8) one
can set the cutoff function y ( y,£ )=1 on the boundary dX. If
(3) holds the cutoff function y ( y,£ ) is zero on all but a small
open subset of dX, ( y) which is determined by the choice of €.
In carrying out the integration in (4.8) we can set € = 0 and
X (»€)=00ndX,(y)

If v(k,£ ) is available only on a part of the boundary dX
we have to modify the cutoff function. We include an e-
neighborhood of the region where the function v(k,£ ) is not
knowninthesetdX, (y). Theny (y,§ )isagain definedinsuch
a way that it is infinitely differentiable with values
0<y (»€)<1 with y(»€)=1 on dX°%(y) =X \dX,(y)
and y ( »,£) =0 on all but an arbitrary small subset within
dX,(y). We denote the modified cutoff function again by
x(»é)

Note, that if (3) holds—as in the case when the incoming
wave is s—p converted at the point yeX in an elastic medi-
um—the angle ¥, such that cos ¥, = — 7( y)/#( y) plays the
role of a “critical angle” between the directions of incoming
and outgoing waves at the point y.

We now consider the FIO defined by

- 1 < kP (x,9,€)
= o [T] [er=eroatune)
X flx)dx d€ k' dk, (4.9)
where
P (xy,6) = (x.6.m) — & (3:5:7)- (4.10)
The function ¢ (x,£,7) is described in (3.2), and
A(xys) = laxg)/a(yE)1h (3.8 ) (1.5), (4.11)

where a(x,£ ) is the weight function in (4.2). Let us also intro-
duce the operator & *:

n—1 ]
(F*o)t) = 2 J v(k Je =™ dk. (4.12)
27 Jo
We have
F=R*F*W. (4.13)

Toinvestigate the operator F we observe that the first term in
the Taylor series for @ (x,y,§ )is V¢ ( »,€,7)-(x — y) and con-
sider the operator

_ 1 ® 1KV, (v,EmHx — ¥)
g PN = 2L [ J;Xg(, Je
Xh(p,€)fix)dx dE k' dk. (4.14)

Changing variables of integration from k,£ to p, where
p=kV,6(».Em) (4.15)
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we find that
dp = k"~'h (.6 )d§ dk,
and, thereby,
1

— ipx — y)
o ax® Ny = e L,,( ) J;e )f(x)dx dp, 4.17)

where £2, ( p) is the image of R, X 3X ( y) under the change
of variables in (4.15). It follows from (4.17) that

[} = P d, ’
ey SN = [ el

where f{ p) is the Fourier transform of the function £, It is

(4.16)

(4.18)

clear thatif 3X | ( y) = dX then the operator I, is the iden-
tity operator. If dX ‘,’,( y) #0X, then the operator I ., in

(4.18) is an operator of partial reconstruction.

It is important to note that for each point yeX, the re-
gion dX 9 ( y) on the boundary dX can be explicitly construct-
ed by ray tracing. Having found dX ‘,’, {»), we can then deter-
mine explicitly the set (2, (y) in the Fourier domain, where
the Fourier transform £ p) of the function f, which we
would like to recover, is known. If only partial data are avail-
able this set £2, () in the Fourier domain determines the
spatial resolution of the partial reconstruction (4.18) and
controls what can be recovered in the migration schemes
presented below.

The asymptotic solution of the integral equation in (4.1)
is constructed by making use of the following theorem.

Theorem 1: The Fourier integral operator Fin (4.9)isa
pseudodifferential operator and can be represented as a sum

F= Iax‘,’, + Tl + T2 + o (4‘19)

where I, ., denotes the operator described in (4.17) and the
n

operators T, T,,... belong to increasingly smooth classes of
pseudodifferential operators.

The definition of classes of pseudodifferential operators
can be found in Appendix B. For further references see Ref.
21, or any other reference where Fourier integral operators
and pseudodifferential operators are studied.

It follows from (4.13) and Theorem 1 that by making
use only of the first term in (4.19),

R*F*Wxl,y, (4.20)

we obtain an approximate reconstruction algorithm. The ex-
pansion in (4.19) also explains the precise meaning of the
approximation in (4.20). Since we neglect all terms in the
expansion which appear to be smoothing operators, the ap-
proximation in (4.20) reconstructs only (the location of) the
discontinuities of the function f (or the places, where the
gradient of fis large). In this sense the formula in (4.20) pro-
vides an algorithm for imaging the discontinuities. This is, of
course, what is sought in geophysics and many other appli-
cations where the discontinuities of parameters describing
the medium are of interest. In Sec. VI we describe the algo-
rithm contained in (4.20) in greater detail.

The remainder of this section contains an outline of the
proof of Theorem 1. The material presented in Secs. V and
VI is independent of the details of the proof.

The proof follows along the same lines as the arguments
presented in Refs. 14 and 16. Consider the set
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Co = {(k&xy)eRL XX Y Y)XX XX : P (x,p,£) =0,

V@ (x.,£) =0}, (4.21)
This set is of fundamental importance in the theory of Four-
ier integral operators since its structure determines the prop-
erties of the operator. The definition (4.21) is not standard
(see Ref. 21, for example), however the change of variables
(4.15) transforms it into the classical one.

Using the assumption that the function £ = £ (@) is a
diffeomorphism it can be shown that

Co = {(kéxx):keR,, £e0X(y), xeX }, (4.22)
so that the projection of C,, on X X X is the diagonal. This
implies that the operator in (4.9) is a pseudodifferential oper-
ator as defined in Appendix B.

Let us consider y,(x,y)eC =X XX), O<y;s{x.p)<1,
such that

Xa(x,y)-_- 1, if ’x—y|<5/2,

Xs (xy) =
where & > 0 is an arbitrary small parameter. Instead of the
FIO (4.9) we can study the following operator (we keep the

same notation):
oo

(Ef Ny =
X xs(xp) f(x)dx d& k™~ ' dk. (4.23)

This operator differs from the operator in (4.9) by a regular-
izing operator (see Appendix B). The regularizing operator
does not change the asymptotics and can be neglected since it
is “infinitely smooth.”

If § is sufficiently small and |x — y| < & we can write the
phase function @ (x,y,& } as

0, if |x —y|>4,

D (xp,£) =V, (pEm)x —y) + H (x5 ), (4.24)
where H (x,y,£ ) = O (]x — y|?), and the amplitude
AEyE)=h(PEX(PE)+ A (xp.L), (4.25)

whereA (x,y,£ ) = O (|x — y|). Making the change of variables
(4.15) and using (4.16), (4.23) becomes

= 1 ip{x — y) + iH (x,y.p)
= o I . [e

X (1 + 4 (x,y,p)) f(x)dx dp, (4.26)
where  H(xyp)=k(p)H(xy.£(p) and A(xyp)

= A (x3,£ ( p)). The functions k ( p) and &  p) can be deter-
mined from the change of variables in (4.15). Note, that as
functions of p, H (x,y,p) and 4 (x,y,p) are homogeneous of
degree 1 and O, respectively. Consider now the operator

— 1 ip-(x — y} + isH (x,p,p)
ES = L . L o ’
X(1 + 54 (x,p,p)) f(x)dx dp. (4.27)

Since F = F, we can use the Taylor expansion of F, f as a
function of s to express F as

L R B e G
F= — = F, ds.
mgo m! y §= + ! dS s @5
(4.28)
It was shown'#6 that the expansion in (4.28) of the operator
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F of the form in {4.27) consists of increasingly smooth pseu-
dodifferential operators. Comparing the first term in the ex-
pansion (4.28) with (4.17) we obtain the expansion in (4.19).
One can compute and use more terms in the expansion (4.19).
For example, the operator 7', was computed in Refs. 14-16.

V. ASYMPTOTIC SOLUTION OF THE LINEARIZED
INVERSE PROBLEM WHEN THE RECEIVER POSITIONS
DEPEND ON THE SOURCE POSITIONS

In this section we construct an asymptotic solution of
the integral equation in (3.1) given the function v(k,&,7),
where the receiver positions & = £ {5) depend on the source
positions 7. The arguments in this case are analogous to
those for the fixed source position, and are presented briefly
for this reason. Again, consider the integral equationin (3.1),
which we now write as

vik,m) = (Wf)(k.§ (m).m), (5.1)
where
(WKL (p)m) = (— ik )1 J; S(x)a(x,& (1),7)
X e*e =& gy, (5.2)

The phase function ¢ is described in (3.2).
For functions u(t,7)eC (R X dX ) we define the dual
transform R * as
b (y.m)dn,

®*u)y) = | ute)
ax 1= ¢{pinm .
where the weight function b ( y,7) is a stnooth, non-negative

function on X X3dX, b (y,n)eC *{X X3X) and is chosen to
be

(5.3)

b(ym) = A (y.m)/aly.& (mhmly () (5.4)
Here, 4 ( y,n) is the determinant
¢y, ¢y2 ¢yn
h(ym)= ?””‘ ‘f””‘ ?y"”‘ , (5.5
¢yl7’n— 1 ¢Yz"ln -1 ¢yn"ln_ 1

and y ( y,7) is a cutoff function described below. Note, that
the function 4 ( y,n) differs from the one in (4.5} in the pre-
vious section. To compute the determinant (5.5) we again use
Lemma A in Appendix A. In the two-dimensional case we
find that

h(ymdn = (ﬁ2 L + A%+ ﬁit(l + —dé) cos ¢)dw,
dn dn

(5.6)

where .

cos Y p,m) = [V, 8 (3.5 M)V, & (y:m)]/A(p)A( ), (5.7)
and dw is the standard angle measure on the unit circle.

For simplicity let us assume that the function £ (7) is
such that the function 4 ( y,7) in (5.5) is strictly positive for all
yeX and pedX. In this case the infinitely differentiable cutoff
function—y ( y,n)—is introduced only to isolate a region of
the boundary dX ( y), where we do not know the function
v(k, 7). The cutoff function y ( y,57) = O for points 7 in X ( y);
it has values O<y (,£)<1 in an e-neighborhood of 3X ( ),
where € is arbitrarily small, and it is set equal to 1 elsewhere.
Let dX % y) denote the complement of 3X ( ), i.e.,

X% y) =X \c?X(y)
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Again, consider the Fourier integral operator F

1 [ ik (x,9,7)
= o [ e
XA (x.y,m) fx)dx dn k=~ dk, (5.8)

where @ is defined in terms of the function ¢ in (3.2) as

P (x.p,1) = ¢ (x.5 (1)) — S (¥:€ (0).7m),s (5.9)
and

Aleyy) = LEE ) ) iy ), (5.10)

a( y,€ (n)m)

Using the operator % * defined in (4.12), we have

F=R*F*W. (5.11)

The analysis of the operator F is conducted analogously to
the one in the previous section. In this case the change of the
variables of integration in (5.8) from k,7 to p is as follows:

p=kV,¢ (3£ (nhn), (5.12)

and

dp = k" 'h(y,n)dn dk. (5.13)
The asymptotic solution of the integral equation in (5.1) is
constructed by making use of the following theorem.

Theorem 2: The Fourier integral operator in (5.8) is a
pseudodifferential operator and can be represented as a sum

F=Iye+T\+T,+ -, (5.14)
where ;. denotes the operator
1 — gy
Taxof YY) = — e™"f(p)ap, (5.15)
(2m" Jay

where (2 ( y) is the image of R . X dX °( y) under the change of
variables in (5.12). The operators T, T>,... belong to increas-
ingly smooth class of pseudodifferential operators (see Ap-
pendix B).

The first term of the expansion in (5.14) yields the ap-
proximate reconstruction algorithm

R*F Y Wxlyo, (5.16)
where the generalized backprojection operator R * is given
by (5.3).

In the following section we show that for constant back-
ground and coincident sources and receivers the approxima-
tion (5.16) reduces to algorithms described in the literature.

VL. THE ASYMPTOTIC SOLUTIONS AND MIGRATION
SCHEMES

This section contains a brief description of migration
schemes which follow from our results. As we shall see, the
measured scattered data are such that the migration schemes
amount to the generalized backprojections {except when the
Hilbert transform has to be applied first in spaces of even
dimensions).

Let us recall that the goal is to estimate the unknown
function f(x)in (2.12) or (3.1) from observations of the (singly)
scattered field. We assume that the scattered field u = 4* is
given in the time domain, so that

b= o= [ olkmle % dk, (6.1)
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where v(k,&,7) is described in (3.1). In many cases of practical
interest the actual measurements are measurements of the
total field, and the incident field must, by some means, be
removed. However, in this paper we assume that the {singly)
scattered field is given in the time domain to start with.
Comparing the definition of the operator % * in (4.12)
with the Fourier transform in (6.1) and denoting the real part
of the operator (4.12) as w{t,£,7)=Re( & *v)(t,£,17) we obtain

wit,&m) = [(— 1)~ 22027P " Ju(t.£n), (6.2)

~ in spaces of odd dimensions n =2m + 1, m = 1,2,..,, and

(=1~ IJ”’E(’_"Ei)dt', (6.3)

it ) 0Pt wlow t—t
in spaces of even dimensions n = 2m, m = 1,2,... . Thus, one
has to apply the Hilbert transform (6.3) to the scattered field
in spaces of even dimensions to obtain Re( ¥ *v)(t,£,7).

It follows from (6.2) and (6.3) that the only remaining
step in algorithms (4.20) and (5.16) is to construct the gener-
alized backprojection operator (GBO) in (4.3) or (5.3), de-
pending on the source-receiver configuration. Let us consid-
er the case when the receiver position £ depends on the
source position 7. The construction of the GBO for fixed
source position in (4.3) is completely analogous.

To.compute the GBO (5.3) we have to compute both the
phase function and the weight function. Such a computation
is equivalent to the construction of two Green’s functions in
ray approximation. Indeed, the computation of the func-
tions ¢ = ¢ and ¢ °" = ¢ in (3.2) and the factors 4 ™ and
A°" in (3.4)—which are necessary to construct the weight
function in (5.3) [or (4.3)]—amounts to the computation of
the ray approximation of two Green’s functions along the
two rays connecting the point of interest in the medium with
the source and with the receiver. The additional obliquity
factor in the weight function can be easily computed as it
follows from (5.6) and (5.7) [or (4.6) and (4.7)]. This factor
depends on the angle between the rays connecting the point
of interest in the medium with the source and receiver.

Once both the phase function and the weight function
are computed the GBO is applied in the time domain, either
to the singly scattered field itself [in spaces of odd dimen-
sions (6.2)] or to the Hilbert transform of the singly scattered
field [in spaces of even dimensions {6.3)], as required by the
approximate formulas in (4.20) or (5.16). In this way we ob-
tain the reconstruction f;, of the function f from (6.2), (6.3)
and (5.16) as

fmls :Re Iaxo f: (6.4)

If 3X°=JX then the operator I;y. is the identity
operator. The function fin (2.12) [or (3.1)] is assumed to be
real, and, therefore, it follows from (6.4) that £, {x) =~f(x) in
the region X. The symbol = expresses the fact that we image
the (location of ) discontinuities of the function f(x) in the re-
gion X, since smooth terms in the asymptotic expansion in
(5.14) are neglected in the approximation.

In most practical situations we have data only for limit-
ed view angles, and, therefore, X °# dX. Thus, we obtain a
partial reconstruction since we can recover the Fourier
transform /" [see (5.15)] only on a part of the Fourier space.

The assumption that fis real implies that f(p) =/ — p),
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where the bar denotes the complex conjugate. In particular,
this relation shows that the Fourier space is covered twice if
dX ° = dX. Given the source-receiver configuration of a par-
ticular experiment, we can determine the domain in the
Fourier space where the function £ is known. This domain
controls the spatial resolution of the reconstruction. In ex-
amples where the domain X is a half-space (given later in this
section) we only have partial coverage since observation
points are restricted to the boundary of the half-space. How-
ever, assuming infinite aperture we still obtain the function
S over the whole Fourier space by continuing f~ with the
help of the identity f(p) =/ — p).

We shall discuss the implications of our results in explo-
ration geophysics and the comparison with existing migra-
tion schemes in greater detail elsewhere. Here we note only,
that, in general, the construction of a GBO requires ray trac-
ing and computation of solutions of the transport equation.
However, in the case of constant background one can obtain
analytical expressions for the GBO. Let us illustrate this
with a few examples where an explicit construction of the
GBO is available, and show that at least for these examples
some of the migration schemes appearing in the literature
are given by a generalized backprojection operator. We con-
sider the case with a constant index of refraction and set

A=n=1,
without loss of generality.

Example 1: Let the domain X be the half-space x,, >0 of
the n-dimensional space (x,,x,,..., X,_;, X,) and suppose
measurements are performed everywhere on the boundary
X = {(x,X5..., X,_;, 0)} of the half-space X. Let
E=10=®sN2s Tu_1, 0), s0 that we have coincident
sources and receivers. The phase functions ¢ and ¢ are

$=¢=x—1
so that ¢ in (3.2) is

 (x) =2|x — 7| (6.5)
To compute the determinant 4 in (5.5) we make use of the
identities

¢xmj = - (4/¢ )61_/ - ¢x,»¢17]-/¢:

¢xn1]j = - ¢xn¢11j/¢’

where §; is the Kronecker symbol and /,j = 1,2,...n — 1,
and obtain

hien) =46, /6™, (6.6)
where

B, (x,7) = 4x, /¢ (x,7). (6.7)
It follows from (2.4), (3.1), and (3.4) that

alx,n,n) = 1/4mg )", (6.8)

where ¢ is given by (6.5). Using (6.6)—(6.8) the weight func-
tion b in (5.4) can be written as

b(x,m) = C,{x,/|x —7]),
where

C — 22n+ lqrn—— l'
We set

x,/|x — n| =1,
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where 7 and /, are unit vectors pointing in the direction of x,,
axis and in the direction of the line connecting points x and
7. The generalized backprojection operator R * thus is

(R *w)(x) = C, wa(le — 9|, dy, (6.9)

where w is given in (6.2) or (6.3) depending on the dimension
n. Here we integrate over all source-receiver positions on the
boundary dX. The GBO in (6.9) can be considered as a mi-
gration scheme within our definition. This operator was ob-
tained in Ref. 17 for the case n = 3 by a different approach.

Some of the migration schemes that have appeared in
the literature also have a form of the GBO. Reference 3 is an
example. However, the particular weight functions used are
generally different from the one presented here.

Example 2: This example deals with the case where the
source and receiver positions are confined to a sphere—the
surface of the n-dimensional ball of the radius p. We can
write £ = 77 = pv, where v is a unit vector indicating the
position of the coincident source and receiver on the sphere.
Thus, we have

& = & = |x —pvl,
and

& (xv) =2|x —pv|. (6.10)

The computation of the determinant in (5.5) yields
hxy)=p"~'2%(p — xv)/$".
Since the weight function a(x,£ (7),7) in (5.2) can be written
for this example as
alx,vv) = 1/4(mg )",
we obtain the weight function
bixv)=C,[p" " (p—xv)/|x —pv|],
and the GBO

R 4wl =C, |

fv] =

X P"_I(P —X“V) a'v,

Ix —pv|

where w is given in (6.2) or (6.3) depending on the dimension

n. The integration in (6.11) is over the unit sphere and dv is

the standard solid angle differential form. The GBOin (6.11)

differs from the one constructed in Ref. 17 for the case n = 3.

The approximation in (6.11) remains valid even if the point x
is not close to the center of the ball.

Example 3: Finally, we consider the case where source
and receiver positions are confined to the boundary of a half-
space as in our first example. However, we assume now that
sources and receivers are separated by a fixed distance 24.

Let 7 denote the coordinate of the midpoint between
the source and receiver, so that we can write

=|x—n—d|,
¢=’x*‘77+d|’

w(2|x —pv|,v)

(6.11)

(6.12)
(6.13)
and

gl =|x—n—d|+[x—n+d|
We consider the case of the dimension n = 2. Making use of
the identities
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b, = xl—zy—d " x1—~11+d,

1¢ 1 ’
¢x,=x2(_3_+"g"
o RATEE:

we can, in this case, compute the determinant in (5.5) directly
and obtain

b=, +3.1(F + )

13 ,
+ Bodr, — ¢x,¢,,>(¢£ _ %_)

Substituting appropriate expressions for the derivatives of
the phase functions we write 4 as

ho) = 2¢2 26 +ap
-5 22?5t — 2x = nPd) |
Hence,
blen= 2723+ 37
@)"

2d 2
— —m(d2+x2 —2(x—77) d)],
¢4 i
whereé\S and ¢ are given in (6.12) and (6.13). The GBO in this

case is

®*w) = [ wizlx — gl e,

where w is given in (6.3) for n = 2. It is easy to see that if
d = 0 then we obtain the GBO in (6.9).

(6.14)
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APPENDIX A

The following lemma holds in the cases of Riemannian
and Finsler spaces. It was used in Ref. 20 to prove a unique-
ness theorem of the inverse travel time problem in the case of
the Riemannian metric. We present here an elementary
proof for the Euclidean space.

Lemma A: Let the function ¢ satisfy the eikonal equa-
tion

(V.8 (x.6 )2 = n(x), (A1)
in the domain X with the boundary X, where the parameter
£edX. We assume that the boundary JdX is diffeomorphic
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(with the preservation of orientation) to the unit sphere §2 ~*
centered at the origin of the tangent space at the point xeX.
(This unit sphere represents all directions at the point x.)

Let ¢ (x) have first partial derivatives and consider the
determinant

ax, &xz b a'xn
seg)=| Fe T Sl g
&xlgn -1 &ng’n -1 axngn -1

where &,,....5,_; is a local system of coordinates on the
boundary. Then

T, - - dE,_, ="V, 4V, ¢ )do, (A3)
where do is the standard measure on the sphere %', and
& =£ (w), where weS ;™"

Proof: Since ¢ satisfies the eikonal equation in (A1) we
can write

z}xl =ncos Y,

&,‘2 = nsin y, cos >
: (A4)

&xn_‘ = n sin y, sin y,--C0S ¥, _,

:}sxn =n sin ¥, sin y,-sin y,_;,
where y; = x;(x,§15-s€n_ 1) J = 1,...,n — 1, are angular co-

ordinates on the unit sphere $2~'. By substituting (A4) in
the functional Jacobian in (A2) we obtain (A3). Let us carry

out the calculation for the case n = 3. We have
¢x,§, = —nsiny, 4L aX‘
o,
&ng. = 1 CO8 }, €OS ¥, 2 % _ n sin y, sin y, =2 6,1/2 (AS)
’ 9; 3%,

y S ; o 20 2
P, =N COS Y, sin y, 2 3, + n sin y, cos y, =2 85,
wherej = 1,2,

Let us compute cofactors of the first row of the func-
tional determinant. Using (A5) we compute the cofactor for
the element &xl . We obtain

¢"1§ 1 ¢"3§ 1
¢7‘25’2 ¢x3§z

— 2|20 31’2sz1 cos ¥,

9, 95,
_ o
9€, 95,
a(l’vl’z)
162)

Analogous calculations can be performed for all cofactors,
so that we obtain (A3), where

do = sin y, dy, dy-.

APPENDIX B
We briefly present here some first definitions and prop-
erties of pseudodifferential operators. Consider the operator

alx.D),
(6D )1)ox) = [ atoxp) (P

sin y, cosxl]

¢x, SmXI

G. Beylkin 107



where f"(p) denotes the Fourier transform of the function /.
The function a(x,p) is the symbol of the pseudodifferential
operator a(x,D ).

Definition: Let {2 be an open subset of R" and m be a
real number. Let S ™(2 ) be the class of symbols and consist
of infinitely differentiable functions a(x,p),
a(x,p)eC =(£2 X R "), such that to every compact QC £ and
to every two multi-indices a, B there is a constant Cy,(a,8),
such that

|95 Falx,p)|<ColaB )1 + |p|)™ 1.
The pseudodifferential operator a(x,D ) is said to belong to
the class L ™(f2) if its symbol a(x,p) belongs to S ™((2 ).
The following properties describe a(x,D ) as an operator.
If a(x,p)eS ({2 ) then a(x,D ) is a continuous operator

a(x,D ):C 5 (2 )}~>C =(12),

where C $(£2) denotes the class of infinitely differentiable

functions with compact support in 2. The operator a(x,D)
can be extended to a continuous map

a(x,D).&'(2)}>2'(12),
where 2'(£2} is the space of distributions on X [the dual of
C5(2)] and &'(12) is the space of distributions with com-
pact support [the dual of C *(£2)].

Definition: An operator is called to be regularizing if it
maps

E'(2)>C~12).

(This means that a regularizing operator transforms func-
tions with singularities into infinitely smooth functions.)

Let L — = (£2 ) be the intersection of all L ™{x), where m is
real. One can prove that every operator from the class
L~ = (£2)is regularizing and every regularizing operator can
be represented as an operator from the class L~ = (2).

The asymptotics in (4.19) and (5.14) have the following
meaning in terms of classes of pseudodifferential operators:
we can prove'*'¢ that

TyeL ~/22),
forj=1,2,..., and

(F—IM?7 —TI,—T,— - —T)eL ~'~Y2).
for / =0,1,2,... . In particular,

F— Iax?’OGL ~12).
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This means that approximations in (4.20) and (5.16) al-
low reconstruction of discontinuities, since the discrepancy
operator is a smoothing operator. It can be shown that an
operator from the class L ~'(¢2 ) increases by 1 the number of
derivatives of a function to which it is applied. In precise
terms the following theorem holds.

Theorem: Let a(x,D ) be a pseudodifferential operator in
£2 of the class L ™({2 ). Given any real number s the operator
a(x,D ) can be extended as a continuous map

a(x,D ):-H 3o (2 }>H ic "(42),
where H: . (2) and H;_ ™({2) are the so-called Sobolev

comp

spaces of distributions.

The index s can be interpreted as a ‘“number of deriva-
tives.” For detailed descriptions and proofs see Ref. 21 or
any other reference on pseudodifferential operators.
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Jet theory of a classical particle field is developed through a systematic transition from alocal to a
global formulation. Emphasis is laid on the role of gauge covariance and minimal coupling
principles in producing a global geometrical framework which faithfully generalizes the one of

gravitation theories.

I. INTRODUCTION

This paper exhibits a new approach to the theory of jet
extension of a classical particle field with an internal symme-
try or gauge group.'™

A line of thought closely related in spirit to the con-
structive methods of differential geometry® is followed,
which allows a systematic and meaningful transition from
physicists’ local formulation to the geometrical global set-
ting of the theory.

The local theory, taking place in any open set of space-
time, is revised in Sec. II, where the classical principles of
covariance and minimal coupling (inherited from general
relativity) are clearly and distinctly singled out.

The global theory is then built up in Sec. I1I, by patch-
ing together the foregoing local results all over the space-
time.

So covariance principle is shown to correspond to the
existence itself of a global jet extension of the field from the
phase space where it lives® to the proper jet space, such ex-
tension being just characterized by a Yang-Mills field on
phase space—nonrelated, in principle, to the gauge group or
to the Higgs field consequently distinguished on phase
space.

Then the minimal coupling principle is shown to corre-
spond to a natural relation between the Yang-Mills field and
the Higgs field, which can be expressed in geometrical terms
as a compatibility condition (generalizing the well-known
one of gravitation theories’) between a connection and a met-
ric on phase space.

il. LOCAL THEORY

The local theory of a classical particle field describes
jets of the field, i.e., possible values of the field and its deriva-
tives, as elements of a local jet space

V=VeL(TU,V)

given by the Whitney sum, over an open set U of a space-time
manifold® M, of a local phase space

V=UXR"

(trivial vector bundle with a n-dimensional real fiber R” ) and
vector bundle

L(TU, V= u L(T, U, V,)
xeU
{set of all linear maps from fibers of tangent bundle TU into
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corresponding fibers of V).
In fact, the field is defined as a local vector-valued wave
function on space-time or, equivalently, as a section®

YeS(V)
and a local jet extension of the field
jpes(v)
is defined through a map
JS(V)->S(P),
given by
j=ideD, (1)
where
D:S(V)—S(L(TU, V)
is a differential operator on wave functions.'®
If, in particular,
d:S(V)->SL(TU, V)

is the ordinary differentiation of wave functions,! then, de-
noted with gl(z, R ) the Lie algebra of general linear group
GL(n, R ), we have the following lemma.

Lemma 1: A local jet extension (1) is characterized by a
gl(n, R )-valued one-form

I':'U->L(TU, gl(n, R))
called the local Yang-Mills field, through
D=d+T. (2)

Proof: Operator D — d is linear (with respect to the ring
of real functions on U).
Then, by putting [for any x € Uand ¢ € S (V)]

Fx ‘ ¢(x) = (D—d)x'/’)
one defines a linear map

I eL(V,, LU, V) =L(T,U,L(V,, V,))

=L(T.U, glin, R)),
such that
I'x—I",
is a gl(n, R )-valued one-form satisfying condition(2). ]

On the otherhand, a wavefunction ¢yundergoes (without
change of physical meaning) G-gauge transformations

y=9¢-¢,
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i.e., vertical vector bundle automorphisms

V-V
whose transition functions

¢:U—G
take their values in a given Lie group G acting on R” as a
closed subgroup of GL(n, R ).

The vertical action ¢ of G on ¥ also extends to a vertical
action on ¥,

PVV,
which allows one to define covariant transformations of a
local jet extension ji, by

=0-jy.

This is just the content of the following.

Covarianceprinciple: Thelocaljetextensionjfollows, un-
der a G-gauge transformation ¢, the covariant law

jp=9-J (3)

Then,ifaddenotestheadjointrepresentationof GL(r, R )
in gl(n, R ) and @ is the canonical one-form on G, we have the
following lemma.

Lemma2: Thelocal Yang-Millsfield I"correspondingto
a covariant local jet extension j follows, under a G-gauge
transformation ¢, the pseudotensorial transformation law

I'' =ad(¢ ~" + ¢ *6. (4)
Proof: Owing to Egs. (1) and (2), covariance condition (3)
can be read
D'-¢~'=¢~".D
or
d+I'"'=¢ 'L p+¢'.d- ¢
The Leibniz rule implies
d-¢=ddp+¢-d.
So we have
I'=¢='-I-¢+¢7"-dg,

that is, Eq. (4). |
Itis plain that a drastic cancellation law for local Yang—

Mills fields, which reduces local jet extensions to ordinary

differentiation, is generally inconsistent with transformation

law (4) (because of the presence in it of one-form ¢ *@, vanish-

ing only for first kind G-gauge transformations ¢ = const).
On the contrary, denoted by

gCglnR)

the Lie algebra of gauge group G, the request on local Yang-
Mills fields to take values in g is always consistent with trans-
formation law (4) [where both ad(¢ ~'), restricted to g, and
@ *0 take values in g].

This is just the content of the following.

Minimal coupling principle: Local jet extensions are
characterized by g-valued local Yang-Mills fields.

Ill. GLOBAL THEORY

Anintrinsic formulation of the local jet theory of a clas-
sical particle field can be achieved by thinking of a local jet
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space V as a set E,, endowed with G-related gauges, i.e.,
bijections
6:_V_—"‘)Eu,
related to each other by G-gauge transformations
=04 (5)
Then a nontrivial globalization of the foregoing theory
will be achieved by patching together such local spaces all
over the space-time through G-gauge transformations, ac-
cording to the following definition.
Definition: The jet space of a classical particle field is a
set

E=uE,
covered by the ranges of 2 maximal atlas
Zg = {6}

of G-related gauges, over an open covering §U | of space-
time M.
The phase space of the field is then the set
E=VEy,
covered by the ranges of the atlas
Ag = {‘p }
of restricted gauges @ = & /V.

The geometrical content of the definition is shown in
the following theorem.

Theorem 1: Phase space E is a R" -vector bundle over
M, carrying a Higgs field

a:VE—GL(n, R )/G
on the GL(n, R )-principal fiber bundle VE of vertical linear
frames of E or, equivalently, a generalized fiber metric
Kera C VE (6)

reduction of structure group GL(n, R )to G, characterized by
condition

S(Kera)=Ag. (7)

Proof: Differentiable structure, fibration, and local tri-
vializations (linearly related to each other on fibers) are ex-
hibited by local charts @ € 4.

Thenlet Pbe a G-principalbundleover M carryingaset of
sections {s} over { U} whose transition functions are the
same as those of 4 . It can be seen as a reduction of structure
group GL(n, R )down to G through a map 4:P— VE given by
the following action on sections 4 - s = @, Owing to maxi-
mality of A5, we have

Sh(P)=Ag.

Moreover, reduction P is isomorphic to reduction (6),
where « is the Higgs field defined by requiring

Kera =h(P).

Condition (7), which characterizes'? @, then follows. B

Theorem 2: Jet space E is the Whitney extension of
phase space E,

E=E o L(TM,E).

Proof: Each gauge @ € 4 pushes forward the (vector
bundle) Whitney structure of ¥ onto E,,
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E,=®(V)eo ®(L(TU, V)
=E, & L(TU, Ey)

and this structure on E, is preserved by G-gauge transfor-
mations (5).
Hence the global result easily follows. [ ]
Inthe methodological contextofthe abovedefinition, the
particle field is to be meant as a whole collection {4} of G-

related wave functions—one for each gauge—which in turn -

define a unique global section of the phase space

YeS(E)
locally characterized by

v=0"1. ¥

Likewise one can think of a jet extension of the field as a
whole collection {j} of properly related local jet exten-

sions—one for each gauge. Indeed each of them can be car-
ried through the proper gauge over jet space, by

J=®.j.9 (8)
and then, if (on any U n U’ #®) joining condition
& .j P =0 jD! (9)

is fulfilled, maps (8) can be seen as restrictions of a unique
global jet extension

J:S(E}-S(E).

To this purpose, the key role is played by the covariance
principle, whose meaning and geometrical content are
shown in the following theorem.

Theorem 3: The covariance principle is the necesssary
and sufficient condition for a collection { j} of local jet exten-
sions to define a global jet extension J.

Then any such extension is given by

J=id & D°,

D” being the covariant derivative associated with a connec-
tion one-form w on VE, called the Yang-Mills field, whose
gauge pullbacks'?

r=o*w (10)
are the local Yang-Mills fields of {/}.

Proof: Itiseasily seen that, due to Eq. (5), covariance con-
dition (3) on a collection {j} does not differ from joining
condition (9) which just ensures existence of J.

Then, as to the second statement, it can be deduced from
Lemma 2 by recalling that (i) a connection one-form @ on VE
is uniquely determined by local equations (10), {I"} being
local Yang-Mills fields undergoing transformations (4); (ii)
the covariant derivative D is then defined by local equa-
tions

D°=¢.D.®,

{D } being the local differential operators defined by {I"};
and (iii) the extension map J=id & D” is consequently
characterized by local equations (8), {/} being the covariant
local jet extensions defined by {D }. B

The physical significance of a Yang-Mills field @ cou-

pling with the particle field through a jet extension of the
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latter, rests on that it cannot be made to globally vanish, due
to its nontensorial character under G-gauge transforma-
tions.

Conversely, possible gauge-tensorial components of w
are all to be thought of as physically insignificant fields
which can be asked to vanish.

Tothis purpose the key role is played by the minimal cou-
pling principle, whose meaning and geometrical content are
shown in the following theorem.

Theorem 4: The minimal coupling principle is the neces-
sary and sufficient condition for a collection {j} of covariant
local jet extensions to define a gauge-tensorial component
free Yang-Mills field w.

Then any such Yang-Mills field » is compatible with
Higgs field a.

Proof: We recall that a gauge-tensorial component of a
Yang--Mills field @ is the projection w, of restriction &/
Ker @ onto any ad(G )-invariant subspace # complementary
of g in gl(n, R). It is easy, in fact, to recognize (through
Lemma 2) a tensorial transformation law

I, =adl¢ ~"\[,
for the gauge pullbacks
Iry=d*a,,

whereas a pseudotensorial transformation law (4) is main-
tained by the gauge pullbacks of the projection of w/Ker a
onto g.

So, the minimal coupling principle comes out to require
®, = Ofor all the above subspaces 4 or, equivalently, that w/
Ker a be a (g-valued) connnection one-form on Ker a, which
is the definition of compatibility between » and a.
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In this paper the Poisson bracket algebra for the open massless relativistic string in the one-space-
and one-time-dimensional case is considered. In order to characterize the orbit of the system the
directrix function, i.e., the orbit of one of the endpoints of the string, is used. It turns out that the
Poisson bracket algebra is of a very simple form in terms of the parameters of the directrix
function. We use these results to construct action-angle variables for the general motion of the
string. The variables are different for different Lorentz frames, with a continuous dependence.
The action-angle variables of the center-of-mass frame and of the light-cone frames are of
particular interest with respect to the simplicity of the Poincaré generators and the physical
interpretation. For the light-cone frame variables the equivalence to a set of indistinguishable
oscillators is shown, for which an excitation corresponds to an instantaneous momentum transfer

to an endpoint of the string.

I. INTRODUCTION

The massless relativistic string’ has played a large role
in the development of the dual models® and as a model sys-
tem for the breaking of a color field into stable final state
particles.’

In a well-known early treatment of the quantization of
the string* only the transverse degrees of freedom are taken
into account. It has been pointed out’ that the string in one
space dimension does have longitudinal degrees of freedom,
which correspond to a set of massless particles connected by
linear potentials. For the open-end string, the simplest non-
trivial mode corresponds to two such particles, one at each
endpoint of the string, while more complicated modes also
contain massless momentum carriers (kinks) in the interior
of the string. We will in this paper derive the very simple
Poisson-bracket (PB) algebra for the longitudinal degrees of
freedom as expressed by means of natural parameters of the
directrix function. (The directrix function is the orbit of one
of the endpoints of the string.) Using these results, we con-
struct explicitly the action-angle variables (AAV’s) of the
system. We find that a complete set of AAV’s can be ob-
tained in a number of ways depending on the choice of Lor-
entz frame. We show some particular simplifications that
occur in the CM frame and in the two light-cone frames. We
also show the relation of the light-cone frame AAV’s to a set
of independent indistinguishable oscillators, and we demon-
strate how to describe an excitation of the string system in
terms of these variables.

The plan of the paper is as follows. In Sec. II we review
some well-known properties of the one-dimensional string
and derive the Poisson-bracket algebra for the parameters
describing the directrix. The introduction of constraints and
some details on the derivation are referred to Appendix A. In
Sec. III we show how to construct the action-angle variables
in an arbitrary Lorentz frame. In Secs. IV and V we specia-
lize to the CM frame and the light-cone frames, respectively.
In Sec. VI we describe the relationship to a system of indis-
tinguishable oscillators, and show how to describe an excita-
tion of the string in terms of the action-angle variables of the
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light-cone frames. Finally, in Sec. VII we investigate the
Lorentz transformation properties of the action variables,
and conclude by an analysis of the generators of the Poincaré
group.

Il. SOME BASIC FEATURES OF THE ONE-
DIMENSIONAL STRING SYSTEM

In this section we will review some well-known proper-
ties of the one-dimensional string, and derive the Poisson
bracket algebra for the directrix function. For a review of the
classical motion of the string see Ref. 6.

The string is defined as a two-parameter timelike sur-
face in Minkowski space (which in our case in general will
have only one space dimension) with an action that is pro-
portional to the invariant area of the surface. When parame-
trized in terms of the time 7 and the energy o between a point
on the string and one of the endpoints (corresponding to the
temporal conformal gauge), the equation of motion of the
space coordinate x is simply the wave equation

Fx —Px=0. (2.1)
Furthermore, we have the gauge constraints
dxd,x=0, (2.2a)

@, x) + (8,x)* = 1. (2.2b)
The solution to these equations for open string boundary
conditions can be expressed as
1A(t+ o)+ 14(t— o), {2.3)

where the directrix function A (£) is an arbitrary function
subject to the constraint

x(t, o) =

|4'(£) =0 4(&) =1 (2.4)
and the periodicity condition
A(§)+2P=A4(§+2E), (2.5)

where E and P are the total energy and momentum of the
string.

We note that by setting o = 0in Eq. (2.3), we obtain the
path of one endpoint of the string:
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x(t,0) = A (). (2.6)

Apart from the trivial case when the directrix is just a
straight line with slope plus or minus unity, corresponding to
a string behaving like a massless point particle, the generic
directrix in one space dimension is a sawtooth-type function,
consisting of straight-line pieces, each with a slope plus or
minus unity. The number of pieces within one period is al-
ways even, and we define the N-sector as the set of all solu-
tions having this number equal to 2N. This defines a string
that behaves like a chain of N + 1 massless particles con-
nected by V linear potentials according to the effective Ha-
miltonian

N N
Hg= Y [P+ Y |x—xc_y| 2.7
k=0 k=1

In Fig. 1 the motion of two systems with ¥ =1 and
N =2 are described by space-time diagrams as well as the
positions of the particles at a few representative time slits.

We will now derive the physical Poisson brackets (PB’s)
for the directrix function, including the constraints in Eq.
(2.4) by the methods introduced by Dirac.”

The momentum density 7 on the string is given by

mt,o)=1A'(t+0)+ 14t — o) (2.8)
The naive PB’s (denoted by { , },) would be

{x(t’ o), x(t, 0')}0 = {V(t’ o), mlt, 0")]0 =0,

(2.9a)
{x(t, o), mit, ')} o = 8lo — o),
together with
{x(t’ 0'), E }0 =it 0'),
{X(t, U)’ P }O =1,
(2.9b)

{mlt,0), E }, =4 x(t, o),
{ﬂ'(t’ 0’),P}0 =0.

Using Eqgs. (2.3) and (2.8), we can express this in terms of
the directrix (for further details, cf. Appendix A):

{4(£),4(8) o= —&£—-£")

(2.10a)

(A(E),E}o=A4"(§) (2.10b)

{A(§),P}o=1, (2.10¢)
where € is the periodized sign function, defined by

€0) =0,

gE&)=1 0<§<2E, (2.11)

HE+2E)=¢&¢)+2
However, this algebra is not consistent with the constraints
{2.4), since, e.g.,

(4, A(£))o= —44'(£) 0§ —£')5£0. (2.12)

We therefore choose to redefine the PB algebra using
the Dirac method.’ This can be described as a projection of
the PB’s, that makes the algebra consistent with all the con-
straints, as shown in Appendix A.

As a result, we obtain the physical PB’s as

(A6 A(5)) =& 5 —E)4'(§)4'(&)—1),  (2.13a)
{A(£),E}=4'(§), (2.13b)
{481 P} =1 (2.13¢)

It is desirable to express this PB algebra in terms of a set
of independent variables. To this end we parametrize the
directrix in terms of the coordinates (£, 4, = A4 (£;)) of the
turning points [cf. Fig. (2)], ordered according to the values
of &, so that

Si—1 <8k <€ri1» kel (2.14)
and use the convention that an even (odd) index should cor-
respond to a minimum {maximum) of the directrix, so that

Ay <Ay s kel (2.15)

Obviously this does not fix the choice of £, This will be
discussed further in the next section.

From the algebra given in Eq. (2.13), one can derive the
following PB algebra for the coordinates { £, 4, ) (cf. Ap-
pendix A)

{gk’gl} = 65—1,
{Ak’AI] = —ff—l»

(2.16a)
(2.16b)

FIG. 1. (a) The motion for N =1
corresponding to two particles
moving in a linear potential. (b)
The motion for N=2 corre-
sponding to three particles.
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FIG. 2. The directrix parameters &, 4,, and d,.

{4} =(=)*8_4 (2.16¢)

where 8% is the 2N-periodical Kronecker symbol, and €;, is
the 2N-periodical “sign” defined by [cf. Eq. (2.11)]

e =1, 0<k<2N,
€ =0, (2.17)
€riov =€ +2

These coordinates are not all independent, but we can define
a complete set of independent variables by

dy =&k —&ry 0<k<S2N -1, (2.18a)

L(Lg+S 1 18b
X=—(—=4,+ A+ —4 ) 2.

2N(2 o 2 At 5w (2.180)

T (- 53 : 2.18

=t— — =&+ + = . 18¢

L(Ga+S Gt Shw) @18

The directrix elements d,. are seen to correspond to the
lengths of the straight-line pieces of the directrix, while X
and T measure the overall vertical and horizontal position,
respectively. The explicit insertion of the time #in Eq. (2.18c)
is to compensate for the time dependence involved in the
transition from x(z, o) to 4 ( £ ) so that the equation of motion
for any variable Q has the usual form

0=(Q.E}. (2.19)
For this complete set, the PB algebra is given by

{de,d)} =88_1_1 — k1415 (2.20a)
{X,d.} =(—)*/N, {2.20b)
{T,di} =1/N, (2.20c)
{X,T}=0. (2.20d)

We note that the energy (Hamiltonian) and momentum are
given by the sum rules

l 2N—1
- >3 d (2.21a)
[
2N -1
P= % S (—)kd,. (2.21b)
0

We conclude by deriving the Lorentz transformation prop-
erties of the above directrix parameters. Since the directrix
represents the motion of one endpoint [cf. Eq. (2.6)],
( £, 4 ( £))must transform asa coordinate vectorundera Lor-
entz transformation, and this must in particular be true for
the coordinates ( &, 4, ) of the turning points. This implies
that also
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_1(1
(—T,X)= 2N(2 (€0 Ao
+ (§k,Ak)+%(5w,AzN))

(2.22)
transforms as a coordinate vector. Furthermore, since

(Eks1r ks 1) = (S di) = (diol =) " i), (2.23)

we infer that the d,’s must transform as light-cone compo-
nents of vectors. Specifically, for k even (odd), d,. transforms
like E + P (E — P) in agreement with

E+P=P,= Y d, (2.24a)
k even
E—P=P_= Y d,. (2.24b)

k odd
This means that the effect of a Lorentz transformation on the
d,’sis arescaling of the even-numbered ones with a common
factor e”, and of the odd-numbered ones with the inverse
factor e ~*, where y is the rapidity associated with the trans-
formation.

lll. THE CONSTRUCTION PROCEDURE FOR ACTION-
ANGLE VARIABLES IN AN ARBITRARY LORENTZ
FRAME

In this section we will, based upon the complete set of
independent variables and the PB algebra (2.20) given in Sec.
11, describe a general procedure to construct action-angle
variables for the massless string in one space dimension.

This will be done in two steps. In the first step we con-
struct a useful set of generalized coordinates and momenta,
i.e., a set of canonically conjugate variables ‘“‘diagonalizing”
the PB algebra. In the second step we construct a canonical
transformation to a new set of variables (P,Q) and (J,, 6,)
k = 1,...,N with the particular properties that (a) (P,Q ) with P
the total momentum, describes the translational degree of
freedom for the total system; and (b) (J,, 8,) k = 1,....N are
action-angle variables describing the periodic internal de-
grees of freedom. By action-angle variables® we mean the
following.

(i) (J%, 6;) should be canonical variables, i.e.,

{Jk’ 6[} = - 6](,1, (3.13)

{6, 0,} =1, I} =0; (3.1b)

(ii) The action variables J, are constants of motion, i.e.,
the Hamiltonian is functionally independent of the corre-
sponding angle variables &, .

(iii) The action variables correspond to independent
modes of the internal motion in the sense that there are no
correlated restrictions on the values they can take on; in par-
ticular they are bounded independent of each other by

J>0, k=1,.,N. (3.2)

{iv) The directrix function describing the motion ex-
pressed as

A(g; ak,JIu Q9P) (3.3)
is a continuous function of the action-angle variables and is
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periodic, with unit period, in each of the angle variables @, .
We start with the first step.

A. The construction of a set of canonical variables

There are evidently an infinite number of sets of canoni-
cal variables but for our purposes the following approach is
useful. Consider the string in the N = 1 sector, i.e., when the
directrix contains only two pieces. The directrix is then com-
pletely described by the variables (X, T, dy, d,) defined in
Sec. II [Eq. (2.18)] and we may use the two canonical pairs
X, P=(dy—d)/2)and (T, E = (d, + d,)/2).

For the case when the string is in a sector with N> 1 we
will describe a general procedure to reduce the problem to
N = 1. On the way we will at each step “downwards” con-
struct one pair of canonical variables together with a
“daughter directrix.” For the first step we note that (T, E) is
a useful pair, and we will now show that the remaining de-
grees of freedom in a natural way correspond to a reduced
directrix function which is in the (N — 1) sector. To see that
we make the following construction.

(i) Find the smallest of the 2N directrix elements dj .

(ii) Subtract this element from all the elements d, .

It is then evident that the element 4, itself will disappear
and that its two neighbors d,, _, and d; ., in that way will
fuse into a single element. Consequently, the number of di-
rectrix elements is reduced to 2(V — 1) and we regard them
as the elements d ;, of the (first) daughter directrix (cf. Fig. 3).
The numbering, i.e., the labeling by an index k, of the
elements d ;, of the daughter directrix is to some extent arbi-
trary (remember the corresponding problem for the original
directrix elements as discussed in Sec. II). Our convention,
which essentially follows from continuity arguments, is

dl'co—Z =dko—2 —'dko’

— 24, +di 1 1, (3.4)

d ],(0 _1 = d ko— 1
d ],(0 = d ko+2 d kgy*
Itis further necessary to determine position variables 7' and
X' for the daughter directrix with properties similar to T’and

X. These variables are actually essentially unique in case we
make the following requirements.

(i) The correct PB algebra with the d ; variables as well
as with each other.

(ii) In case two neighboring directrix elements have the
same size and either can be chosen as the smallest one, the
value of 7' and X' should be independent of the choice.

Then we obtain
2N —

4N(N—1) E (@ — di)
X(2k —2N + 1 —2Neb_, ),
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’

(3.5a)

FIG. 3. The reduction of a directrix
with N =3 to a daughter directrix
with N = 2.

l 2N —

X'=X— =) kzo (—)*(de —dy,)
X@2k—2N+1—2Ne_, ). (3.5b)

These variables are also closely related to the horizontal and
vertical positions of the fusion point on the reduced direc-
trix.

In Appendix Bitis proven that the variablesd ;, 7', and
X' defined above do have a PB algebra characteristic of a real
directrix as defined in Sec. Il and that they all have vanishing
PB’s with T'and E.

The daughter directrix and the pair

Ty=T, Ey=E (3.6)

correspond to the first step in the reduction. Obviously the
method can be iterated and after N — 1 steps, each time split-
ting off a canonical pair (7%, E,) we end up in the N=1
sector and we have consequently in that way constructed a
complete set of canonical variables: (T}, E;), k = 1,...,N to-
gether with (X, P)).

Before we construct an action-angle variable set from
the variables defined above, we make a number of observa-
tions.

{I) We note that in every step of the reduction, the ener-
gy is reduced while the momentum is unchanged so that

Ey>Ey_,>+2E>| P =|P]| (3.7)

(II) It is further obvious that the procedure is frame
dependent in the sense that ““the smallest element” d in one
frame is in general not the smallest one in another frame.

(III) The labeling ambiguity both in the original direc-
trix and in the reduced ones corresponds to a certain ambigu-
ity in value for the corresponding time variables T} . If we
relabel the original N sector directrix by moving the indices
of the directrix elements d, a complete period

dy —>d, =dy, oz (3.8)
then the corresponding time variable T is shifted as
Ty — Ty =Ty —2Ey. (3.9)

Similarly, a close analysis shows (for details cf. Appendix C)
that similar relabelings of the reduced directrices always give
shifts to the time variables 7, by amounts proportional to
the corresponding energy variables E, . At the same time the
position variables X, will acquire shifts proportional to P.
Evidently, the state of motion as described by the directrix
will remain unchanged by such operations.

B. The construction of action-angle variables

We define a set of new canonical variables from the set
defined above:

¢n =Ty/2Ey, E%,
: L, (3.10)
¢1=T/2E,, E1,

¢7o - X l/ 2P, P 2.
According to the property (III) above a relabeling of the di-
rectrix elements will imply a shift of the ¢, ’s by an amount
independent of the dynamical variables in the problem. This
is reminiscent of the properties of the angle variables in ac-
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tion-angle theory,® i.e., when the system is moved in phase
space a full period then the angle variables will acquire a
simple numerical shift.

We note that our requirement (iii) for the action varia-
bles is not satisfied because the E 7 are not independent but
satisfy the bounds

E}>E}_,>+>E1>P?>0. (3.11)

This immediately suggests the transformation to a further
set of canonical variables:

]N=E%V—E12V—1’

7 —_ K2 2
JN—I _"EN—I —EN—Z,

9N=¢7N’
On_ 1 =@n +Pn_1»

él=¢N+"‘+¢p » jle%_Pz’
Oo=@n ++@o  Jo=P> (3.12)

A detailed analysis (cf. Appendix C) shows that a rela-
beling of the k-sector directrix elements

d‘,,"’-»&‘,,"’:d',{‘iz (3.13)
will induce a shift in the corresponding angle variable 8, by

6, — 0, + 1/k. (3.14)
Obviously, such a relabeling will not change the configura-
tion. Hence, the configuration is periodic in 8, with period
1/k. Thus, in order to have unit period, the final angle varia-
bles must be

0, =kb,, k=1,.,N. (3.15)
The corresponding action variables are then after this rescal-
ing

J.=(1/k)J,, k=1,.,N. (3.16)
For the remaining degree of freedom, we transform to the
more natural variables

Q=2PG, P

Summarizing, we have the final variables

(3.17)

Oy = Noy, Jy=(/N)EL —E%_))
Oy =WN—=1Ngy+exy_1) v =[1/(N-1)]
X(E?V—~l - ?V—Z),
O =@n + -+ @y J,=E?*-P?
=X, +2P(py ++@1) P
(3.18)
The Hamiltonian is given by
N 172
H=E, = (P2+ Zka) : (3.19)
1
Thus, the total mass square is simply
N
M*= I/ (3.20)
k=1

The construction of the set of action-angle variables de-
scribed above implies a connection between the different sec-
tors that makes it possible to introduce a unified phase space
for all the sectors. In fact the following statement is true.

If an N-sector directrix is regarded as an (N + 1)-sector
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directrix with one vanishing directrix element, then the con-
struction of action-angle variables above will lead to the set
(P,Q), (Jx, 6x) k = 1,...,N with the same values as if they had
been computed “directly” in the N-sector. The difference is
that we obtain an extra “sleeping” degree of freedom corre-
sponding to the pair (J . ,, Oy ;) with

Ivi1=0 (3.21)

and with 8, , , related to the position of the vanishing direc-
trix element.

Thus the difference between the different sectors is
quantitative rather than qualitative and it is both consistent
and useful to introduce a unified phase space for the string in
one space dimension. Thus we describe the string in terms of
the (infinite) set of variables

(@, P),
(3.22)
(ek’ Jk)s k= 1,2,...,
with the Hamiltonian
o 172
H= (P2+ Zka) . (3.23)
1

The “old” N-sector in this unified phase-space will corre-
spond to the part where

J. =0, k>N. (3.24)

We also note that in case two directrix elements are equal
and either may be chosen as the smallest one, the value of one
of the angle variables will in general depend on the choice.
However, in this case the corresponding action variable is
zero (cf. Appendix B). This indicates that whenever a certain
mode is excited and thus has a nonvanishing action variable,
the corresponding angle variable is unambiguously deter-
mined (modulo 1) by our construction method.

With respect to the identification of the different
modes, it is obvious that a pure N-mode corresponds to a
directrix with 2NV directrix elements, all of them of equal size.
In that case the size of the action variable J, defines the
directrix element size and all the remaining action variables,
as well as the total momentum, vanish. This correspondstoa
string which is folded (N — 1) times. In the usual {massless)
particle interpretation language the directrix generates a
string with two particles at the (free) endpoints and (VN — 1)
kink particles. The motion consists of a symmetric oscilla-
tion with the particles moving along the light cones, all the
evenly labeled ones along one of the light cones and all the
oddly labeled ones along the opposite light cone.

The relation between energy and frequency and a phys-
ical interpretation of the excitation of the string are dis-
cussed in Sec. VI.

IV. THE CM FRAME ACTION-ANGLE VARIABLES

The procedure given in Sec. III is evidently applicable
to the description of the string in an arbitrary Lorentz frame,
and as we have already noted the action-angle variables con-
structed in that way will in general be different for different
frames. Actually, since the elements of the daughter direc-
trices are linear combinations of original directrix elements
with, in general, different transformation properties, the
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transformation properties of the action-angle variables will
be rather involved. This problem is further elaborated in Sec.
VII. We note that the CM frame in some sense may be con-
sidered to be a “natural” frame for describing the internal
degrees of freedom. It has the particular property that the
transformation from an arbitrary frame to the CM frame
depends on the dynamical variables, i.e., on the total mo-
mentum and energy, and therefore this case must be treated
with some care.

To deal with this problem we start by considering the
directrix in an N-sector mode in a fixed frame to be called the
lab frame. In the usual way the directrix is parametrized by
the independent variables 7, X, and d,, k= 1,...,2N de-
scribed in Sec. II [Eq. (2.18)].

If the directrix is transformed to the CM frame, one
degree of freedom, i.e., the total momentum, is lost because
P, isidentically zero in the CM frame. This degree of free-
dom must then be represented by the lab frame total momen-
tum P together with a suitable conjugate variable.

We note that since { £, 4 ( £ )) transforms under Lorentz
transformations as a coordinate vector, the directrix func-
tion will transform as

om(E . P _E _2

AME_ Za19) = Laig)-Le

and the directrix elements as
diM=([E-(—)*PV/IE+(=)*P])*d,. (42

There is essentially only a single variable X, which on the
one hand is conjugate to P and on the other hand has vanish-
ing PB’s to all of the d {™:

P 1
X, =X+ =T+ —
=T E Y WE
2N -1
X 3 (—)*d.dk—1—Nek—1)  (43)
ki=0

Here € is the ordinary sign function defined to vanish for
zero argument. Although the expression in Eq. (4.3) is seem-
ingly a complicated one, X, is actually identical to the string
center of energy coordinate

1 E
X == f x(t, o) do. 4.4)
E J
We also need a variable 7™ corresponding to the time vari-
able T for the CM directrix. The requirement that it should
commute with X, will essentially fix it to
E P P

TM= T4+ X X,
M M M

There is no difficulty to see that 7 “™ fulfills [cf. Eq. (2.18c)]

E P 1 N1
TCM=—t— ——Xc—-—(M+ CM)
M M 2N ,20 £k

(4.5)

2N-—1 1

1 I ccom cM CM)
=t — —|— + 2 + — , (4.6
¢ 2N (2 ° ok 27 46)

with 7, the time in the CM frame as measured in the point X_,.

In that way we have split off the overall translational
degree of freedom represented by the canonical pair (X, P)
from the internal degrees of freedom described by means of
the variables
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TCM,
4.7)
d™, k=0,..,2N.
We note the following constraints on the variables d ™ cor-
responding to the total energy momentum in the CM frame:
2N—-1

S dM=2M, (4.8a)
Zil(—)kd{EM:o. (4.8b)

By means of the internal variables in Eq. (4.7) we may then
carry out the construction of the CM frame action-angle
variables using the reduction procedure discussed in Sec. III.

The construction of the variables (TEM, ESM = M, ) k
= 1,N, the set (p ™M =TM/2M,, M%)k = 1,...,N, and,
finally, the action-angle variables,

oM =Np ™, T =(UNYMY - M3 _,),

O™ =2p P+ + ™), J™M =M} - M3)
O =g+ -+ TPM=M}, (49)
proceeds in the same way and the internal action-angle set in
Eq.(4.9) together with the momentum P and cms coordinate
X, constitute a complete set of canonical variables.

V. THE LIGHT-CONE ACTION-ANGLE VARIABLES

The reduction process described in Secs. III and IV to
construct action-angle variables will as always for collective
variables be of a nonlocal nature, i.e., the variables are not
easily associated with the local properties of the space-time
orbit of the system. There is in this regard a particular sim-
plicity in connection with the light-cone frame variables (to
be further elaborated in the next section) which motivates a
separate treatment. It will be sufficient to treat one of the
frames in detail, e.g., the forward case—the backward case is
completely analogous.

The forward light-cone variables can be obtained in the
limit of a very large boost in the forward direction from the
lab frame in such a way that the total momentum of the
system becomes large and positive. For an N-sector directrix
the lab-frame directrix elements (@, ) £ = 1,...,N will trans-
form as

e 'd,, k even,
€d,, k odd,
with € a parameter describing the transformation. Eventual-
ly the limit € — O will be taken.

The light-cone versions of the time and position varia-
bles Ty and X, will be chosen as

d,—d;, = [ (5.1)

T =(1726)Ty — Xy) + (€/2(Tw + Xy), (5-2a)
X3P = —(1/26)(Ty — Xy) + (€/2)(Ty + Xy). (5.2b)

If the parameter € is chosen small enough, it is evident that in
every step of the reduction algorithm an odd-labeled element
will be the smallest.

In the limit € — O all the odd elements become very
small and give negligible contributions to the variables Ty,
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which thus will depend on only the even elements, that are of
order 1/¢. For the scaled variables ¢, = T, /2E, the depen-
dence on € disappears, because also E, are of order 1/e.
However, the differences between the variables E 2 are deter-
mined by the smallest elements used in the reduction algo-
rithm, which always are linear combinations of the original
odd elements. These therefore determine the variables

J,=(1/n)(EZ—~EX_)). (5.3)

Our conclusion is thus that the angle variables 6 L are deter-
mined primarily by the even elements, whereas the action var-
iables J L€ are determined essentially by the odd elements. In
the backward light-cone frame the situation will obviously
be the reversed.

In addition to the action-angle variables, which de-
scribe the internal motion, we can for the translational de-
gree of freedom use the variables

. 1 P
o —_ 1 (_XLC I+ LC) , P =E P
Q + El_lf(l) 26 1 + 262 01 + +

(5.4)

The light-cone frame action-angle variables can also be
obtained in a more direct way, which we describe below to
illuminate their simple structure.

We introduce light-cone coordinates in the lab frame
( £, 4 )-plane, and define

& =8k £ 44, (5.5)

where ( £,, A, ) are the coordinates of the corners in the di-
rectrix. Because the directrix elements lie along the light
cones we have

Sk =E&sk_1s S =Csmy1- (5.6)
The lengths of the directrix elements d,. are then given by

= {§;+1—§,:_1, k odd,
y Exv1— &1, k even

From the PB algebra for the directrix parameters given
in Egs. (2.16) we conclude

{di, €7} =6k, Kk even, (5.8a)
(di, &/} =601, k odd. (5.8b)

The directrix is fully determined if we fix a starting point
(&4 4o) and either the positions in the ( + ) direction and
lengths in the ( — ) direction of the odd elements ( £ /., d; k&
odd) or the positions in the ( — ) direction and the lengths in
the ( 4 ) direction of the even elements (& [, d;, k even).

From Eq. (5.8) we find that either set of parameters may
be used as canonical variables. If we add the time and rescale
with P_ we arrive at the following set of canonical variables
for the first case:

(5.7)

a, =(1/P_ Nt/2)— &%),
= (/P72 — £ 5% 1)] ke LN 59
I, =P, dy_,
Together with P__ and its conjugate coordinate
0.=Lti-Yeg+em- LSha (510
+ 7 2 o] 2N P+ - k Yk .

they constitute a complete set.
At this point we make the following observations.
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(I) The insertion of the explicit time dependence in con-
nection with the definition of the a-variables is needed in
order to fulfill the (naive) equations of motion with the lab-
frame energy E as the Hamiltonian [cf. Eq. (2.18¢]].

(IT) The variable @ in Eq. (5.10) is essentially equal to
the variable Q°_ introduced in Eq. (5.4):

Q°% =0, + P, const. (5.11)
(III) The periodicity of the directrix implies
& w=E8F+P,. (5.12)

Thus, the rescaling with P is done in such a way that a
change in starting point { €, 4,) by one period implies a
change in @, by one unit, while 7, and @, remain un-
changed:

a, —a,+1, k=1,.N, (5.13a)

o0,—~>0Q., (5.13b)

I, -1, k=1,.,N. (5.13c)

(IV) Due to the obvious inequalities

Si<€s <<E v s (5.14)
we have

a2, 2dy, (5.15)

i.e., the canonical pairs (a,, I, ) are labeled according to an
ordering with respect to the numerical values of the a’s.

It is evidently possible to introduce another ordering
principle, e.g., according to the magnitudes of the momen-
tum variables 7, .

In that way we obtain from the set (a,, I, ) k= 1,...,.N
another set (53, K} k = 1,...,N with

K <K<Ky (5.16)

By a comparison with the definitions of the action-angle var-
iables in the light-cone frame we expect that the set

Bl + o +B1v’ Kl’

, K,—K,
Bkt By Kam K (5.17)

B N> K N T K N—1»

should be equivalent to our “old” set of action-angle varia-
bles (6 £€, J£), k = 1,...,N. The action variables are identi-
cal and except for nondynamical additive numerical con-
stants also the angle variables can be shown to be the same.
Thus in the (forward) light-cone frame, the action angle var-
iables seem to have an especially simple structure. The ac-
tion variables are simply differences between the mass varia-
bles K, which correspond to the lengths of the odd directrix
elements, rescaled with P . The angle variables are simple
linear combinations of the variables ,,, which are the posi-
tions in the £ *-direction of the same elements, rescaled with
P 7. The total mass squared is evidently

N N N
M=3K.=3I =3 k. (5.18)
1 1 1
When we consider the set (K} or the set (J,) we are con-
cerned with the ordering in size of these mass variables.
When we instead consider the set (I, ), we are actually order-
ing the same mass variables in accordance with positions
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along the positive light cone, i.e., according to the numerical
values of the position variables ¢, in Eq. (5.15).

VI. THE STRING SYSTEM AS A SET OF OSCILLATORS

In this section we will show that the string system is
equivalent to a system of indistinguishable oscillators. We
show in some detail the relationship between the dynamical
variables of such an oscillator system and the light-cone
frame action-angle variables of the string. We end by exhibit-
ing the effect of exciting the string system by giving an im-
pulse to one of its endpoints as expressed in terms of the
dynamical variables of the oscillator system.

We start by considering a set of V oscillators with equal
frequency w,. The oscillators will be labeled by indices k in
an arbitrary way and the system is then described by action-
angle variables ([, a;) k= 1,...,N which are all indepen-
dent.

An excitation of the k th oscillator described by n, will
be such that

I, =2mn,, (6.1)

and the total excitation energy is given by

N
H=a)02nk.

In a quantum description of the oscillator system all the exci-
tations n, correspond to integers and the excitation energy
J, is then the energy above the ground state energy. We will
call the oscillators indistinguishable if any pair of action-
angle variables can be exchanged without change in the state
of motion of the system. Thus, e.g., the states (a,, I;; a,, I)
and (a,, I,; a,, I,) correspond to the same motion of the sys-
tem. We note that we may under those circumstances find a
unique way to represent a state by labeling the oscillators
according to the values of a, :

(6.2)

a>a,>>ay => I, independent. {6.3)

Alternatively, we can reorder the oscillators according
to the magnitude of the action variables and represent the

same state by a set { B, K, ), k = 1,...,N, where
K,=1I, = max(l), ﬂl=ak,,
K, =1I,, = (next largest I,), B,=a,, (6.4)
etc.
Then we have
K. >K,>+>Ky>0= B, independent. (6.5)

We note that in the second case the requirement (iii) in Sec.
IIT for independence is not fulfilled but this is easily reme-
died. We can replace the K ’s by their differences and define
the variables
6, =8 JI—KI_KZ’
0,= , J —K,,
. 2 )B 1 + ﬁ 2! 2 3 ( 6 6)
On =By + =+ B JN =Ky.
These variables are all independent and the energy is given
by

(0 N N
H= 2— Z =@, kZI km,, (6.7)
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where m; = n, — n, , etc., i.e., J, = ogm,.

Thus we conclude that a set of N indistinguishable oscil-
lators with frequencies w, is equivalent to a set of N distin-
guishable oscillators with frequencies ke, (k = 1,...,N). We
also observe that the action-angle variables for the string in
the light-cone frame satisfy the same relations with the ener-
gy H above replaced by M2,

Because of this difference, the frequencies of the string
motion are not fixed as for an ordinary harmonic oscillator.
The frequency of the &k th mode is instead given by

OH _ wk

a5, H'

For a pure N-mode we have in the cms H = M = ,/NJ,, and
the frequency becomes

0% =N /NIy = m(N/Trn. (6.9)

In this picture with the string system described as a set
of N indistinguishable oscillators, it is easy to visualize an
excitation of the system. Here the oscillator variables I,
are the lengths in the negative light-cone direction, and the
positions in the positive light-cone direction, of the odd &
directrix elements d, [cf. Eq. (5.9)], scaled by the factors P,
and 1/P_, respectively.

An excitation of the & th oscillator to a higher level cor-
responds to increasing the element d,; _, by an amount §.
For the string motion this corresponds to giving the end-
point particle (the “quark”) a kick with a lightlike momen-
tum (AE, AP) = (6, — 8) in the negative direction at a time
when the quark is moving in the same direction. On the other
hand, if the quark would be moving in the opposite (positive)
direction at the time of the impulse transfer, it cannot stay on
its (zero) mass shell unless its original energy and momentum
continue as a kink on the string.

This corresponds to the formation of a new tooth on the
directrix, i.e., a transition from the N-sector to the (V + 1)-
sector. The new directrix element is determined by the im-
pulse 8, and the corresponding position £ * is related to the
time of the interaction. Thus in this case a new oscillator is
excited, the corresponding angle variable given by & */P_,
where £ * is related to the space-time position of the quark at
the time it is kicked, while the corresponding action variable
is given by 26-P .

In both cases, the change in «,, I, is simple and it is
obviously easy to calculate the corresponding change in the
variables (6, , J.). We conclude that the action-angle varia-
bles of the forward light-cone system are well suited for giv-
ing a simple description of excitations of the above kind. We
note that if the quark instead is kicked in the positive direc-
tion, (AE, AP)= (5, §), the excitation is most easily de-
scribed in the backward light-cone frame.

w, =2m0, =27 (6.8)

VII. THE LORENTZ TRANSFORMATION OF THE
ACTION VARIABLES

In this section we demonstrate in a simple example how
the action variables vary with the choice of Lorentz frame.

We consider for simplicity a configuration in the sector
N =2 that in some frame has the following directrix ele-
ments:
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(dos dy» dyy d3) = (4,2,1,3). (7.1)
When a boost is applied, they will transform to
(d(2)) = 42, 2/2, z, 3/2). (7.2)
The parameter z is related to the boost velocity v by
z={((14+v)/(1 —v)"*>0. (7.3)
In the boosted frame, the energy will be
E,(z)=3z+5/2z. (7.4)
The smallest element is
dy (2) = [dz(z) =1z, for z<42, 7.5)
d\z)=2/z, for z>2.
Thus the energy of the reduced directrix becomes
)= [2/2 +5/2z, z<y2, 76)
52/2 —3/2z, z>42.

The momentum of the reduced directrix, which of course is
the same as that of the original directrix, will be

P(z)=5z/2 — 5/2z. (7.7)
Itis straightforward to compute the action variables, and the
result is for z<+/2,

Liz)=YE; —E})=32+5, (7.8a)

Jig)=E} —P*= — 62 + 15; (7.8b)
and, for z3+2,

Jolz) = 10 + 2/2, (7.9a)

Jyz) =5 — 4/22 (7.9b)

This example illustrates the generic type of frame depen-
dence for the action variables. They are continuous func-
tions of z, that piecewise have the typical form

Jile) =4, 2 + B, + C,(1/2%) (7.10)

with 4,, B,, and C, in general different in different regions
of the positive z-axis. Since all J, ’s are positive and

ZkazMz, (7.11)
k

every J, must be bounded. We must then have 4, = 0 in the
region closest to z = o0, and C, = 0 in the region closest to
z = 0. This is obviously the case in our example. It is obvious
that the Lorentz transformation properties of the action var-
iables are not very simple. This is related to the fact that the
angular momentum tensor does not have a simple represen-
tation in terms of our variables in a general frame.

There are however a few exceptions. One is for the CM-
frame variables as defined in Sec. IV. In order to prove this,
we note the general definition of angular momentum for an
extended system

J B = f(x#dpv—dep#). (7.12)

In the case of one space dimension the angular momentum
tensor has only one independent component J1° = — J°!,
For the string case it is given by

J‘°=J;da(x(a,t)—t%p—)

g

E
= f x(t, o) do — Pt. (7.13)
o
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Comparing with Eq. (4.4), we can rewrite this as
JY=EX, — Pt
172
=XC(P2 + ZkJEM) — Pt (7.14)
k

A simple check shows that we have the correct PB algebra
for the Poincaré-group generators E, P, and J '*:

(JE}=P, (7.15a)
(J P} =E, (7.15b)
(E,P} =0. (7.15¢)

The other exceptions are for the light-cone frame variables,
as defined in Sec. V. The variable Q, defined there as conju-
gate to P, [Eq. (5.10)] is actually closely related to the cen-
ter-of-energy coordinate X _:

Q,=EX/P,. (7.16)
Thus, in terms of the forward light-cone frame variables, the
boost generator J '° is given by

J10=P+Q+ —Pr=P.Q,

t ( 30 kc)

2\ " P, /)
We note that the boost generator also can be expressed in a
simple way in terms of the original directrix parameters as

J1° = Ed, — PE,

(7.17)

1 2N—12N -1

+— S ddelk—1). (7.18)
2 = =6
k odd I even

We conclude that whenever one is interested in a simple re-
presentation of the Poincaré group generators one should
use the CM-frame variables or the light-cone-frame varia-
bles.

APPENDIX A: THE DIRAC BRACKETS

Consider a Hamiltonian system with a set of canonical
variables (g, p;), and a set of constraints on them

¢ lg:,0)=0, k=1,.,2N. (Al)

(It is necessary to have an even number, see below.)
We will require the PB between a constraint variable ¢, and

any other quantity to vanish. In particular, we will require
for arbitrary k and i

¢ q:} =0,
{¢e a:} A2
{ck’Pi } =0.
Then, clearly, the naive PB’s, i.e., those defined by
af g af
{ﬁg} = . f— . R
; g,  dpx ap.  9g
will not be acceptable, since
dc
{Ckaqz'}o= - E—k',
D;
(A3)
( | dc,
CrsPiso= —>
k2 Piso 3,

which not all could vanish.
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Dirac’ has suggested the following projection method

for adjusting the naive PB’s in order to obtain Eq. (A2).

Define the (antisymmetric) matrix

My = {c alo - (A4)
and invert it (possible for an antisymmetric matrix only if it
has even dimension):

Wia =M ). (AS5)

The physical PB (sometimes called the Dirac bracket)
between two arbitrary variables, 4 and B, will then be de-
fined as

(4,B}={4,B},
- Z {4,cr}o Wiule, Bl (A6)

We wish to apply this procedure in terms of the string direc-
trix 4,( £ ) (for an arbitrary number of dimensions). The na-
ive PB’s are
{xi(t, 0), m,(t, o)} = 6,8l0 — &),
(A7)
{xi(t’ o), xj(t9 0")}0 = {Vi(t: a), 77'j(t, 0")}0 =0,
where x;(t, o) is the position and 7;(#, o) the momentum den-
sity at the point on the string defined by o at the time ¢. Using
x,(t, o) = }(4,(t + o) + 4;(t — o)),
(A8)
m(t,0) =34t + o)+ 4t —0)),
and choosing ¢ =0, we get the naive PB’s in terms of the
directrix

{41 A(ENo= —6,6(£—¢'), —E<L E'<E, (A9)
where €( § — ') is the ordinary sign function, and E is the
total energy of the system.

The constraints are given by

(§)=34i(£)—1=0 —E<E. (A10)
From Eq. (A7) it is straightforward to derive
{(4,(8) (£ ))o=4415)B(E—E")
(A11)
fc(€) 4, (N o= —44](£)6(£—&),
M(E &) ={c(€)c(£))o=85(5—¢), (A12)

M (£, £')is the generalization of the matrix M,, to a contin-
uous system. It is easily inverted, giving

W(5E)=fkels—5"). (A13)
Using Eqs. (A11) and (A 13) we get the physical PB’s for the
directrix

{A,(6)4,(8)) =e(£—EN41(£)A4](8) —85),

—E<§, §'<E. (A14)
In addition to 4;( £), — E<& < E, we need the total energy
(E) and momentum (P;) to get a complete description of the
system. Since they both have vanishing naive PB’s with the
constraints ¢( £ ), the resulting PB’s will be unchanged:
{A(EWE}=41E), {AlE),P)=6; [E P}=0.
(A15)

ijs

Using the periodicity condition for the directrix
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A(£+2E) = 4(§)+2P, (A16)

we may continue the PB definition for the directrix outside
the interval ( — E, E), giving

(4:(6),4,(8"}
=EE—ENA(§)4[(§) - 8y), (A17)

where € &) is the periodized sign function defined in Eq.
(2.11).

APPENDIX B: JUSTIFICATION FOR THE REDUCTION
ALGORITHM

In this appendix we justify the introduction of the re-
duced-directrix parameters as generally defined in Sec. III
[Eqgs.(3.4) and (3.5)]. Assuming the original directrix to be
given in the N-sector with parameters T, X, d, we will show
for the (first) reduced-directrix parameters 7', X ', d ;, that (i)
they all commute (i.e., have vanishing PB’s) with E and 7,
and (ii) they have an internal PB algebra, characteristic of the
parameters of a real directrix in the (N — 1)-sector. This jus-
tifies the first step in the reduction scheme, and thus, by
induction, the complete algorithm.

We start by noting that, since

{E’dk] =0, {E’X} =0,

(B1)

{T,d,} =1/N, {T,X}=0,
the first statement (i) follows from the fact that the reduced
parameters can all be expressed as linear combinations of
differences of the original directrix elements, except X'’ that
also includes X.

For the second statement (ii}, we note that the PB’s
between the original directrix elements are such that only
nearest neighbors have nonvanishing PB’s. Thus, when we
subtractd,_ from all elements, the PB between two elements,
neither of which is nearest neighbor to d; , will not change.

The only element of the reduced directrix that is related
to the neighbors of d;_ is

d"(o—1=dko—l_2dk0 +dk°+l’ (Bz)

which is easily seen to have the correct PB with the other
reduced elements, and accordingly we have proved that the
internal PB-algebra of the reduced elements 4 ; comes out
correct. To complete the proof, we must analyze the PB’s
involving X' and T"'.

From the definitions {Eqgs. (3.5a) and (3.5b)] of T’ and
X — X'’interms of linear combinations of the elements d,, it
is straightforward to derive their PB’s with 4. The result is

(T ) = =gy + 7o [V —ho= D6
—6f_ko+(ko——N)6f:_ko_1], (B3a)
D R S, S
+ 8% &, — —;—5£_ko_l]. (B3b)
Using Eq. (2.16b) we obtain for X' the PB’s
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(=)*
N-1

(—)*
N—1

1 1
X260 iyr =8y 280y |- (B

Subtracting the PB’s with d, , we get

{X’,dk}= +

{T',d, —dy}
1
D e s (L A
—af_ko+(ko—N)6£_ko-l], (B2
R U Gt LN Gl B WP
Whdi—diJ =37+ 51 2 kdot 1
—5£_k0+-2-6‘:_k0,,]. (BSb)

One readily realizes that this leads to the correct PB’s with
the elements of the reduced directrix

{T',d}}=1/N-1), (B6a)
(X', di}=(=)/(N-1) (B6b)
Using Eq. (B5b) and the definition of T, one finally derives
(X, T'}=0. (B7)

We conclude this appendix by showing an important
continuity property for X' and T'. Assume that either of two
neighboring elements, d, andd, . , of the original N-sector
directrix can be taken as the smallest element.

In case 4, is chosen, we get

2N—1

= W _1) 3 (e —dy)

’

><[2k—2N+1—2N6”_k0], (B8a)
2N—1 d
’ d —
4N(N_1) 3 (=) ~dy)
X[2k—2N+1—2Ne;_,, ], (B8b)
whereas if d;_, , is chosen, we obtain
1 2N—1 d
. S d, —
4N(N — 1) ,20 i = o 11)
X[2k—2N+1—2Ne”_ko_1], (B9a)
2N—1
-X’ d, —d
4N(N_1) 3 (=) ~di )
X[2k—2N+1—2Neg_,,_1]-  (BIb)

Using thatd, = d, . , we obtain the difference between the
two definitions

2N—1
T'= 4N(%V— 1) « E (e —di)
><(e£_k,,_1— o (B10a)
2N ~1
AX—-X')= 4N(N—1) Z (=) (@ —dy,)
X(€F_ ko1 — €6 _,)- (B10b)
This can be rewritten as
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-1 2N—1

AT' = 2(_N:1_ z (de —dy,)
(6k—ko—l +5k ko)EO (Blla)
4X—-X')= 2(N kz( )¥(d —dy,)
X((Sk_kn_l +6k_ko)EO. (B11b)

Thus, since X does not depend on the choice of k,, we have
shown that X' and T’ are the same in both cases.

In this case, if d_ is chosen as the smallest element, the
element d;_, , disappears from the daughter directrix; it is
absorbed in d; _,. However if the two small elements are
not nearest neighbors, then if one of them is chosen, in the
next step of the reduction algorithm the other one is reduced
to zero and will be the smallest one. The corresponding ac-
tion-variableJ,, _ , will then also be zero. In this case the two
choices of k, will in general give different values for X' and
T’, and thus a nonuniqueness of the angle variable 6, _,.
The other angle variables will, however, be unaffected.

By a comparison with the harmonic oscillators, where
the vanishing of the action variable makes the angle variable
completely nonsignificant, one realizes that this is a quite
normal behavior.

APPENDIX C: DERIVATION OF THE PERIODICITY
PROPERTIES OF THE ANGLE VARIABLES

In this appendix, we justify our choice of angle variables
by proving that they have the correct periodicity properties,
i.e., that the configuration of the system, represented by the
directrix, is periodic with unit period in each of the angle
variables.

The elements of a given directrix can be labeled in dif-
ferent ways. Different labelings give different values for our
variables corresponding to the same directrix, i.e., the same
state of motion. We will show below that various relabelings
will imply shifts of the angle variables by integer numbers.
On the other hand, because the directrix is a continuous
function of the angles (see Appendix B), a unit change of the
angle variables by a continuous variation corresponds to a
change of the directrix coming back to the same state, imply-
ing the periodic property.

The first kind of relabeling we consider is a shift in the
labeling of the elements of the original directrix. Since we
still want &, to correspond to a local minimum of the direc-
trix, the smallest possible relabeling shift is by two units:

=8k =82

d, —di=d,_,.

Then, because of their definition [Eqgs. (2.18b) and (2.18c)],
T, and X, will be shifted according to

Ty — T} = Ty + (1/N) 2Ey, (C2a)
Xy =Xy =Xy —(1/N)2P. (C2b)

Furthermore, since the labeling of the daughter directrix is
related to the labeling of the original directrix in accordance
with Eq. (3.4), it is seen from the definition [Eq. (3.5a)] that

(C1)
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also the other T, ’s will acquire shifts:
T,.->T, =T, +[V/kik+1)]2E,, k<N. (C3)

From the definition [Eq. (3.5b)] there will be a corresponding
shift in the variables X, , , — X:

Xk+1 - X, _’X;c+1 —X;(
=Xii1 — X + [V/Ek(k + 1)] 2P, (C4)

The only X, we are interested in is X, which will acquire the
following shift:

X, >X|=X,—2P. (C5)

For the angle variables, as defined in Egs. (3.18), we thus get

the following shifts:
6, —0;.=0,+1 k=1,.,N. (C6)

All the other variables are left invariant by this operation.
The second kind of relabeling is related to the possibil-

ity of choosing another copy of the smallest element in one of

the directrices, say the one belonging to the n-sector (n > 1):

kP k0 =k +2n. (C7)

From the definitions (3.5), and the properties of the periodi-
cal sign function [Eq. (2.11)], this implies the following shifts
inT,_,and X, — X, _,:

r, ,»T, =T, +[l/n—-1)]2E,_,, (C8
Xn —Xn—l —)X;x ——X"l—l
=X, ~X,_, +[1/(n—1)] 2P. (C9)

Furthermore, a change of k !’ implies a shift in the number-
ing of all the lower-sector directrices [cf. Eq. (3.4)]. Accord-
ingly, the T’s with k < n — 1 will require shifts:

T, > T, =T, + [l/k(k + 1)] 2E,,
Again, the same goes for X, , , — X;:
Xiy1 =X =X — X

=Xp1 — X + [VVEk(k+1)] 2P, k<n—1. (C11)
For X, this implies the shift

X,—-X;=X,-2P. (C12)

For the angle variables, we can derive the following shifts:

k<n—1. (CI0)
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0k9 k>na
0k + 1, k = 1,...,n - 1.

Again, all the other variables are left invariant by the oper-
ation. Thus, in both kinds of relabeling, only the angle varia-
bles are affected.

We note that the shifts derived from the relabelings dis-
cussed above constitute a complete basis of lattice vectors in
O-space with 8 the vector 8 = (6,,...,0y).

The lattice vectors are evidently

4y =(1,1,.,1,1),

dy_, =(1,1,..,1,0),

6, — 0, = { (C13)

(C14)

4, =(1,0,...,0,0),

with the case given in Eq. (C13) corresponding to 4,,
n=1,..,.N — 1 and the case in Eq. (C6) to 4. In case we
only want to change the angular variable 8, leaving the rest
unaffected, we may use the shifts

A4y —4y_, =(0,.,0,1),

Ay _,—4y_,=00,..,010),
: (C15)

4,—-4,=(0,1,0,..0),

4,=(1,0,..0).

Since these lattice vectors correspond to different relabelings
of a given directrix and its daughters, we have obviously
shown that the configuration is periodic in each of the §,’s
with unit period.
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Mass eigenfunction expansions for the relativistic Kepler problem and
arbitrary static magnetic field in relativistic quantum theory
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We investigate the existence of orthogonality and completeness relations for the eigenvalue

problem associated with the differential operator A = — 17,11,

—iec « (E + /B),

I, = —id, —ed,. The operator A acts on 2 X 1 Pauli-type spinor fields defined over all
Minkowski space, and may be interpreted as the square of the mass of a charged Dirac particle
moving in an external c-number electromagnetic field. We show that A is self-adjoint with respect

to the not pos1t1ve-deﬁmte inner product (¢,; ¢,) =
¢b =¢i(— ’H4

5 d*x §,¢,, where @, is defined as
o H) A proof'is provided for the Coulomb case that the mass eigenfunctions

form a complete set in spite of the indefinite metric in Hilbert space. The mass eigenfunction
expansion of the propagator is worked out explicitly for the Kepler case. This mass eigenfunction
expansion is expected to be quite useful for bound state calculations in quantum electrodynamics,

since it involves the covariant denominators (m’)*> —

I. INTRODUCTION

We investigate completeness and orthogonality rela-
tions for the eigenvalue problem associated with the differ-
ential operator

A= —11.II, —iec+(E+iB), II,= —id, —ed,
(1.1)

acting on 2 X 1 Pauli-type spinor fields defined over all Min-
kowski space, concentrating mainly on the case in which A
is the four-potential of a static Coulomb field. We can view"
A as the square of the mass of a charged Dirac particle inter-
acting with the field 4,, .

In Sec. IT A we show that A is self-adjoint with respect
to the Lorentz invariant inner product

(63 8= [ dx B0 (12
in Hilbert space, where the dual state ¢ is defined as
é=¢'(—ill, — o-1I). (1.3)

It is expected that a complete orthonormal basis of eigen-
functions of A will exist for an arbitrary external potential.
However, the lack of positive definiteness of the inner pro-
duct (1.2) prevents the straightforward application of the
spectral theorem, which would otherwise guarantee this.
That an orthonormal basis of eigenfunctions nevertheless
exists is trivial for the special case of an arbitrary static mag-
netic field. The proof for a Coulomb field is given in Sec.
II B 1. The proof involves relating the given eigenvalue
problem with an indefinite metric to an associated eigenval-
ue problem with a positive-definite metric, for which the full
power of the spectral theorem is at our disposal. An applica-
tion is presented in Sec. II B 2; where a mass eigenfunction
expansion of the Coulomb propagator is derived.

. MASS EIGENFUNCTION EXPANSIONS

A. Self-adjointness of A with respect to the indefinite
metric

To organize the proof of self-adjointness of A with re-
spect to the indefinite metric (1.2) we introduce operators A
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(m)?.

and B through the defining equations
A= —ill, + o-11

and
B= —il,—o-IIL 2.2)

All relevant operations can be performed in terms of these
two operators. We note the operator identity

2.1)

A =AB (2.3)
and the relation
$=9'B, (2.4)

which is just Eq. (1.3) in the new notation.

If A is to be self-adjoint with respect to the metric (1.2)
we must have the identity (Ad,; ¢,) = (¢,; A¢,) for any two
spinor fields ¢, ,. Writing this identity out in terms of inte-
grals, and using the defining equation (2.4) of the dual, we
find the requisite condition in the form:

fd“x@"érzsb)fﬁfm =fd‘x¢z§(7179¢a).

That the condition (2.5) holds for any two spinor fields ¢, , is
an immediate consequence of the self-adjointness of 4 and B
with respect to the simple metric fd *x ¢ [¢,. This estab-
lishes the self-adjointness of A with respect to the metric
(1.2).

(2.5)

B. The relativistic Kepler problem

1. General theory

When written out explicitly for the case of a Coulomb
potential, the operator A takes the form

a dZ2a 19 ,9
A=(i2) +22 10,90
('az) xS e a
_K’-K ——(Za)2—iZaa-f" 2.6)
2
K=o+L+1.
The identity
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K?—K—(Za) —iZao-t=S{—}1—-Ry+1})}S},
(2.7)
in which
Y +4=(K?—(ZaP)'* — JelK),
+1, K>0,
€K)= [_ . K<o, (2.8)
and
S=¢€"%7?2 @=tanh~'(Za/K), (2.9)

parallels earlier results of Biedenharn® and of Martin and
Glauber,* who dealt with the conventional Dirac equation.

By use of the identity (2.7), the expression (2.6) for A can
be written

A=SHS !, (2.10)
where
3) dZa 13,38 1—Qy+1)7
H= 9% (10,0 1-Qy+1)
( ot + ot r * ror Jr 4r

(2.11)

According to Eq. (2.10) there will be a one-to-one correspon-
dence between solutions ¢,. of the eigenvalue equation
Ad,. =A'd,. andsolutions y ,. of the eigenvalue equation
Hy, =A’y, with ¢,. =Sy, . But H is self-adjoint with
respect to the simple positive definite inner product
§ d*x y . x4 in Hilbert space. By the spectral theorem, the
functions y ,. can be chosen to form an orthonormal basis.
Now let ¢ be an arbitrary spinor field, and let us expand
S~'¢ as a linear superposition of the eigenfunctions
Xa:S '¢=2,.cs.xa - Substituting y,. =S7'¢,. and
removing the common factor S ~! on both sides of the equa-
tiongives¢p == ,.c,.4,.. Since ¢ is arbitrary, we have here
a proof of completeness of the eigenfunctions ¢, ..

Next we investigate the relationship between the dual
states in the two eigenvalue problems. From the relation

Hy, =A'y,. we find first yL.H=A'y)., then
x5 STISHS ~'=A'y}.S ", and then
¥o.S A =A"yh.S L (2.12)

On the other hand, taking the dual with respect to the inde-
finite metric of the eigenvalue equation Ag,. =A'¢, we
get (A B¢A )*B A'g’, B or

A=A, (2.13)
By comparing the two equatlons {2.12)and (2.13); we see that
agivend,. = (P4 )t B is proportional to y', .S ~ ! if there is
nodegeneracy:d,. =, Xh S ~, for some proportionality

constant u , .. For the general case of degeneracy we have (a
and b are degeneracy quantum numbers)

Bpr0= anbX} pS ! (2.14a)
[
We record here also the relation
Paa =SXava (2.14b)

defining the correspondence between the eigenfunctions of
the two eigenvalue problems.

Next we investigate the constants ¢, . From Eq. (2.14a),
and using the orthogonality and completeness relations for
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the functions y, ., we find ¢, = § d“*x y ,SBSy . Since
the operator SBS is self-adjoint with respect to the simple
inner product § d*x ¥, ., v it follows that the constants
¢, form a self-adjoint matrix C. Let U, be matrix elements
of a unitary matrix U diagonalizing
C(UTICU),, =py..0,. If we define new functions

Xha =25XaUs» and

b ha =S4 (2.15a)
then we find
¢Aa —:uA aXTTS_l (215b)

also in the degenerate case. If our original states y ,., were
normalized according to § d*x y}..x¥a» =84-4-8, then
the functions y7., likewise have this normalization. The
normalization of the ¢ & ., is [from Eqgs. (2.15b) and (2.14b)]

J‘d4x$/7;"b¢/11"a =:u'A’a‘SA"A'6ab'

Of course the new functions ¢7 can be rescaled so as to
have a norm of magnitude unity:

(2.16)

Jd4x$£”b¢£'a =€A’a6A"A'6ab’
{+1, Haa>0,
€. =
=1, pa <O

If our eigenfunctions are normalized according to Eq. (2.17),
then the completeness relation for the eigenfunctions reads
842,1)=2,.,€4.20 (24 .6 (1), or, in abstract operator
notation

(2.17)

1=A2€A-a|¢,fa>( baals (2.18)
where
( mE<¢A ‘a IB

2. Coulomb propagator

We have by now developed all the machinery necessary
to write down a formal mass eigenfunction expansion of the
Coulomb propagator. This propagator can be defined
through the abstract operator statement

= 1/(A —m?). (2.19)

The mass eigenfunction expansion of g emerges if one uses
the completeness relation (2.18) in a usual way:

- |¢A a)( ¢A al
g= /;,e,. R (2.20)

The expression (2.20) remains mathematically well-defined
when the parameter m takes any complex value not in the
eigenvalue spectrum of A. To obtain the usual Feynman pro-
pagator, however, one specializes m to be the physical parti-
cle mass, less an infinitesimal imaginary part. Because of the
covariant denominators in Eq. (2.20), the mass eigenfunction
expansion of the propagator is expected to be quite useful in
quantum electrodynamics calculations.

For practical applications we still require explicit ex-
pressions for the states |¢,-,) and { §,.,|. Because of the
degeneracy of the hydrogen spectrum, the requisite states for
Eq. (2.20) must be computed using the diagonalization pro-
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cedure of Sec. II B 1. Acordingly, these expressions are a bit
complicated, and are presented as reference material in the
Appendix. Here we derive an alternate “short form” of the
mass eigenfunction expansion, which seems to serve just as
well as the “standard form™ (2.20).

The short form exploits the completeness relation

1= ZIXA‘a><XA‘a|
A'a

for the eigenfunctions of H. If we multiply on the left by §
and on the right by S ~?, we obtain the identity

1=38xaa)XaalS ™"
A'a

The virtue of the identity (2.22) is that the states S |y, , ) are
right eigenfunctions of A, AS [y, .,) =A 'S |y, ); and the
states (y,.|S ' are left eigenfunctions of A,
(YaalS 'A=A"(xs.|S ' The expansion (2.22) differs
from that in Eq. (2.18) in that in Eq. (2.22) thebra (y,..|S ~!
is in general not the dual of the ket S |y, ., ). Nevertheless,
the expansion (2.22) can still be used as (2.18) was, and will
again yield a mass eigenfunction expansion: namely,

SXAa)(AaIS_—l
_za l )(2 '

"—m

(2.21)

(2.22)

(2.23)

The expansion (2.23) has the advantage that the expressions
for the functions |y, ., ) are relatively simple. These express-
jons are written in the form y=(dE/2m)'?
Xexp( — iEt )R (r)Y;,,(f), where the radial functions R ()
are found to be®

Continuum states

R= > ITC(1+ v — )€™ r ™\ M 1y 12 ( — 2iK),

Bound states

— (217)3 (n - I)! 2 Y p—Nr 2y+1
- [2(1’ ) 2r+ n)!] ey €™ TLA= 2
(2.25)
O<E<ow, n=123,..,
EZa s (Za)? )
- . A=E1 E%. (226
T=w+n { +(7/+n)2]> (220

By describing the continuum states above in a discrete ap-
proximation, we are able to write down 2 uniform normali-
zation condition

fd4xXLXB =0,p,

in which 4 and B are short-hand notations for the whole set
of quantum numbers E, &, /, J, M (continuum states) or E, n,
1, J, M (bound states), as appropriate.

(2.27)

APPENDIX: DETAILS OF MASS EIGENFUNCTIONS

Here we obtain the functions ¢ needed for the mass
eigenfunction expansion in standard form [Eq. (2.20)]. For
this purpose we require the functions y” and ¢” = Sy for
which 7= ,uxT*S ~. We start by forming
645 = ( 'Sy )S = ¥}, SBS; since this is expected to be a sim-
ple linear superposition of degenerate levels y } in accor-
dance with Eq. (2.14a). The operator SBS has been worked
out in Ref. 2, Appendix A, and has been found to be

SBS — __E._Ili__
K — (zaP)”
_f9 1+ K )K? — (Za)?)'?
l(ar + r

v=EZa/k, — o<E<+ », 0<k<ow, _ EZa €K) )o-f'. (A1)
A=E?_k?<E? (2.24) (K?— (Zaf)'?
Corresponding to Eq. (2.14a), we find®
Continuum states
ér_ (1/2;] [E \K|/y kly—iv|/y [XJ w2S l] (A2)
¢J+(1/2) kly—iv|/y E|K|/y XJ+(1/2)S
Bound states
E|K| inl(n — 1)(n — 14 29))"*
‘-?;,.J—u/m ] _ Y Y [XI:J—(VZ)S - ] (A3)
$n—11+(1/2j Tl = inlln —1)n -1+ 27’))1/2 E_I_(_l XI—IJ-HI/Z)S— .
Y Y
w
In Egs. (A2) and (A3) y = (K 2 — (Za)*)"/% The functions y r . "2
appearing here are the functions of Eqs. (2.24) and (2.25), but X1 =Ww—q2 = Xn-1302)/ Q)77
only as many quantum numbers are shown explicitly as are X3 == W2 + Xn—10+ 02/ 2"~ (AS)

needed to indicate which state is intended. Next we form
linear combinations of the states y,; _(;,, and y,, 1, that
serve to diagonalize the coefficient matrices in Egs. (A2) and
(A3). These linear combinations are

Continuum states

X1 = (XJ_u/z) —XJ+(1/2))/(2)1/2,
X2 =Ws—qsm +XJ+41/2))/(2)”2,

(Ad)
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The mass eigenfunctions ¢ "= Sy”/(|uz|)'/? will have the
property that$ 7 = uy 7S ~1/ (i )'/2, in which the constant
4 has the value for

Continuum states

w=(E|K|—kl|y—i|)/y,
p=E|K|+kly—iv))/y,

(A6)
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Bound states
p=(E|K|+7(n —1)n—14+29)"?)y,
s =(E|K | =nlln — 1)in— 14 29))?)y. (A7)

The normalization of the mass eigenfunctions has the requi-
site form [corresponding to Eq. (2.17)]

jd4xa:¢; = €umr (A8)

in which €, = + 1 =pu,/|u |- The functions ¢ § defined
here are the functions that we are looking for. All states have
positive norm except for certain virtual states, the contin-
uum states of type ¢ 7. These virtual states are off-shell inter-
mediate states in the sense of Feynman—Dyson perturbation
theory.
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d 1 2
1+ #)3;‘// ) = [(_izli - "]J/ s /2)

[t =1+ p)2f] A1 (upper sign)
M. sy (lowersign).
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A general approach to the systematic derivation of SO(3) shift operator

relations. I. Theory
H. De Meyer® and G. Vanden Berghe

Seminarie voor Wiskundige Natuurkunde, Rijksuniversiteit-Gent, Krijgslaan 281-S9, B-9000 Gent, Belgium
{Received 27 February 1984; accepted for publication 25 May 1984)

A new technique is established for the construction of relations between products consisting of
two, three, or more SO(3) shift operators, within the framework of the Lie algebras of SO(3) tensor
operators constructed out of an underlying single-boson structure.

I. INTRODUCTION

The classification and analysis of irreducible unitary
representations of various groups possessing an SO(3) sub-
group is often a problem of physical interest. Indeed, in
many systems endowed with a group symmetry, particularly
the ones encountered in the field of nuclear physics, the
group representation states should be labeled such that they
are eigenstates of an angular momentum operator L % and a
projection operator /,. In order to carry out a systematic
search for a complete set of intercommuting operators con-
structed out of the enveloping algebra of the group genera-
tors, which then should provide the so-called missing labels,
SO(3) shift operators have been proven extremely useful.'~
Algebraically they can be defined by means of their commu-
tation properties with the operators L 2 and /,, which express
that they raise or lower by one or more units the value of /,
where (I + 1} is the eigenvalue of the SO(3) Casimir L %, and
that they leave m, the eigenvalue of /, unchanged.’ Taking
into account that the algebra of group generators decom-
poses into its SO(3) subalgebra and a set of SO(3) tensor re-
presentations, the simplest kind of shift operators are the
ones linear with respect to the tensor components and of
appropriate degree with respect to the SO(3) generators
ly, I, . By clarifying the strong relationship between matrix
elements of these shift operators on the one hand and re-
duced matrix elements of the SO(3) tensor operators on the
other hand, Hughes and Yadegar® succeeded to establish a
very general formula which enables the explicit construction
of these shift operators. This construction avoids every refer-
ence to the commutator properties of the tensor operators,
the only algebraical element involved being Wigner’s 3j-
symbol. Amongst the set of shift operators, the SO(3) scalars,
in other words the ones which leave / unchanged, are the
most interesting since they provide a natural basis for the
construction of the missing label generating operators.
Hence, one needs to derive the eigenvalues of these scalar
shift operators.

To that aim one has to establish a sufficient number of
independent relations between products of shift operators.
So far, the only technique adopted consists in writing the
products of shift operators in a so-called standard form with
respect to the group generators.* Even for low-dimensional
groups it turns out that this procedure involves tedious and
time consuming calculations.

* Senior Research Associate (N.F.W.0.) Belgium.

128 J. Math. Phys. 26 (1), January 1985

0022-2488/85/010128-05$02.50

In the present paper we discuss a new technique to de-
rive such relations between shift operator products without
making use of the explicit forms of the shift operators in
terms of generators.

Il. SO(3) TENSOR AND SHIFT OPERATORS

Let T(j, p), 4= —J,...,j and j integral be a (2f + 1)-
dimensional tensor representation of SO(3) whose commuta-
tors with the SO(3) generators /,,/ , are

U TG =TUF i+ p+D)1"*T(ptl),
(2.1)

T (/)] =pT(j,p).

It is well known”® that such SO(3) tensor operator can be
realized as a linear operator acting in a (26 + 1)-dimensional
space with angular momentum basis { |bm),m = — b,....b }
as follows:

T(j,p)lbm) =3 (— 1P~ "(2j + 1)/

m

b j b
x( 7 )lbm’).
—m' u m

In (2.2) the only restriction on b so far is 2b>/. Moreover, it is
a well-established property that the generators of any simple
Lie algebra can be realized as a set of tensor operators of the
type (2.1) with respect to a particular SO(3) subalgebra. The
SO(3) subalgebra generators /,,/, are themselves propor-
tional to the components of a tensor operator T'(1, ) of rank
one.

(2:2)

It is evident that in general the tensor operators which
span a particular Lie algebra, cannot all be realized in the
form (2.2) with a single fixed b-value. Only the Lie algebra’s
having at least one representation which decomposes with
respect to SO(3) into a single SO(3) irrep 4, and for which the
Kronecker product with itself contains the adjoint represen-
tation of the algebra, will be considered further. Moreover,
we restrict ourselves to integral b-values. Inspection of
branching rule tables® makes it clear that therefore the Lie
algebra’s 4,,, B,, and G, fall into the scope of the present
study.

Also the generators satisfy’

[T (o) T (s 2] = 3 (= 1)l 1)it40 — 1]

Js #3

X [(2; + 12 + 1)(25 + 1]
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N% jl j2 13}(11 j2 j3 )
b b bl\p p, —p,
X T(j3’ /‘3) N
2.3)
As a consequence of (2.3) the tensor operator 7'(1, u) is relat-
ed by the formula

T(L,p)=[6/b(2b+ 1)2b+2)]'1, (p=0,%1),
{2.4)

to the spherical components /;,/ , , = £/, /vZofthe angu-
lar momentum operator. Furthermore, we shall suppose the
T (J, p#) act upon states |y,/,m), where I (! + 1) and m are the
eigenvalues of, respectively, the SO(3) Casimir
L2=]_1_+ 1% — l,and I, and ¥ denotes an additional col-
lection of labels needed to completely specify the states. Ac-
cording to the Wigner—Eckart theorem’®

(VI'm'\T(j, p)|ylm)
ool

== (L8 ) eriram . e

the matrix elements of T'(j, 1) are expressed in terms of re-
duced matrix elements. For further use we introduce the
shorthand notation

YU ArD=UNT (M) . (2.6)

Some years ago Hughes and Yadegar® introduced so-
called SO(3) shift operators O * which are constructed in
terms of the tensor operator components T'(j, 1) and the
SO(3) generators, and which are defined on account of their
action upon |y/m) states, i.e.,

O Mlylm) =Y y'1+ km|O Flylm) |V + 1+ km) ,
7

(2.7)
J

showing that they shift / by an amount k, and leave m un-
changed. By a general analysis, Hughes and Yadegar
provedS that in case O ¥ is linear with respect to the tensor
operator components, its nonzero matrix elements on the
right-hand side of (2.7) are related to the reduced matrix
elements of 7°(j) in the following way:

({+m+kPWl—m+ kN2

(Y14 km|O }|yim) =

0+ ml — m)!
X Y1+ km|d flylm)  (k>0),
(Y1~ km|O[ ¥yim)
=""k[(1+,(,ii':;i$::”_ky]m
Xyl —km|A [ *|yim) (k>0), (2.8)

(Y'I+ km|A {|ylm)
_ U+ RN — kN +)+ K+ 1]
22T —j + kW21 + 2k + 1)
XY+ kvl (k= —j,—j+1L.sj).

The explicit expressions for these shift operators O [ in terms
of the algebra generators which are obtained by a general
formula, permit the derivation of the matrix elements (2.8) in
a step-by-step procedure. The essential point however is that
a set of relations between products of shift operators must be
constructed first. Up to now the only way to obtain themis to
rely on the shift operator expressions in terms of the genera-
tors and to exploit the commutation properties amongst the
latter. This method has been discussed in detail elsewhere.?™

As has been mentioned in the Introduction, the aim of
the present paper is to establish these relations in a direct
way without referring to the generator forms of the shift
operators.

lli. RELATIONS BETWEEN SHIFT OPERATORS QUADRATIC IN THE 7(} z)
Let us consider the reduced matrix elements between SO(3) representation states of the tensor product of two tensor
operators (2.1) and let us develop these in the usual way in terms of reduced matrix elements of the tensors separately’®:

YU ok D= UIT GIXT ) )

. j ] k . win nypmi :
=¥ (= 1R 2k 4 1)12 [11‘ {,2, 1"] Ui T Y Al (3.1)
;}.. .

Let us, moreover, also consider the coupled commutator

[T(jl)’T(jZ)],l: = z Crerdz o] k) [T (oo )T (s 4)]

Myl

= (T()XT Q) — (= D AT ()X T () . (3-2)

Due to (2.3) it follows that

k

(TURTUNE = (= )A=5l(~ 1 11 + 0@+ 12 (22 K e ). 33)

Combining (3.1) — (3.3) one obtains a set of equations relating a sum of quadratic products of reduced matrix elements on the
one hand to a single reduced matrix element on the other hand, i.e.,
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_1)'+l‘+k(2k+1)1/2 [[11 j2 k

v h B il ey 1y

—

s

fo ] j k . nyn pym 2
(sl A L Gl 1y a1

= (1A= o 1+ e+ e B Sk B4
Equation (3.4) complemented with the definitions(3.1) for the reduced matrix elements {y'1’|| j, jsk |1 Y and (¥’'!’|| jo jusk ||¥1)
form a complete system of linear equations with respect to

> Ul Yl
and ’

2 VUl Rly 1) "l lly?)

for all possible / "-values.
If we restrict our attention to the case j; = j, =j which is frequently encountered in practice, the system of the above-
mentioned equations can be solved in closed form on account of the orthogonality relation for 6/-symbols,*® yielding

2y )y " il
14

1 T j i k :
it ARSI A | (TN RS
x[i g :] UKD + (= 151+ (= l)k)<7’l’llji;kllrl>] : (3-3)

Let us associate according to the relationships (2.7) and (2.8), to a reduced matrix element (3’/’|| j||¥/ ) the shift operator O} ~'

and to the reduced matrix element {(y’!’|| ji;k |71 ) the shift operator Q /' ~'. Note that the latter type of shift operators is
quadratic in the 7°(j) tensor components. In terms of these shifts operators (3.5) is rewritten, if /' </, as

NS IPR Ty () 25 113 bk
S11"mO; 0, = (-1 ; )

U+ =W+ WG+ 1" — D= 1" + 1) [f J k]

AGRAGITAG AWk +1 +k+10 U 101"
-+l 7 Hor-rvasi—mmer—| v, 3.9
where
FLITmy=1 if I'<l"<l,
=(_1)1+l" (l+m)'(l—m)! if l’<l<l”
" +mll" —m) S ’
— 1N+ (I”+m)!(l”—m)! : ” '
=(-1) T+ mil —ml if 1"<l'<l, (3.7)
and
Adab)=[l@a+b—cMa—b+cN—a+b+c)M/la+b+c+ 1)V (3.8)

For [’ > I similar results hold on account of the formal identities O /7 =07 ,_, (p>0)and Q =7 = Q %»_, (p>0). Shift
operator relations of the type (3.6) have been studied in the past for various algebras, such as SU(3),'~* SO(5),*5 SO(7),>" G,,**
etc. Nevertheless, since only very recently for the first time SO(3) shift operators of higher degree than one in the tensor
components have been explicitly introduced® in the SU(3) enveloping algebra, most of the relations encountered in the
literature do not involve Q '~/ operators, except for Q %° which is clearly related to the second-order Casimir of the
considered algebra.

Finally it is worthwhile to notice that the expressions 4 (abc) defined in (3.8), which are incorporated in the relations (3.6),
exactly cancel the A-type factors which occur in Racah’s formula for the 6j-symbol.’®!! It follows that (3.6) does not contain
any irrational factor which is /-, /-, or / "-dependent.

IV. RELATIONS BETWEEN SHIFT OPERATORS OF HIGHER DEGREE IN THE 77 )
The method of constructing relations between products of shift operators or equivalently of reduced matrix elements as
described in the previous section can be straightforwardly extended at the level of any higher degree in the tensor components
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T'(j, ). As an example we shall present here the third-order case. In analogy with (3.1} we define
VU ivizskisK Iy =V IT )X TN X T () < ivd)

. k j, K
=2 (- s B K sk o) @.1)

I
Next, we consider a coupled commutator of the form

UT(IXT(INST ()15 = Z Chujs ps |KM) [(T(jl)XT(jz)),ﬁsT(jsﬂs)]

it
= (T GIXT N T (alliag ~ (= DR KT () XTH)X T ) * e » (4.2)
which on account of (2.3) equals

UTGIXT (VST ()15 = ; (25 + 12Kk + 12k + DIV = DA+ E (= hrisrh 1]

f ksl{k s K

i K —WNhthtk—k
pE e B S aaixTig + -0

X2, + )2 {

X [( _ 1)j,+j3+k3 . 1] (2]1 + 1)1/2 {

jl j3 kJ} { k j3 K

nol e E Hrexriag]. e

The combination of (4.1)—(4.3) leads to the following set of equations between reduced matrix elements:

: koj

— Uk 1/2“ 3

;_( ) 2K+ 11,
k

Y k+j+K j3
e

K
Sl rnasse ey

K ’ - " ” nyn . .
KLttty otk o |

=3 [(2/5 4 D2k + 1)(2k; + 1]'2 [( — PR )RR 1] + 1)
ks

i B k)L
b b bllk |
) [i B Rk K

b b bllk o

[ i s ion)

A Y R e (O e [ e

(4.4

Notice that when &, is equal to one, the occurring elements of the type (3.1) can be further evaluated by means of the

relationship (2.4), i.e.,

U = (= 077 R 3k 00+ 00+ 0o+ e+ 02, L S, (49
and
L) = (= 4 3k + 00+ 0+ o+ 0o+ 0127 L v “8

Equations (4.4) together with the definitions (4.1} allow us to
express every product consisting of a reduced matrix ele-
ment of the type (3.1) multiplied with a reduced matrix ele-
ment of the type (2.6) or vice versa, in terms of elements of the
types (4.1), (3.1), and (2.6).

Obviously, all reduced matrix elements of the type (4.1)
are not independent. In order to point out how they are con-
nected one can derive a set of additional equations contain-
ing the before-mentioned products of reduced matrix ele-
ments in the following way. Multiply (3.5) either on the left
or on the right with an appropriate reduced matrix element
of the type (2.6} such that two different expressions are ob-
tained for the same combination of three matrix elements.
Equating these expressions results in an additional relation.
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Clearly, it is again possible to associate to the new type
(4.1) of reduced matrix elements according to (2.7)-(2.3) shift
operators which will be used in a forthcoming paper with
Ji =Jj, =Js =j and will be denoted R 55!~ The transla-
tion of the formulas in this section into shift operator lan-
guage is not of special interest here.

V. DISCUSSION

Relations between shift operator products or equiv-
alently between products of reduced matrix elements, have
been derived here by a newly introduced technique. They are
commonly valid for all algebras of tensor operators con-
structed out of a single boson structure (same b-value).
Closed analytic forms of the Racah-coefficients which
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emerge in these relations are either found in the literature for
low values of the entries, or can be obtained by means of an
appropriate computer code.
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A general approach to the systematic derivation of SO(3) shift

operator relations. ll. Applications
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The technique reported on in the preceding paper is applied to construct shift operator relations in
the SU(3) and SO(5) Lie algebras. Comments are made concerning the integrity basis for SO(3)
scalar operators appearing in their respective enveloping algebras.

I. INTRODUCTION

In a preceding paper® (to be referred to as I) we have
shown how the relationship which exists between matrix ele-
ments of SO(3) shift operators and reduced matrix elements
of SO(3) tensor operators, can be exploited to set up in a
general way relations between products of these shift opera-
tors. Such relations are relevant for the derivation of spectra
of SO(3) scalar operators which may be used for solving state
labeling problems. These problems and more in particular
the shift operator approach to them have been thoroughly
investigated.

One of the first examples studied in this way is the SU(3)
Lie algebra in an SO(3) basis.>> The reported relations are of
second and third degree in the shift operators and hence also
of same degree in the tensor operator. Moreover, they are all
of SO(3) scalar type, meaning that they leave, when acting
upon SO(3) basis states, the angular momentum / invariant.
The extension to nonscalar relations*® and to shift operators
of second degree in the tensor components® led to an elegant
method for deriving the eigenvalues and eigenstates of the
two independent scalar shift operators for various irreduci-
ble SU(3) representations.

With a view to obtaining an orthogonal solution to the
state labeling problem of the nuclear quadrupole-phonon
states, relations between SO(3) shift operator products of
scalar and nonscalar type in the SO(5) enveloping algebra
have been constructed.” These allowed to diagonalize the
SO(3) scalar shift operator in large parts of the totally sym-
metric SO(5) irreps.® Analogous calculations have been done
for the nuclear octupole-phonon states of which the labeling
is associated to the totally symmetric irreps of SO(7)”° and
G,.10-12

In the present paper we illustrate on the examples of
SU(3) and SO(5) the general theory developed in I which
permits to establish shift operator relations without referring
to the shift operator structure in terms of the algebra genera-
tors. Relations up to third degree within the SO(3) tensor will
be considered.

Il. SU(3): QUADRATIC SHIFT OPERATOR RELATIONS

It is well known that the SU(3) Lie algebra decomposes
into its principal SO(3) Lie subalgebra and a five-dimension-
al SO(3) tensor representation T'(2, u), u = — 2,...,2. Obvi-
ously the tensor T is only determined upon an overall nu-

#Senior Research Associate N.F.W.O. Belgium.
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merical factor. According to the prescription outlined in I
we fix that factor by means of the boson realization [I (2.2)]
where b equals 1, since the lowest-dimensional irrep of SU(3)
reduces into the three-dimensional irrep of its principal
SO(3)."® Previously,?® in applying shift operator techniques
to the SU(3) state labeling problem another scale has been
used. The tensor operators defined there were denoted by ¢,,,
u = —2,..,2 and are related to the present T'(2, ) by

=V6T(2,u) (= —2,.,2). (2.1)
In order to be consistent with the previous notations and to
make the comparison with earlier results easier, we shall
adapt our formulas in I such that all 7"’s are replaced by ¢’s
and that all shift operators defined in [I (2.7)-1 (2.8)] are as-
sociated to reduced matrix elements of those ¢’s.

Clearly, since apart from the SO(3) generators only one
tensor operator is involved we can immediately apply formu-
las I (3.6)-I (3.8) in order to obtain all the relations between
quadratic products of shift operators O { in terms of a set of
SO(3) shift operators Q%”. The 6 j-symbols occurring in
1 (3.6} can be found in analytic form in Biedenharn and Van
Dam."* In the order of increasing total shift value these rela-
tions read

0,307 *=Q¢t % (2.2)
0,.%0,7*=0%F 73, (2.3)
07307 '=0%73, (2.4)
07_,0 —Q“"+[—4][—5]/w/—Q2‘2, (2.5)
0,40 #2321 —41/41Q7 2, (2.6)
0/%09= 4‘2+[2][3]/\/—Q2‘2, 2.7)
0150 Yl+m—1l—m—1)
= —QF '3[ -3][ - 41410}, (2.8)
09_,0'=Q% '~ [—3][10]1/2\21Q% ", (2.9)
0,7'0%=0%"'—[3][ — 10)/2y21Q% "}, (2.10)
0720 l+m+1l—m+1)
= — QP = \BBI4AINTQF Y, (2.11)
0207 /M +ml—mfl+m—1)—m—1)
= Q1 +23[ - 2][ - 31A47Q}°
+3[01[ — 11[ —-2][ —31/5
X {121, — (I + 1) = 5)}, (2.12)
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o0/ 401 1/(14"")(1 m)
—V3[ —2][ — 10)/4/7Q}°
+ 3[0][ — 11[ —2][2]/40

- - I

X {241, — (212 — 31 — 15)}, (2.13)
(O =0 — [ 315121 + [ — 1]

x [01[2]1(3]1/20

X {241, — (212 + 21 — 15)}, (2.14)

050 /l+m+1)I—m+1)
= — Q1° —3[4][121/4/7QF°

+ 3[01[2][3][4]/40{241, — (21* + 7] — 10)},

(2.15)
0750 I+m+ ) —m+0)l+m+2)—m+2)
%+ 23[41[51/47Q7°

+ 3[2]1[31[4]1[5]/5{12L, — I (I + 6)}, (2.16)
FR07 N+ m)l—m)
= — Q' =3[ —1][ - 2]A1QF "), (2.17)
0,F100=0%+1 — [ —1][12]/2y21Q0%+], (2.18)
00,07 ' =0F+" — [5][ - 81/2\21QF !, (2.19)
0550/ +m+2)—m+2)
= — Q" —B[5S1[61TQF ", (2.20)
0?07=Q7F+*+[0][ — 11/\21QF+3, (2.21)
0440 =QF+*—\3[0][61/4/7Q} 2, (2.22)
0202 =0F 2+ [6]1[71/V21Q7+7, (2.23)
030 =0F"3, (2.24)
0550 *=QF%, (2.25)
0130 =0+ (2.26)

Herein [a] stands for {2/ + a), and I, is the second-order
SU(3) Casimir. In terms of the SU(3) generators, I, takes the
form I, = {3L*> —3,(— 1}“q,q_,}/36, whereas for any
SU(3)irrep ( p, q) it produces the eigenvalue (I,) = (p* + ¢*
— pq + 3p)/9. It is easily verified that

#0 = 3{121, — I{I + 1)}/45. 2.27)

It should be noticed that Egs. (2.15)—(2.26) follow from
Egs. (2.13}2.2) by replacing formally /by — / — 1 since this
operation turns O% and Q ¥7 into O ;7 and Q ¥ —?, respec-
tively. Moreover, Eq (2.14) is invariant under this formal
transformation.

The relations between quadratic products of shift oper-
ators of the type O ¥ which have been previously established
can be retrieved from (2.2)—2.26) by eliminating from the
relations shifting / by a same amount, the Q-type operators.
As an example one obtains from (2.3)+2.4) that

0,.30;/'-0;%0;*=0.

A new aspect of the present relations is the introduction
of a set of shift operators quadratic with respect to the g’s, of
which all the matrix elements are related to the reduced ma-
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trix elements of only three tensor products
(g X g)* (k = 4,2,0). Up to now only for k = 2 the associated
shift operators have been studied already in some detail else-
where.®

Finally attention should be drawn upon the fact that at
the SO(3) scalar level [Egs. (2.12)—(2.16)], all quadratic pro-
ducts are expressed in terms of three independent SO(3) sca-
lar operators Q #° or (09)% 0 and I, or Q¥°.

Ili. SU(3): RELATIONS OF THIRD DEGREE IN THE
TENSOR REPRESENTATION

In the present section we want to establish relations
which express the SO(3) scalar operator products 0£Q % —»
and Q ¥P0 7 for all allowed p- and k- values, in terms of a
set of independent SO(3) scalars OY, @79, I, if necessary
complemented with newly defined scalars R 55 of third de-
gree in the ¢’s.

Obviously, one could consider first Egs. I (4.4) together
with definitions I (4.1), translated into shift operator nota-
tion. However, it turns out here that it is much more advan-
tageous to derive third-order relations from Egs. (2.5)(2.23)
directly by multiplying either on the left or on the right with
an appropriate O -shift operator. Let us demonstrate this by
the following illustrative examples.

Multiplying both sides of Eq. (2.5) on the left with O ;" %
and multiplying both sides of Eq. (2.21) on the right with
O [ ? after having first changed / formally into / — 2, two
expressions are obtained for O ;7 %309_,0 2 Equating
their right-hand sides immediately yields the relation

(@F2072— 0507 )+ ([ — 411 - 5142])
X(Q@FRH0 -0 %073 =0. (3.1)

Similarly, multiplying (2.20) and (2.6), respectively, on the
left and on the right with O ;| and O ;* ?, having replaced in
the latter first / by / + 2, gives

Q15%02 — (V3[6][01/4T)QF 20 2
=(l-{-n1-|—2)(l—m-{-2){__01:_1l ‘I‘;+l
— WBISI61AT0 L @3+ (3.2)

In an analogous way one obtains from Eqs. (2.22) and (2.11)

0350 —(BI61[01/4T)0 507 +?
=(l+m+2)l—-m+2){ —QF7 0!
— (BI5161A4TQES0 1. (3-3)
Furthermore, the form of relation (3.1) suggests that it is
worthwhile to consider instead of the operators 0£Q % —#

and Q ¥P0 7 their sum and difference. In order to cancel
the m-dependent factors we introduce the notations

S";C“’: [Q"“’O,‘"j;O rQr*F)/glp, I, m), (3.4)
where
gp, Im)=({+mll—ml/l+m—pMl—m—p) if p>0,

=l +m—pll—m—pW/l+mll —m) if p<O.
(3.5)

Adding or subtracting then Eqs. (3.2)—(3.3) yields
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§472 1 84 = (V3101 [61/4VT)S 57
FWIS161/TISE (3.6)

The systematic multiplication on the left and on the
right of Eqgs. (2.5)-2.23) leads to two separate systems of
equations, one between S_ operators, the other between S
operators. The first system is complete in the sense that all
the % operators can be solved in terms of a single operator
S %° which due to (3.4) is the commutator [ @ #°, O], hence
a combination of lower-order SO(3) scalar operators. The
complete solution is

S4+2= ([ —3][ —4][ — 51/2420)5%°, (37
S4+1= ([ —3][ — 41[10]/8y2T)5 %2, (3.8)
$4 =([ = 3] [SIAZD)S, )
S%~'= —([51[6][ — 81/821)5°, (3.10)
S4-2= _([5][6]1[71/23T)52°, (3-10)
SE+2= ([ ~3]1/28%°, (3.12)
SH+H = ([ — 4]/4)S, (3.13)
SE-1= _([6]/4S%, (3.14)
52 — ((51/218%. (3.15)

From the definition (3.4) together with (3.5) it is easily proved
that $*%f and $'% ~* go over into each other by the formal
replacement of / by — / — 1, a property which for the S_
operators reveals itself in the expressions (3.7)-(3.15). It

should also be noticed that Eq. (3.9) which is a quadratic
J

relation between the SO(3) scalars 09, 0%°, and Q%° is an
immediate consequence of the fact that Q #° can be linearly
expressed in terms of (O )%, Q#°, I,,and L *as givenin (2.14).

Finally, Egs. (3.12)<3.15) have been published® else-
where yet in a slightly different form.

The situation for the S -type operators is somewhat
more complicated. Since from left and right side multiplica-
tion only seven independent linear equations amongst the
ten operators S*? and S*? are derived we cannot express
them all in terms of $%° and $*° alone.

This shows that considering only these equations, there
is at the level of third degree in the SO(3) tensor components
g,., besides the combinations $%° and S$*° of lower-order
SO(3) scalar operators, room for one other SO(3) scalar oper-
ator. Clearly the existence of such an operator is only en-
sured if no other independent linear equation amongst the
S, -operators can be established. If that is the case, that oper-
ator is not expressible as a polynomial in the lower-order
SO(3) scalars and hence, it should belong to the integrity
basis of SO(3) scalar operators in the SU(3) enveloping alge-
bra.

Now, we know such an operator exists, namely I;, the
third-order SU(3) Casimir. Therefore, we can reverse the ar-
gument and predict that none of the third-order relations
I (4.4) transformed into shift operator language, can provide
us with additional independent equations. It has indeed been
explicitly verified by us that this is true. The third-order shift
operator which is closely related to I, has been denoted in I
as R #°°, From I (4.1) it follows that

R7%° = {2{5[0][ — 11[ — 21 [11[21[31(4]} ~'{[21[31[4)S%*> + 4[ — 1]1[3][4]S%* ' + 6[1][ — 2][41S%’

+4[ —11[ —2][3)S% "'+ [ —1][ —2][0])S% ).

With the help of (3.16) together with the seven relations
amongst S operators mentioned before, we find

S%+2= 8% 4 (3] —1][ — 31/y7){481, — [0][ — 10]}

X077+ W5[0][ — 112[ — 61/3)R 3°°, (3.17)
S%H1 = — 5% — (3[01/2/7)

X {24[ — 411, — [2](21% — 71 + 9)}

X0 + (V5[21[01[ — 11/6)R 3, (3.18)

S4+2=8% —([2131/A218% % + (243[ — 21[ — 31/
XNNS% + (3[01[ — 11[ — 2][ — 31/10)

X {481, — [2][ — 101}07, (3.19)
S4*F = —S% +([3][ — 10)/2/21)s 5+

— 3L —21[ — 101/4/7)5%°

+ (3[01[ — 111 —21(2]1/20)

X {241, — (21% — 31 — 15)} 0, (3.20)

whereas §% 2, 8%, 8%~ and % ~ ! again follows from
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(3.16)

|
(3.17)H3.20) by the formal transformation /— — / — 1.

From the foregoing it is clear that the SO(3) scalar oper-
ators up to third degree in the tensor representation, which
we can denote by R 5%, 0% and O can be all expressed in
terms of the SO(3)scalars 09, @ %°, Q%°or I, R ?*°or I, and
L2 Hence, these five operators belong to the integrity basis
for SO(3) scalars in the SU(3) enveloping algebra. On the
other hand, it is already known from a paper by Judd et al.'?
that the complete integrity basis should be a subset of
(00,03 I,,I,, L?, and R**° (k =2 or 4)}, which is an
integrity basis for a related problem arising in the theory of
polynomial invariants. The above comments indicate that
R F39 is not algebraically independent from the other ones.
Indeed, taking into account the definition I (4.1) we arrive at

R} = S3°/414 — (54/6/35)(L 2 — 2)0, (3:21)
R0 = _ §29/4.35 — (18{3/T\5)(L* — 2)0°. (3.22)

IV. SO(5): SHIFT OPERATOR RELATIONS

Since the SO(5) Lie algebra reduces into its principal
SO(3) subalgebra and a seven-dimensional tensor T'(3, u),
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p = — 3,...,3, and since the five-dimensional SO(5) irrep re-
duces into a five-dimensional SO(3) irrep, we can apply the
formulas of I with b = 2.* The SO(5) Lie algebra also pos-
sesses a four-dimensional irrep which reduces into the four-
dimensional irrep of the principal SO(3) subalgebra, showing
that we could equally well choose b = 3, but this choice is not
covered by the general theory developed in I, and would also
not lead to a simplification of the mathematics. The tensor
operator T(3, u) u = — 3,...,3, defined by means of I (2.1}~
I(2.2), in the present case coincides with the
4. ¥ = —3,...,3, operator previously introduced in the
context of SO(5) state labeling problems.’

The quadratic shift operator relations which are the an-
alogs of (2.2)-(2.26) again follow immediately from I {3.6)-
I (3.8). However, not all 6 j-symbols occurring can be found
in closed analytic form in the standard tables. In order to
generate such forms we have developed a FORTRAN pro-
gram.

The following relations with nonpositive total shift val-
ues which result from our calculations, are

0,%50,7°=Q¢"5 (4.1)

0307 *=0%"°, (4.2)
0750, 2=0¢"7% (4.3)
0,250, =0F *+([-81[ -9I/35)QF %,  (44)
0,750, =08 *—(512][ - 81/6J11)Qf ~%,  (4.5)
0,50 ' =QF*+([21[31A55)QF %, (4.6)
07 30 *=0F 3+ @[ —7][ - 81/55)QF ~°
+([—61[-71[ - 8]/20\2)0,7%  (4.7)
o-%0 -3 _(2[ —71[141/3\55)Q% 3
—([21[ — 611 — 71/30\2)0 %, (4-8)
0,40, '=QF°—(2[3]1] — 18]/3/55)Q 3
+ ([21[31[ — 61/30\2)0 %, 4-.9)
0,7°0?=Q7 >+ (3[31(41//55)QF >
—([21131{41/202)0° (4.10)
0507 +m—=2)l—m-2)
= —QF 2 —(6[ —6][ —71/V55)QF 2
— ([ —41[ =510 —61[ —71/3/V14QF >
—([—51[—61[—71/52)0;% (4.11)

07,0, *=0F *+([ - 6][ — 401/2/55)QF ~?
~([ —41[ =51 —6][2)/6V14)Q} 2
—([-510—-61[81202)0,7%,  (4.12)
0,740, ' =QF 2 — (441 — 4] — 57)/355)Q %>

+ (W21 — 41[ — 51{21[31/157)Q% 2
+ (2[3][ - 517502 (4.13)
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P24+ ([411381/255)QF 2
—([21[31[41[ — 41/6J14)Q% ~2

+([31{4][ — 101/20y2)0 2
050 /l+m+1){l—m+ 1)
P2 — (61411517550 2

= - 1

—([2][3][4][5]/3J_)Q2’2
+([31141[51/5V2)0 72,

01—20(])=

(4.14)

(4.15)

0307 l+m=21—m—=2(I+m—1)l—-m—1)
=QF '+ (V5[ - 51 - 61A1Q !
+ (5[ — 3] —41[ —5][ — 61/3/14)Q 7 '
+{I —41[ =511 —61/2y2)0," {4.16)
0 L0/l +m—1I—m—1)
= — Q%1 (4] — 514 —23)/355)Q% !
+([—3][—4][—5][6]/3\f_)Q2’1
+([—41[-51A2)0 (4.17)
o7 10,“—Q““—([~6][17]/\/_)Q“‘1
+ ([ =310 — 41[31[22])/15J14)Q 3 !
— ([ — 41212 =51 —-27)/10y2)0 [}, (4.18)
0;7'07=0% " —([6][ —171//55)QF !
+([31[41[ — 31[ — 22]/15V14)Q 3!
+ (41212 4+ 51 =27/10y2)0 7, (4.19)
0530 /(I+m+1)l—m+1)
= — Q&1 (4[5](4] + 23)/3/55)Q % !
+ ([31[41[51[ — 61/3/14)Q 3 !
+([41151/2)0 ",
(4.20)

0730 /I 4m+ 2 —m+ 2 +m+ Y —m+ 1)
=08+ (2/5[5]1[6]1//IN)Q} !
+(5[3]1[41[51(61/3J14)Q% !

—([41[51161/2y2)0,! (4.21)

0507 /I+m=2Ql—m=2)1+m—1)
><(l— — W) + m)l — m)
= — Q0 —(3{5[ - 4][ - SINIT)Q°
—{s[ —2}1 —31[ — 4][ — 51/V14)Q3°
—([01[ — 110 = 2][ — 3][ — 4][ — 51//T)QP°
— ([ =31 —4]1[ - 51/\2)0!
+ @[ —1]1[—2][ —3][ —4][ —5)/10)L?,
(4.22)
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01307 (l+m—1)l—m— 1)l +m)l—m)
= Q7+ (5[ — 4)(71 — 23)/3411)Q°
— (5[ —21[ - 31[ — 4I18Q7°
—([010 — 11[ = 2]{ = 31[ — 41 [21/6J7)Q?°
+ ([ =311 — 4][ — 10]/6\2)0?¢
+([— 110 —21[ —3][ — 4] [51/60)L?,
0 oYl +m)l—m)
= — Q% — (2(21% — 75 + 153)/3./55)Q °
+ (21 = 21[ - 31(21% — 51 - 22)/5{7)Q °
—([01[ — 11[ — 211 — 31[2][31/15V7)@¢°
+ (2[ — 3](21% 4 51 - 27)/15)0¢

(4.23)

+ ([ — 110 = 211 — 31[31[12]/150)L 2,  (4.24)
(0% =QF° — (6(1* + I — 17)/\55)Q°

+ ([ — 21 [41(41% + 41 — 33)/5/14)Q }°

— ([01[ — 11[ — 2]121[31[41/20y7)Q °

+ (3v2(212 + 21 — 9)/5)0¢

+(3[ — 11[ — 2][3]1[4]1/50)L 2. (4.25)

From Egs. (4.1)4.24) an independent set of 24 relations

with non-negative total shift values is obtained by the trans-

formation /— — / — 1, whereas Eq. (4.25)is invariant. Again
20 is related to the second-order Casimir, i.e.,

Q% = — {101, + (I + 1)}/10. (4.26)

If we eliminate the Q ¥7 operators (k = 2,4,6) from the 49
relations we obtain results which have elsewhere already
been sufficient for solving the SO(S) state labeling problem
for symmetric representations in an SO(3) basis.”® Finally,
relation (4.25) reveals that all SO(3) scalar operators
O%_ .0 * can be expressed in terms of four independent
operators Q #°, Q7°, Q%° or I, and OY. This is in complete
agreement with the results of Gaskell ef al.'® and confirms
that the operators above together with L ? belong to the oper-
ator integrity basis.

Exactly, as we did before for SU(3) we now construct
relations connecting the scalars 02Q % ~? and Q 5?0 ;7 by
multiplying the Egs. (4.7}4.25) and their /-transformed
forms on the right or on the left with appropriate shift opera-
tors O ¥, and by equating left-hand side operator combina-
tions.

It is also again advantageous to introduce the S-opera-
tors as defined in (3.4)}(3.5), because then the equations di-
vide into two disjoint classes, separating .S, and .S_ opera-
tors completely. The set of equations in the S_ operators is
complete in the sense that these can be solved in terms of
combinations of lower-order SO(3) scalars. Indeed, straight-
forward calculations yield as results

§%i+?= —([ ~41/3)87°,
SE+T=([ - 61/6)8%,

(4.27)
(4.28)
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S4+3=([ — 61/48%° + ([ —2][ — 6](8] — 19TTO)S >,
(4.29)

S4+2= ([ —-T71/6)S*°
— V2 —11(% = 71+ 11)/{385)8%°,  (4:30)
S4+= ([ ~ 12]/12)8*° — (y2[0)(3] — 8)/4/385)S%°, (4.31)

S%+3= _(3[ ~7][ — 81//55)54+3, (4.32)
S%+2= — ([ —6][ —40]/2/55)S % +2
+([ —41[ — 51[ — 61[21/6y14)S% +2,
(4.33)
SE+ = ([ —6]1[17]/55)54+!
—([ =310 —41[31[22)/15/14)S % + 1.
(4.34)

For S'%~? with p>0 similar expressions follow from the
transformation /[ — / — 1.

The set of equations for the 5, -type operators can be
solved along the same lines as discussed for the SU(3) case. It
is striking that again the third-order relations which follow
from I (4.4) are not independent from the ones obtained so
far by left-right multiplications. By solving the S -type
equations we can conclude that the §*? operators can be
expressed in terms of combinations of lower-order SO(3) sca-
lars and of two new independent SO(3) scalar operators of
the type R 5. From the paper of Gaskell et al.'® we learn
that only R ¥, R 5*%k #0), R ¥*°, and R ¥%° must be con-
sidered. Now, from the formulas I (4.1)and I (4.4) it is easy to
verify that the R 5 SO(3) scalar operator for K even can be
expressed in terms of S_ operators and lower-order scalars.
Hence, they are not algebraically independent, and conse-
quently the two operators R %' and R #*° have to be added
to the integrity basis for operators. However, that integrity
basis is not yet complete. We know that in fact scalar opera-
tors up to the 15th degree in the generators have to be investi-
gated.'® Although, this analysis is theoretically possible
within the framework of the developed theory, too many
practical calculational difficulties would arise.

V. DISCUSSION

We have given two applications here of the general the-
ory established in I. Both examples have in common that
besides the SO(3) generators only one tensor operator is in-
volved. However, the theory allows the treatment of cases
with more tensor operators, of which SO(7)DSO(3) is the
simplest one. The relations quadratic in the tensor operators,
previously derived by means of other techniques™ are easily
reproduced by applying I (3.4) in shift operator notation.
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On the wave operator in few-body quantum scattering with Coulomb-like

interactions
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Functional analytical methods like strong approximation of operator-valued functions and
Dunfords’ calculus are applied to yield a contour integral representation with a finite contour of
wave operators for nonrelativistic potential scattering with Coulomb and short-range
interactions, which avoids high singularities of Coulomb-like Green’s functions of stationary
scattering theory. The Green’s function is the unique solution of the resolvent equation, which has
an A-proper kernel allowing projector methods for its solution.

I. INTRODUCTION

The nonrelativistic quantum mechanical scattering the-
ory is mathematically well established if the interaction is of
short range.! That is reflected by many powerful approxima-
tion methods for the calculation of the physically relevant
transition matrix elements. The transition matrix can be ob-
tained from integral equations with compact kernels in a
Hilbert space.>® However, one often encounters charged
particles in a nuclear or atomic scattering process. That
means a long-range Coulomb interaction is involved. The
Coulomb interaction brings about some major changes, e.g.,
the elastic forward scattering cross section (Rutherford) is
infinite. A conventional partial wave expansion of the transi-
tion matrix cannot be summed up. From the mathematical
point of view, the Coulomb potential manifests itself in high-
er singularities appearing in Green’s functions, transition
matrix, and scattering matrix, than those occurring from
nonpathological strong interactions. In a two-body system
interacting only via the Coulomb potential, these quantities
are known analytically.* However, in most cases of practical
interest one is concerned with a Coulomb plus a short-range
interaction (called Coulomb-like). If one writes down inte-
gral equations for transition amplitudes analogously as for
short-range interactions, i.e., the Lippmann-Schwinger
equation in the two-body system and the Faddeev equations
in the three-body system, one encounters highly singular
kernels which makes the equation difficult to solve.>® One
way to resolve this problem is the screening technique which
approximates the long-range Coulomb potential by a short-
range (screened) interaction. That makes it possible to apply
the conventional apparatus of short-range scattering theory,
but requires some additional phase factors in the amplitudes.
This technique has been successfully applied in elasticp + d
scattering,” but there remains some controversy about its
applicability to the break-up reaction p + d—p + p + n.k

In Ref. 9 we have suggested an approach to avoid the
difficulties arising in stationary scattering integral equations
due to the Coulomb force. The wave operators, which con-
tain all scattering information of the system, build the S-
matrix. In that approach the wave operators are strongly
approximated by analytical functions (exponential function)
of bounded operators, the latter being approximations of the
full and asymptotic Hamiltonian, respectively, in the sense
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of strong resolvent convergence. It has been shown in Ref. 10
that the bounded Hamiltonians can be chosen to be of finite
rank in a suitable basis of expansion functions, which re-
duces the calculation of the wave operators to a diagonaliza-
tion of finite, real, symmetric matrices.

In this paper we want to suggest an alternative which
leads to integral equations with well-behaved kernels. The
Dunford calculus is applied to represent the approximate
wave operator by a contour integral with a finite contour.
The integrand carries the resolvent or Green’s function of
the approximate full Hamiltonian, which obeys a resolvent
equation, relating it to the resolvent of the approximate
asymptotic Hamiltonian. Most of the paper deals with the
study of properties of this equation. We show that it has a
unique solution, and it can be obtained from summing up the
iterated equation (Neumann series) for a circular contour
with a sufficiently large radius. For a general contour the
kernel of the resolvent equations is shown to be 4-proper.
That allows us to find approximate solutions by projecting
onto finite-dimensional subspaces.

The approach is applicable to short-range interactions,
to the long-range Coulomb interaction and Coulomb-like
interactions. For the sake of pedagogical simplicity the sub-
sequent discussion concentrates on the two-body system, but
a generalization to the N-body system is sketched.

. THE TWO-BODY SYSTEM

We use the notation of Ref. 9. We assume that the cen-
ter of mass motion can be split off and we consider only the
relative motion between the two particles. Consider the Hil-
bert space 5% = L,(R®). Let H ° denote the free Hamiltonian
which reads in momentum space, with p the relative momen-
tum between the two particles and m its reduced mass,

h % p) = p*/2m. (2.1)

Let V° denote a strong short-range interaction defined in
coordinate representation by a real-valued function v*(r),
reR3, wherer denotes the relative distance between the parti-
cles. One demands

v'el,(R3),

[v’(r)] <er=?, ¢>0, B>1. (2.2)
V¢ is a bounded and self-adjoint operator on #°.! Let
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H=H°+V" (2.3)
H is self-adjoint but unbounded on the domain
D(H)=D(H")." The long-range Coulomb potential ¥ ° is
defined in coordinate space by
(2.4)
¥ < is an unbounded operator due to the 1/7 singularity. The
full Hamiltonian {Coulomb-like)

H=H°+V 4+ Ve (2.5)
is self-adjoint but unbounded on D (H ) = D (H °)." Now we
consider the wave operators which contain all the scattering
information on the system. According to Dollard,'! an aux-
iliary time-dependent Hamiltonian is introduced

A%(t) = sgn(t)(m/2H )" %e,e, log(4H °|t |),

H%(t)=H% + A%). (2.6)
Then an appropriate wave operator for a Coulomb-like Ha-
miltonian is given by’

v(r) =ee,/r.

0N = s-l';m expliHt ) exp( — iH *(t)).
— -]

In order to carry out the steps indicated above we want
to approximate £2(*) in the strong sense by exponentials of
bounded operators. A sufficient condition for that is that
H® (t)and H are approximated in the sense of strong resol-
vent convergence. There are many ways to do so, the follow-
ing definition gives an example:

HY = (E /u)arctan{uH °/E ),

(2.7)

H%(t)=HO% 4+ A%t )2/m)arctan(H °/uE). (2.8)
V¢ is defined in coordinate representation via

vS (r) = v°(r)(2/#)arctan(r/uR ),

Vi=V+ Ve, (2.9a)

H,=H° 4+ Vv (2.9b)

E,R are fixed positive scaling parameters of dimension ener-
gy and length, respectively, « is the approximation param-
eter. H%{(t), H, are bounded, self-adjoint, and approximate
H*{t) and H, respectively, in the sense of strong resolvent
convergence if u—0.° Moreover,

0,1 =expliH,T)exp( — iH %(T)) (2.10)
approximates £2'*) in the sense of strong convergence for a
suitable choice of parameter pairs (4,7') where u—0,
T>F o ke

Because H,, H? are bounded self-adjoint operators its

spectra lie in a finite interval on the real axis. Thus the Dun-
ford calculus can be applied

. 1 exp(iéT)
exp(iH, T =—f d§ ——=—1,
T = ) ® e m
where C, is a closed contour around the spectrum of H,
chosen such that there is always a finite distance d(C,,
o{H,))>d,>0.
In practical calculations, where one has no a priori
knowledge on o{H,,), one is on the safe side if one defines
I(H,) = {r|reR, [r|<|[HZ|| + ||V¥|]} (2.12)
and chooses C, such that d{(C,, I (H,))>d,> 0, which also

(2.11)
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guaranteesd (C,,0(H 3))>d, > 0. The same calculus could be
applied to exp( — iH é‘T ) but H2, H%(T') are diagonal in
momentum space and hence exp( — iH 3 T'), exp( — iH %(T))
can be calculated easily.

Defining the resolvent or Green’s function of an opera-
tordviaG (£,4 ) = (£ — A)~ ", the Green’sfunction G (§,H,, ),
which appears in the contour integral [Eq. (2.11)] fulfills the
resolvent identity

GE¢ H,)=GEH)+GEH)WIGEH,), £eC,.
(2.13)

In the following we want to study spectral properties of its
kernel K = G (£,H %)V < and ways to solve the equation.

Proposition 1: The real interval I= [min(L,||K |[),
max(1, ||K ||)] lies in the resolvent set p(K ). Moreover, there
is an open connected region D; being connected with
Eg = {z|zeC, |z|>]||K]||} such that ICD; and
D UE Cp(K) [tongue-shaped extension of p(K') from the
outer region, with |z| > ||K |/, to the point z = 1, for the case
[|K || > 1, see Fig. 1].

Proof: We distinguish the cases ||[K || < 1,and ||K ||>1.

(i)Inthecase || K [|<1,I=[||K ||, 1]CEx. Ex Cp(K)
because HK' ) < ||K'||. Ex is open, hence one can find an open
connected region D; with ICD, CE.

(ii) Now let us consider the case | |K || >1, 7 =[1, || K ||].
Firstly we want to show that [1, «o ) Cp(K ). Let us assume on
the contrary 1 + neo{K ) for 7€[0, « ).

(a) If 1 4+ €0 oin: (K ), there is Ye i, 0 with

GEHLWV =1+ 1. (2.14)
Multiplication with & — H? yields
Ey=(H, + Vi1 4+, (2.15)

ie.,éeolH, )whereH,, = H + Vi/(1+ 7). H,,, isself-
adjoint for all . Thus if £ has a nonvanishing imaginary
part, it leads to a contradiction. If £€R, one can estimate

H. L YI<UHC+ VDI (2.16)
and due to the choice of C,
UELISH I+ VSN + doll ¢ (2.17)

which gives a contradiction.

(b) If 1 + 7€0 continuous (K ) ONE arrives similarly at a con-
tradiction.

(€) If 1 + €O esorvent (K ), One has that

range(l +7 —K)'  =null(l 497 —K ™) (2.18)

FIG. 1. Schematic plot of the spectrum o{X ) with a tongue-shaped extension
of p(K') from the region outside of the disk with radius ||X || to the point 1.
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is not empty, i.e., there is 77, ¥+£0,
l+7—K*p=0,
K* =VSG(E*HO). (2.19)
With £eC,, , one has £ *ep(H J) and thus there is g5, ¢ #0,

Yy=(E*—H), (2.20)
thus

E¥=(H, +V*/(1+ 1),

i.e., £ *€0pgin (H, , ), but thatleads to a contradiction similar-
ly as in paragraph (a) £€0in. (H,, ) has led to a contradic-
tion. The paragraphs (a), (b), (c) imply 1 + €p(K) for all
')76[0, ®© )

Now we want to show that there is an open connected

region D; with IC D, and D, Cp(K). Because p(K ) is open
and] = [1,||K ||]Cp(K ), thereisan opendisk D, , = {z|zeC,
|z — x| <r} Cp(K) for all xel. To each D,, there corre-
sponds a real interval I, , = {¢ |t€R, |t — x| <r}, openin R.
Uyar I, isan open cover of /in R. But /is a compact interval
in R, hence there is a finite open cover of I in R:
Uyr,...n Loy, Hence, Dy =U,_, . v D%r, is an open
connected region in C having I as interior points. Because
z = ||K || is an interior point of D, D, is connected with E .
Clearly D; Cp(K ), which finishes the proof.

In particular, Proposition 1 implies 1€p(K'), which
means that the resolvent equation has a unique solution
G (£,H,), which holds for all §€C,, .

Proposition 2: The solution G (§,H,) of the resolvent
equation can be obtained by summing up the Neumann se-
ries of the resolvent equation, if the contour C, is a circle
centered at the origin with a sufficiently large radius R. The
convergence is uniform in £eC,, .

Proof: Let a: 0<a <1, R: R>||V¥||/a + ||[HS|| and
C, = {Re*|¢:0—2mr}. Then one can estimate

16 EH ) =1 —HT)™'|<1/d(C,, olH )
VR~ ||H||)<e/| V]|

(2.21)

(2.22)
and

K = GEHLVIIIIGEHT) [[VEll<a <1, (2.23)

which holds for all £eC,,. That is a sufficient condition for
the convergence of the Neumann series
G&H,)= Y K'GEHY)
v=0,1,2..
The convergence is uniform in £€C,, , because the estimate on
||K || holds for all £&C,,, which proves Proposition 2.
Although the Dunford integral is independent of the
contour, as long as it is chosen properly to encircle the spec-
trum, it may be numerically inconvenient to use a circle with
alarge radius as required in the assumption of Proposition 2.
Thus one is interested in solving the resolvent equation for a
contour C, without that restriction. To solve functional
equations with compact kernels one can use powerful projec-
tion methods. In our case, however, thekernel G (§,H 3)V § is
not compact, because in momentum space the operator
G (€,H ) does not vanish if the momentum approaches infin-
ity, but rather it tends towards 1/(§ — wE /2u) within the
particular choice of H9. There is a generalization of com-
pact operators, the so-called 4-proper operators, introduced

(2.24)
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by Petryshin,'? which also allows us to apply projector meth-
ods to solve functional equations. This will be applicable in
our case. Let us consider the resolvent equations when ap-
plied on a Hilbert state y and let us denote

g=GEH )y, f=GEH,). (2.25)
Then the resolvent equation reads

f=8+Kf (2.26)
orwithB=1-—-K,

Bf=g. (2.27)
We define

T, = linear span of {B’g|lv=0, 1, ..., n},

Tog= | Y Thy (2.28)

and in analogy T35, T5 5, . Let P denote the orthogonal
projectiononto T'%), and Q™ the orthogonal projection onto
T, Let /¥ be defined as the solution of

Q(n) BP (n)f(n) = Q(n) g
Then we claim the following.

Theorem: P ™ converges strongly to f; the approxi-
mation scheme is projectionally complete and B is an A-
proper mapping.

Proof: In Proposition 1 it has been shown that 1ep(K')
and there is an open connected region extending from Ex to
the point 1. Then the Theorem, Corollary 1 and Corollary 2
of Ref. 13 can be applied which proves the claim.

(2.29)

Hi. THE N-BODY SYSTEM

In this section we want to sketch the generalization to
the N-body system.

Assume there are N distinguishable particles, denoted
by i, j considered as “elementary” as opposite to “compos-
ite” particles which are formed as bound states of the ele-
mentary particles. To each elementary particle / we ascribe a
mass m, and charge ;. The channel index a denotes which
of the elementary particles cluster and form a composite par-
ticle. The channel without composite particles is denoted by
0. We assume that the total interaction is a sum of pair inter-
actions

V= 3 |4
I<i<j<N
where V¥ can have a short-range plus a Coulomb part. V¥ is
defined to be ¥ if i and j are contained both in any one of the
composite particles of channel a, otherwise V¥ =0. A
channel interaction is defined by

(3.1)

Ve= e,
1I<i<j<N
Let H © denote the total kinetic energy Hamiltonian, let
H*=H°+Ve, H=H°4+V (3.3)
denote the Hamiltonian corresponding to channel & and the
full Hamiltonian, respectively.
Dollard’s time-dependent auxiliary Hamiltonian is

generalized as follows.!" Let m,; denote the reduced mass of
particles /,j and let H% denote the kinetic energy Hamilton-

(3.2)
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ian of the relative motion of particles i, j. For channel @ =0

let
A oc( ( ) ( mij )1/2
t) = sgn(t e;e; —
) =sen 1<n§<1v ‘\2H%Y
X log(4H |t |),
H%(t)=H % +A4%(). (3.4)

For channel a#0 let I, J denote either an elementary or a
composite particle. JCa means that if I is an elementary
particle, it is contained as an elementary particle in channel
a, if I is a composite particle, it is contained as a composite
particle in channel a. Let ¢; denote the charge of particle 7,
m, its mass, m,, the reduced mass of particles 7, J and H°”
the kinetic energy Hamiltonian of the relative motion of par-
ticles ,J. Let

1<I<JKN my, 172 ol
A%(t)=sgn(t) > eIeJ(_—aﬁ) log(4H *" [z ),
LiCa 2H
Ht)=H%+A*(t) (3.5)

The wave operator

2% =5~ lim expliHt)exp(— iH *|t)) (3.6)

—+F oo
is defined on the domain D* which is a projection of the
Hilbert space onto a subspace where the bound-state wave
function describes the internal motion of any composite par-
ticle in channel a.
We introduce the following bounded approximations:

— I}
Vo= 2 Vi
I<i<j<N

(3.7
vi= Y Vi
1I<i<j<N
where each pair interaction V¥ is defined as in the two-body

case [Eq. (2.9a)].
Let HY be defined as in the two-body case [Eq. (2.8)]
and let

H*=H°+Ve, H,=H%+V,. (3.8)
For channel o = 0 let
A%(e) = sgnlt) (’” )./2
u t)=s, t e,'e' "
en l<i<zj<N ! ZHOU
Xlog(4H |t |)(2/m)arctan(H,; /uE ),
and for channel a#0 let
e 1<I< JKN my 1/2
A5(t) =sgn(t) I;a eﬂ;(ﬁ;ﬁ)
X log(4H °¥ |t |)(2/m)arctan(H °¥ /uE), (3.9b)
Ht)=H5t+ A% ). (3.10)
The approximate wave operator takes the form

(3.9a)
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023 =expliH, T)exp( — iH (T)). (3.11)

In Ref. 9 it has been conjectured that {2 § ;- tends strongly to
02°%) for suitably chosen u~—0, T J- «. However, all the
results obtained in Sec. II of this paper for the two-body
system can be taken over directly to the N-body case and
formally read the same if the asymptotic Hamiltonian H % (¢ )
is substituted by H”°(¢) and the resolvent equation reads

G(6H,) =G H])

+GEH)V., — VIIGEH,) (3.12)

IV. CONCLUSION

In nonrelativistic few-body quantum scattering theory
a new approach has been suggested to calculate wave opera-
tors for short-range and long-range Coulomb interactions.
Strongly approximated wave operators are related via a con-
tour integral of finite length to Green’s functions of Hamilto-
nians approximated in the sense of strong resolvent conver-
gence. The resolvent equation, which relates Green’s
functions of the approximate full and asymptotic Hamilto-
nians, is studied and is found to have a unique solution,
which can be obtained by a Neumann series. Its kernel is
found to be A-proper which also allows projector methods to
solve the resolvent equations.
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A Fock-Krein realization of the Landau gauge
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An explicit Fock realization of the Landau gauge of the free electromagnetic field with a Hilbert
space structure which is simply the same as in the Gupta—Bleuler gauges is given.

I. INTRODUCTION

As clarified in Ref. 1, when a given set of Wightman
functions { #°} do not satisfy the positivity condition one
may associate with them different Hilbert space structures,
leading in general to different spaces of states. A Hilbert
space structure, (1, ) associated to the Wightman func-
tions { %7}, with 7 a nondegenerate metric operator, is
called maximal if there is no other Hilbert space structure (7,
57) associated with { %~ }, with a nondegenerate metric op-
erator 7, such that 2" C 77 properly. The following theorem
holds.*

A Hilbert space structure (, 5%°) associated to a set of
Wightman functions { #°} is maximal if and only if ' is
bounded. Moreover, if 77! is bounded, it is possible to rede-
fine the metric without changing 7 in such a way that the
new metric satisfies > = 1 (Krein spaces). This property is
very convenient from a technical point of view.

All known realizations of the Landau gauge of the free
electromagnetic field>* do not seem to provide maximal
Hilbert space structures, because the metric operator very
likely har no bounded inverse. In this note we construct an
explicit Fock realization of the Landau gauge with 7* = 1
(Fock-Krein realization).

il. THE ONE-PARTICLE SPACE AND THE METRIC
OPERATOR

Recall that, in the Landau gauge, the two-point func-
tion of the free vector potential 4, (x) is®
( WOrAp (x)Av( y)WO)

= — (84 —9,8,07NI/ND ™ x — ), (1)
where

O-Y1/iDFx — y) = — [1/(4n)}log( — x* + iex,)
is the two-point function of the dipole field model'* whose
Fourier transform is 278 ( p,)5'( p?).

Thus the two-point function (1) defines in momentum
space the indefinite sesquilinear form

(f8)r =7 |d*p26(p8'( P P*F.(PI* — )

— P 5P P8, (—p)].
From the definition of the distribution & '(p?) we get further*
i |

(o, 4 (f)A(8)%)

sy, = [ L2 { S AT L
1
+ 2—; 8_0 [7*f.(p)p"2.(—P)]
- [p“ﬂ<p)p“§u(—p)]], @)
with p, = |p|.

In our construction the one-particle space is simply de-
fined by
a=w prwer2.c) v
={%.(p): ¥,eL oG ) Ve =0,1,2,3
(V]
(C.. is the future cone) provided with the standard scalar

product

d’p =
@9)= 30,0 ) =3[ ZLB, (¥, ()
7 (V
The metric operator 77 is given by the tensor — g**; obvious-
ly we have 2 = 1. Then we get in " the indefinite inner
product

(D) = — (&, = —f‘”’ B,(p)¥*(p).

i1l. DEFINITION OF THE ELECTROMAGNETIC
POTENTIAL

Now we perform a quantization over #*! with respect
to (-, -) (see Refs. 6 and 7) and define [for each real valued
Je#(RY)] the field operator as

A(f)=(UV2)la(m f) +a* (7 f)],
where a, a™ are the annihilation and creation operators and
the vectors (7 f)e#" are given by

(Vf)y(p)=x/—2F[Z,(—p) Pu [—w( _p)

A 2|p|
_ pA(=2) ” 3)
2|p|
It is not difficult to verify that { 7 f, f6% RH)} = HFO (see

the Appendix). Moreover, if f, = p, f, we obtain from (3)
(mf) =

which assures that the vector potential A is transverse.
Finally we have the two-point function

_ (4% [; _&_[i W va(p) [ v (o PB(—p) ”

S o [ 200] L 3, &SP =20 L3 OB T o
_ s 27 v (o PE(— p)] P8.(—p) v )
= f ) [—f,,(p)g"( n+ Bl ao"’ ai—p)- LB | B [ao(pfv( ) ]
- f 2 Fp—p+ 7“— o 7. (—p] - 2| . (7" S (o8, )] .
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which is the required form (2).
In S~V the -unitary representation U (a,A ) of the Poin-
caré group is given on the dense set of vector {7 f} by

Ula,A Yo f) = (7 fon)s

where

(fon)ux) =A4,"f,(A " Hx —a)).
In particular, for the translations one has explicitly

. _-—_VW
(U@)¥),(p) =ew(%(”) i (glvldp”)

for each eV in the domain of U (a,1). The form (., -) is
non-negative on the subspace # C #*" of vectors that
satisfy p*¥, = 0.

The elements in #*" with zero norm have the form
¥,(p) =p, ¥(p) and constitute the subspace #*"".

Note that

DA(f)W(): _PM(P‘fv)e%”
¥, being the vacuum state. In the Fock space # one has the
corresponding subspaces 5 and 5#°".

It can be easily seen that the electromagnetic field F,,

=d,4, — 3,4, leaves invariant the subspace 7 and that

the Maxwell equations are valid in mean value on 5. Thus,
in our realization, the Hilbert space structure is the same as
in Gupta-Bleuler gauges. The nontrivial point is the defini-
tion of the vector potential giving the two-point function (1)
and satisfying the condition %4, = 0.
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APPENDIX: A DENSITY THEOREM IN s¥V

We show that vectors of the type (7 f), (f,€7(R%),
£ = 0,1,2,3) are dense in #7" by proving that ¥e#® and
Yi(m f) for each fimplies ¥ = 0.

Choose f, suchthat f, =f;
definition (3) we have

So

Al A

0

= Qandp,f, = p,f;- From

(mf) =
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Then the orthogonality conditon reads

[ ‘; P (70 p) + Fol P 2)
0

= ‘;P Fo o #olo) + %w,(p))=o, v fo,

1

with

Sfoelp /6L (RY).
Since this set is dense in L %(d *p/p,, C ) we get ¥o( p) + ( po/
)% (p)=0a.e, thatis ¥,( p) = ( — p,/po)¥ol p) a.¢. In the
same manner, with a suitable choice of test functions, we
obtain

W, =(—p/Po)¥, Ys= —(p:/Po)¥-

This means that the vector ¥, has the form

@,(p) = —= (p)
0

where

Po=p» PB= —p;=p, i=123.
now the condition (ﬁ# /Do) !I’ol(n- f), Vf, yields

d’ [ (Pf ) Pn

( f)— W
%:f S 2|pl po 2/p|
f d’p (p -f) , =0.

Choosing further

.ﬁ) =fe‘y(R4)’ f; = 0! l= 1)2)39

we get
d?p -

o p) =0, VSR,

which implies ¥, = 0.
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The short-range expansion for multiple well scattering theory
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We expand the scattering amplitude and the scattering matrix around the zero-range limit, i.e.,
with point interactions, in the case when the potential has a finite number of wells. The lower-
order terms are largely independent of the shape of the potentials.

I. INTRODUCTION

The explicitly solvable models serve as testing ground
for what one can expect in general. Therefore it is of interest
to study these models in great detail.

In nonrelativistic quantum mechanics there are essen-
tially only three explicitly solvable models: The hydrogen
atom (i.e., the Coulomb interaction), the harmonic oscilla-
tor, and, finally, the point interaction. The impact of the first
model in the early days of quantum mechanics can hardly be
overestimated, while the harmonic oscillator has been very
important in, e.g., quantum field theory.

The Iast model to be mentioned, the point interaction or
zero-range interaction, was studied already in the thirties by
Fermi, Breit, Peierls, and Thomas in neutron—proton scat-
tering in three dimensions while Kronig and Penney intro-
duced the model that was later called the Kronig—Penney
model of an infinite crystal in one dimension with a zero-
range interaction. The rigorous study of these models was
started much later by Berezin and Faddeev in the sixties and
later made into a systematic theory by Heegh-Krohn and
various co-workers. See Ref. 1 for an extensive and detailed
exposition of this.

The n-center case, i.e., where one has n §-potentials in
R?, which we are going to discuss here, was first studied by
Albeverio, Fenstad, and Hoegh-Krohn? by means of non-
standard analysis and later extended by Grossmann, Heegh-
Krohn, and Mebkhout.** The use of nonstandard analysis
was initiated by Nelson® and Friedman.®

‘When one has a solvable model, it is reasonable to ask in
what sense one can use the solvable model to deduce proper-
ties of models which are close to the solvable one in some
sense, i.e., how well the solvable model is approximated by
other more general models.

To approximate the point interactions with short-range
potentials of the form € ~2V (x/€) is an idea going back actual-
ly to Thomas in 1935, but it was put into a systematic and
detailed study only in 1980 by Albeverio and Heegh-Krohn’
where both the case of a finite and infinite number of centers
are discussed. Their results were later improved in the one-
center case by Albeverio, Gesztesy, and Heegh-Krohn,® and

2 Permanent address: Matematisk institutt, Universitetet i Oslo, Blindern,
Oslo 3, Norway.

b Permanent address: Université de Provence, Centre St. Charles, France.

° Permanent address: Université d’ Aix-Marseille II, Faculté des Sciences de
Luminy, Marseille, France.
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in the finite and infinite center case by Holden, Hoegh-
Krohn, and Johannesen.”'® In Ref. 8 the low-energy behav-
ior of the scattering matrix is studied in great detail in the
one-center case, and we rely very heavily on these results in
this paper. The low-energy behavior of the scattering matrix
in the one-center case has also been studied by Jensen and
Kato'! where weaker results are obtained (asymptotic ex-
pansions instead of analytic expansions) under weaker as-
sumptions using other methods then the ones we advocate
here.

Scattering theory for point interactions has also been
studied by Karloukovski,'?> Thomas,'* and Pavlov and Fad-
deev'* while impurity scattering for point interactions in
three dimensions has been studied in Ref. 15.

il. POINT INTERACTIONS

We will start by introducing the Hamiltonian with
point interactions which is formally

H,=-4- zlvjé( X;) (2.1)
i=

where v=(v,, ... vyje RY, X=(x,,...xy) with x,e R>.
As this is not a self-adjoint operator on L *(R?) we have to be
careful how to define a rigorous analog of (2.1). There are by
now several ways of doing this, e.g., by use of nonstandard
analysis (see Ref. 2), self-adjoint extensions of symmetric op-
erators (see Ref. 1), by a renormalization procedure on the
coupling constant v;(Ref. 4), and finally as a limit of opera-
tors with decreasing support (see Refs. 1, 7, and 9). All these
methods give the same operator, namely that H, , can be
rigorously defined as the unique self-adjoint operator
— 4, x) With resolvent

(_A(a,x) - k2)'—1

N

=1

k —1
;47) i — Gk(xj —xl)]

X|Gil- =, Gil- — %)), (2.2)
with Im k>0 and
G, =(—4—-k3? (2.3)
has kernel
G (x —y) = e** =7 /Ax|x — y| (2.4)
and
Gy lx) = {(();,k *h iio(’), 2.5)
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where [ ]; ! denotes the jI th element of the inverse of the
matrix [ ] and finally the operator S = |f) (g| is defined to
be Sh=f(g,h).

For an extensive discussion of various aspects of this
definition and with many properties of the operator, see
Refs. 1 and 3.

With the operator (2.2) at hand we can start to approxi-
mate it by Hamiltonians with more regular, short-range in-
teraction.

Let

N
H = —-A4+¢7 > Aj(e)V;(%(- - xj)), (2.6)
j=1

where 4; is analytic in a neighborhood of zero with 4;(0) = 1
and v is a Rollnik function (i.e.,
$5)x — y|~2|V;(x)||¥;(y)|dx dy < ) with compact support.
The operator H, is well-defined as a quadratic forms sum.
Observe that while (1/€*)V;((1/€)(- — x;)}—>0 (- — x;) as e>0
wehavee((1/€’)V;((1/€)(- — x;))) =~ €8 (- — x;) whichindicates
that the coupling constant v; in the formal expression (2.1)
has to be infinitesimally small in some sense.

One can prove that H, converges in the norm resolvent
senseto — 4 , y, as € tends to zero (see Refs. 1, 7, and 9).

The limit is, however, very delicate in the sense that it
depends very crucially on detailed properties on the spectral
point zero for the one-center operator:

H=—-4+V,. (2.7)
Let

v =|V|"?% u, =v sgn¥,. (2.8)
Then we have

(H; — k%)~ =G, — Geyy(1 + 4,G,0;) '4;Gy,,  (2.9)
where Im &k > 0 and we recall

G, =(—4 -k (2.10)

This implies that k ? is an eigenvalue for H, if — 1 is an
eigenvalue for u; G, v;, Im k> 0. If

(1 +u1GkU_,)¢J =O, (2.11)
then
will satisfy ;€ L(R®) and

H, =k, (2.13)
If, however, k =0, i.e.,

(1 +u;Gov;)p; =0, (2.14)
then

¥, = Gov, 9, (2.15)
will not in general bein L *(R?), but ¢y, L 2. (R*) and satisfies

Hy; =0 (2.16)

in the sense of distributions (see Refs. 1 and 8).

If ;¢ L * (R®) we will say that 0 is a resonance for H.It
is necessary to make a further distinction (see Refs. 1 and 8),
but first we state the following nice lemma to decide when ¢
is in L *(R3).

146 J. Math. Phys., Vol. 26, No. 1, January 1985

Lemma2.1: Let ¥, € R and assume that supp ¥V is com-
pact. Then

¥, = Go,4,€ LR} (v,,4;) = 0. {2.17)
Proof: See Ref. 8 where it is proved under weaker condi-
tions on V.

Case I: — 1 is not an eigenvalue for u; Gy, .
Case II: — 1 is a simple eigenvalue for u;Gy; and

(vj ’¢j)#0~
Case III: — 1 is an eigenvalue for u;Gyv; with multi-
plicity N>1 and (v;,4;, ) = - = (v,¢;5) = 0.

Case IV: — 1is a degenerate eigenvalue for u; Gy; with
multiplicity N>2 and at least one ¢ is such that (v;,¢;)7#0.
In case IV we can always arrange such that (v;,6,, )70 and
(V8 ) =+ = (v;,¢;5) = 0. In addition we define

¢j = ¢j sgn V,
With this at hand we recall the basic result.

Theorem 2.2: Let H, be given by (2.6) where V;:R>—>R
is a Rollnik function with a compact support.

If H; is in case III or IV, assume in addition that
A (0)#0.

Then H. converges in the norm resolvent sense to
— 4 4 x) as €0, where a = (a,, . . ,ay) is given by

&, = 2(0)](08)| (@8- (2.19)

Remarks: (1) In case I where ¢, = 0, (2.19)is interpreted
as @; = oo, in case III where (v;,4;) = 0, we also interpret
this as @; = w0, and, finally, in case IV, ¢, = ¢,;, where
(v; 651 ) #0.

(2) If &; = oo for some j, thi~s point has to be removed,
i.e., we have — A4 ; %), where X consists of the points x;
where a; # « and similar for &.

(3) When 4 /(0) = 0 in case III or IV we will not have
norm convergence in general. See Refs. 8 and 9.

Proof: See Refs. 1 or 8.

We now introduce the scattering quantities.

Formally we can define for a Schrédinger operator

H= —A+V (2.20)
the corresponding t-matrix by [where R = (H — k?%)™'}

(2.18)

t, =V—VRV
=V—G;'G,VRV
=V—G G, —R)W=G;'RV
=G 'RVG,G[!

=G G, —R)G'=v(1 +uGv) 'u,

using first the resolvent identity twice and then {2.9).
From the -matrix we obtain the scattering amplitude

(2.21)

by
| PP
f(P,q,k) = — (e'P 9tke q)
47
= — % f de dy e = Pt (x,p)e?. (2.22)

We can finally now define the on-shell scattering matrix .S,
Si: L3S L YS?) (2.23)
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(where S =
by

{x € R?||x| = 1}) as a unitary operator given

(Sh @) = A (@) — (2mi) 'k L o fon (@0 k )k (@), (224

when he L %S ?), where
f;m (m’wlyk) =f(P,q,k )’

where |p| = |q| =k, @ =p/|p|, and &' = g/|q|. See, e.g.,
Berthier' for an introduction to scattering theory.

(2.25)

lll. THE -EXPANSION

The scheme for the e-expansion of the scattering ampli-
tude and the S-matrix is now clear.

First we derive the -matrix for H, and then we expand
it around the point interaction limit.

In order to do that, we relate the operator H, to an

operator
—X ) (3.1)

Using the unitary scaling operator U, given by

H(e)= —4 + 2 A, (e)V(
j=1
(Ueg)x) = € %g(x/e), (3.2)
when g € L 2(R?) we immediately see that
H =eUH(EU. ', (3.3)

and we then obtain the t-matrix for H (e) first.
Lemma 3.1: The resolvent of H (¢) reads

(H(e)—k?)™!
N 4 ~
=G, — 2 Gk{)j(l + B 'A,(€)it; Gy, (3.4)
M=1

where

b;(x) = v;(x — x;/€),

. (3.5)

i (x) = u(x — x,/€),
and B, = [B,]is given by

By = 4,(e)4,G, 7. (3.6)
The ¢t-matrix ¢, (€) for H (€} is

N -~
tile)= ;‘, (14 B); 'A,(€)i;. (3.7)
M=1 ¥

Proof: Using Appendix A in Ref. 17 we obtain the stated
formula for the resolvent of H(e). From the formula
t, = G ;7 (G, — R)G ;' we obtain the -matrix as stated.

Using this and the stated unitary equivalence (3.3)
between H, and H (€) we obtain the s-matrix for H, .

Lemma 3.2: H, has a t-matrix given by

N
te(k)=e‘2UE[ S 5(U;) "1+ Bei)i !
J =1
XA Ui, U, (3.8)
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where B, , = [B;] has the integral kernel
By (x.y) = €A;(e)u;(x)Gy (elx — y) + x; — x,)u,(p),  (3.9)

and U5 and U7 are given by (3.14).

Proof: We have that
(H. — k) '=€U(H(e) - ek )~'U! (3.10)
N
=G, —€? Y G.U.;
M=1
X(1+ B )i "4, U S "Gy,
which implies
N ~
tk)= 3 €U b(1 + B,y 'Alea, U (3.11)
=1
By introducing matrix notation we can write this as
7y 0
t.(k)=e"'U. [1+B.a]™!
0 Dy
Aq(€)ity 0
X - (3.12)
0 Anl€lay
Defining the unitary operator
Us 0
Ue= , (3.13)
0 Uy
where
(Ujg)x) = glx + x;/€) (3.14)

for g € L (R?), we can introduce UF U ~! between the two
matrix products to obtain that

t.(k)=€"?U. 2 (U5
><[1+]B:1k],z AU, U, (3.15)
where B, = [B;] has the integral kernel
B, = ed;(€)u;(x)Gy(elx — y) + x; — x,)v,(p). {3.16)

From this lemma we see that ¢, (k ) is defined whenever — 1
g o(B,_,). For e =0, B, reduces to
BO,k = [6]]“1 Govj], (3-17)
which implies from the analysis in Sec. II that the detailed
properties of ¢, (k ) around € = 0 depends on the zero-energy
properties of the operators H; = —A 4+ V,,j=1,...,N.
We recall here the following.
Proposition 3.3: We have the expansion

€(l + A;(€)u,Gv;) "' = Q; + €R; + olé), (3.18)

where
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(0,
(ik /47 — aj)_1'¢j><$j|’
1 3 !¢jl><$jl|

incasel,
in case II,

={ - th X in case III,
Q= A70) =1 (Busdi) (3.19)
3 [ byl = 41O b)| 162 By, i case TV,
\im=1 m
and
-
(14 #;Gw;)~", incasel,
ik ( ik . ik \( ik
7 -2 (o) T+ TG+ (e~ ) [(£) b T @)
(& 20— 24700 8) — o f f d dy ¢y )% — Y100 ) ) B |, i case 1,
310 3 | = 2L )+ 17100~ [ [ar gyt s — e 0 ]
|6;) (¢,~m | . I
Rj =< X (aj19¢jl)($jm ’¢jm), i ease ' (3.20)
T, - %“Tj“j)(vaf‘ + 1Qu Tty |) + (%)Z(Uj,l}uj)leuj)(qujl
o [ ik o -1 ik 2 OV -
Do T 2Oy [ Ly 4SO )|
I'm =1
X( ~La 70N Bjm i) + —‘—/1 7(0)(@jm 03 )0 852
L e f f dx dy ¢, ()v; (x) | % —y‘vj(y)¢jl’(y))|¢jl' ) (ajm' |, in case IV,
I
where T; is the reduced resolvent, i.e., T, = [Gelx; — x1)|u; ) vy ] (3.24)
T,=n— 133(1 +e+u,Gw)" 1 —P), (3.21) and U = [(1 — §;)U;] has the integral kernel
where P, is the projectior! onto the eigenspace corresponding Up(x.p) = 200G, (x; — x,)u; (x)v, (v)
to the eigenvalue — 1, viz., + 1, (}VG, (x, — x11x — Yoy (3.25)

& i) (Bl
=1 (Busdi)
Proof: See Theorems 3.1-3.4 in Ref. 8 and Ref. 18.
From this we infer the expansion for the full
€1+ B, ;)" ! term.
Theorem 3.4: Let the points x,, . . .,xy be numbered
such thatx,, . . .,x,, (resp.x, ,,...xy)arein case Il or IV
(resp. I or III). Then we have the following expansion:

€l +Be,k)‘l =X+ €Y +ole)
=(14+ 0T, 'Q+€((1+ QT,)" 'R
— (1 4+ QT YRTo, + QU)1 + OT,)~'Q)

P = (3.22)

+ ole), (3.23)
where Q = [8,Q;], R = [6;R;] are given in Proposition
3.3and
148 J. Math. Phys., Vol. 26, No. 1, January 1985

Proof: Separating off the diagonal elements of B, ; we
obtain

1 +B.,, =1+S,+¢€T,, (3.26)
where S, = [§;4,(€)u;G,v;] and T, =[(1 — §;)T;] has
the integral kernel

Tjy(x.p) = 4;(€)u; (x)Gr(elx — y) + x; — x,)o,0p).  (3.27)
Expanding 7, we find

T.=T,+ €U +o0(1), {3.28)

where Uis as stated in the theorem. From Proposition 3.3 we
know the expansion of €(1 + S,)~! = Q + €R + o(e). Hence
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€(l+B.i) ' =€l +S, +€T.)"
=(1+el+85)"T.) " el +8.)"
= (1+ QT, + €RTo + QU) + ofe)) ™"
X(Q + €R + ofe))
= (1 + €((1 + QTo) " (RTo + QU) + o(1)))
X(14 QTo)~ ' (Q + €R + ole))
= (1 —€(l + QT,)"'(RT, + QU) + ole))
X (14 QTo)H(Q + €R + olé))
=(1+QT,)~' @+ €l(1 + QT)~"
XR —(1+ QT)™!

X(RT, + QU1 4 QTy)~" Q) + ole).
(3.29)
We can now turn to the scattering amplitude and state
the following theorem.
Theorem 3.5: The scattering amplitude £, (p,¢,k ) for H,
is analytic and has the expansion
fipak)= — (1/4m)e” t.(k)e)
1 n

L
ik = -1
X [( J _"Z'ﬂ__) 51'1 - Gk(xj —xz)]ﬂ

_i( IE e PNy 1'(0))
=1

o= =9

4ar

[l ) n -]

+ 2": ie
=1

X[ = pv;.Xpu,) + (v, X497
+ 5 e

M=1

~ ilpx; — gx))

— i(px; — qx,)(vj Iul)) + 0(6) (330)

Proof: Using the expansion for (1 + B, ;)" from the
preceding proposition and expanding the other terms we ob-
tain

fpgk)= — le‘ (2. (k )e'r)

1 iple: + x))
= e ;€1 + B,
0 ﬂZl { ( i !
X Ar{€)u, ™+ )
1 N — ipx; — gx))
= — — e 1T, X u
417 1,12;’1 [( jrrji l)
+ €4 ; (0)(v,, X;u,) + (pv), X u)
+ v Xuq7) + v, Yyu))) ] (3.31)
By inserting the explicit expressions for X;; and Y, we see

that in all terms except the last one, we only have to sum over
Jil<n.
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Recall now from Sec. I that the on-shell scattering ma-
trix S, is the unitary operator

Sk .L 2(3(2))—>L Z(S (2)),
given by

(3.32)

(Suh o) = h o) = 2y ke | do enlo' I @),
(3.33)

where

Sonlw00' k) = flok,o'k,k ). (3.34)

Theorem 3.6: The scattering matrix S, , for H, is ana-
lytic and has the expansion

Soe=1+—_ u o=
87T21_,121| )

ik 2 Uy
X[(a —;)5;'1—Gk(xj"x1)]ﬂ (e "o‘|
k| & —i
+_:3?,?:1 le™"")4 1(0)

'k = ik
X [(aj —f;) 8y — Grlx; ——x,)]ﬁ (e~ ™= |

N ik
+ 2 e f)(vjsyjlul)

=1

x ™+ 5 2, + 0 (3.35)
W=
where Z, has integral kernel
Z(w,0') = ke " Ywy, X,u,)
+ (v,,.}’j,u,a)'-)). (3.36)

Proof: The expansion follows directly from (3.33) and
Theorem 3.5.

Remark: 1t is, of course, possible to expand all the rel-
evant quantities to an arbitrary order. However, as should be
apparent already from the first-order terms, the formulas
become more complicated.

Point interactions are also related to another interesting
limiting case, namely, as we already have seen, to the opera-
tor H (€) given by (3.1).

This operator corresponds to the situations where the
potentials move apart as e~0. For simplicity we only state
the results when 4,(€)=1, for j=1,...,N, i.e, ;=0 in
cases IT and IV.

Theorem 3.7: Let

Hie)= —4 + g ( x’) (3.37)

and let f(€,p,q,k ) denote its scattering amplitude. Then we
have
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f(e,ep,eq,ek) = e_lfe (pg.k)

— € i e‘—"(l’xj—qxl]
47 =1

(-5, -Gty —x,)]j'l

il

X

.-1_ d t(px-—qx,)
o

X [(pv;Xjuy) + (v, X 1,9°)]
+ 3 e T ) oll), (338
W=

where x and Y are given by (3.23) witha; = 0.

Proof: Follows immediately from Lemma 3.1, Lemma
3.2, and Theorem 3.5.

Theorem 3.8: Let S; (€) denote the on-shell scattering
matrix for H (€). We then have

(3.39)

ek (6) e ko

which implies that the expansion for S, (€) is given in
Theorem 3.6.
Proof: We have

(Sex (€)1 )()
= h () — (2mi) " '€k fdo' f(€,wek,0'ek ek )1 (')
= h (@) — 2mi)~ k fdo!’ f\wkw'kk h (@)
= (Seih ).

IV. THE GENERIC CASE

In Sec. III we were mostly interested in cases II and IV
which give rise to the point interaction limit. However
neither case Il nor case IV is generic, so in this section we will
study the generic case, case I, in more detail.

Recall that the Rollnik class R is a Banach space con-
sisting of functions ¥ which satisfy

Then we have the following theorem.
Theorem 4.1: The set 4 of (V, . . .,

V;isincaseIforj=1,.
Proof: Recall that V;

value of u; Gov;. Now

Vx) € RY such that
.,N is a dense open set in R".
; isin case Iiff — 1is not an eigen-

ll4;Govy 11z = 17 1% (4.3)

where ||+||, is the Hilbert-Schmidt norm on L ? (R?). Hence

(Vis - . oV )= {u,Ggvy, - - Sy Gov,) (4.4)
is an  isometric map from RV into
B, (L {R3)V=B,(L >(R%)® ... ® B,(L (R%), where B, de-
notes the set of Hilbert-Schmidt operators and B,(L *R>)"
has norm

(B, .- 4.5)

N
Byl = _Zl 11B; 13-
I=
Since the nonzero eigenvalues of u;Gyv; depend con-
tinuously on the Hilbert-Schmidt norm of #; Gyv;, and hence
on the Rollnik norm of V;, we see that the set R of all
(Vi -« »Vy) € RY, where V;isincaseIforj=1,.. . ,Nisan
open subset of R .
That this set is dense, follows from the following argu-
ment. Consider Rollnik potentials V), ...,V such that
(V1 ... Vy)€4d,ie, — lisaneigenvalue of u; Gov; for some
J=1,...,N.Since o(u; Gyv; ) has only zero as a possible accu-
mulation point, we can find a sequence {4,} such that
A,—1as n—o and

N
— /{ n— 1 &jsul 0'(u]G0Uj).

Hence (A, V.. A, Vy) € A4 for all n. But
AnVis o A V)=>Vys .. .,V )in RY which proves that A
is dense.

From now on we assume that V7, . . .,V are in case L.
We can then expand the scattering amplitude to third order
in € as the next theorem shows.

Theorem 4.2: Assume that V7, . . .
pact support forj =1, ..

,Vx €R, V; has com-

.N,and that H; = — 4 + ¥} isin

IV Z=(dm) =2 55|x —y| 2 |F (x)V ()ldx dy < co. (4.1)  caseIforj=1,...,N. Then the scattering amplitude for
Consider (V, . . .,Vy) € R¥=R @ ... ® R with norm
H.o= —4 ¢ 2 A, 6)V(—( —x)) (4.6)
N =1
2 __ 2
IV - PRl = i;l Vil (4.2) is analytic and has the following expansion:
1
€ N —ip— ; — 4 x;
Sp.ak)= T 1e (P q)xj(vj’Rju )+ ——zl e "~ Mi(p- v;,R,u;)
i= 47 /=
— i{t;,R;qu;) + A} (O)v;, R, u;)) + ~121 e” TN, (R (M + ToR ) + Z} ~ WA 0y, R, u;)
b= j—

+ (Uj’Rj(p’q)uj) =+ 21.’1;(0)((p°vi’Rjui) -
— (R (M + To)R )q-u;) + (
+ 4 [(0),(R (M + To)R )u,)) | + ol€),

150 J. Math. Phys., Vol. 26, No. 1, January 1985

(v 9qu'vj)))+ z

— ipx; — ‘Ix’)(l(p (R (M + TH)R )11 u)

=1

v, [R(M + To)R (M + To)R —R(W+ U)R ;)

(4.7)
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where R ;(p,q) has kernel

R;(p,q)(x.y) = u(x)Golx — y)u,(v)px — gy)* (4.8)
and the operators R, M, W, T,, U are given by (3.20), (4.11),
(4.11), (3.24), and (3.25), respectively.

Proof: From the definition of the scattering amplitude
we see that we have to expand (1 + B, ;)~! to second order
in ¢, thus extending Theorem 3.4 to next order when all the
potentials are in case I.

Using the notation from Proposition 3.3 and Theorem
3.4 we have

1+B,,=1+S5. +€T., 4.9)
where now

148, =14S5,+eM+ EW 4+ 0()), (4.10)
and M = [6,M,], W= [§, W-], and

M; = A [(O)u; Gy, +£ |u Yy,

(4 11)
W, = 4 700, Gy, + -5 4 7(0) ;) (0| —
J 2 J J J 417_ J J

where

Dy(x,y) = u;{x)|x — ylu,(»)- (4.12)
Hence
(1+B.,)"!

=(14+S,+ €M+ To) + (W + U) + o)~

=(1+€(l +So) " '[(M + T) + (W + U) + ofe)]) "
X(1+ 8~

=R —€eRM+TyHR + ¢
X[—~R(W+UR+R(M+T,)

XR (M + T)R] + o(éd). (4.13)

Using now the definition of the scattering amplitude
fep.g.k), viz.

€ N iple: + x
Jpgk) = T 3 (€1 + B!

M=1

XA (€™ ™), (4.14)
together with (4.13) we obtain the stated expansion.

We end this section with a corollary.

Corollary 4.3: Assume in addition to the assumptions in
Theorem 4.2 that

V(= %) = ¥fx), (4.15)
forj=1,...,Nand

Aile)=1, 4.16)
forj=1,...,N. Then the scattering amplitude has the ex-
pansion
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e—“‘P—Q)Xjaj

felpg k)= —

J

— i{px; ~
i(Pj q"l)aj

e

|TM2 ™M=

€
dir
€
41

Jy

[

+—Ze = ¥b,(p.g) + c))

Jj=1

X
'>"¢~

i = Gk (x xl)]al

2z 3

Mz*f‘.

N e—i(pxj—qxl)( ik 8m + Gilx; ——X,,,))

X(;: St + Grelx,, — xl))ajamal + olé?),
(4.17)

where in addition to the notation used in Theorem 4.2 we
have used

a; = (v;,1;1)),

bj(p’q) = (vj»Rj(p’q)uj)’

¢; = (k*/16)(v,,R;D,R,u;).

(4.18)
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Extending previous results, the equation which determines the algebraically special solutions to
the Einstein vacuum field equations is given in an arbitrary system of coordinates adapted to the
congruence of totally null two-dimensional surfaces that these space-times possess. The action of
the transformations which relate any pair of these coordinate systems is also given.

I. INTRODUCTION

By considering the analytic continuation of Einstein’s
field equations, Plebafiski and Robinson' showed that all the
vacuum solutions whose conformal curvature is algebraical-
ly special from one side (i.e., the self-dual or the anti-self-dual
part of the Weyl tensor is algebraically special) are deter-
mined by the solutions of a single second-order partial differ-
ential equation for a scalar function—the #°#” equation. By
using the spinorial notation introduced in Ref. 2 for these
space-times, in Ref. 3 it was shown that this reduction can be
deduced from the Bianchi identities and the existence of a
congruence of totally null two-dimensional surfaces. The ex-
tension of this reduction process to include some sources
under certain restrictions was also given there.

Integration of the 777 equation would allow us to find
all the algebraically special {real) solutions of the Einstein
vacuum field equations. However, by now, the systematic
efforts made towards this goal have not been successful.
Nevertheless, since the metric of these space-times is given in
terms of, essentially, a single unknown function, it has been
possible to investigate, using this approach, some properties
such as the Killing vectors,* the D (k,0) Killing spinors,® and
the massless spinor fields®® on these backgrounds.

In the references cited above the computations were
made in systems of coordinates—canonical coordinates—
adapted to the congruence of null surfaces already men-
tioned; however, the expression for the 577 equation given
there is valid in a restricted class of these coordinate systems,
in which a lot of gauge-dependent terms vanish, simplifying,
in a sense, the form of the equation. With that restriction
there is still a considerable freedom in the choice of the ca-
nonical coordinates,” but the /% equation imposes a
strong condition on the unknown function. On the other
hand, maintaining in the /5 equation all the gauge-de-
pendent terms, some parts of the unknown function can be
accommodated in them, simplifying, in this way, the form of
the solution (see Sec. IV). In this paper the ¥ equation,
applicable to the case of vacuum with cosmological con-
stant, is given in an arbitrary system of canonical coordi-
nates. The effect of an arbitrary change of canonical coordi-
nates is also given.

It is also possible to avoid the use of a particular set of
coordinates by working with covariant expressions. A proce-
dure to obtain such expressions for this kind of space-times is
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given in Ref. 8. However, in order to find explicit solutions it
is necessary, at one point or another, to introduce coordi-
nates. The canonical coordinates, being distinguished by the
geometry of the space-time, lead to relatively simple express-
ions.

In Sec. II we give the expression for the metric and the
F ¢ equation in an arbitrary set of canonical coordinates.
In Sec. III the group of coordinate transformations which
preserve the form of the metric, and its effect on the objects
that appear in the metric, is given. We use throughout the
spinorial notation with the conventions ¥, =€, ¥%
¥® = ¢, e*Bfor all the spinorial indices and similarly for the
dotted ones.

IIl. THE 5% EQUATION

For any algebraically special solution of the Einstein
vacuum field equations one can find, locally, coordinate
functions ¢*, p* such that the metric has the form™?

ds* = — g, ®g"%, (2.1a)
where
4= —vip 2 dg, (2.1b)

g = —valdp" — Q*" dg,).

Then, from Einstein’s equations, it follows that ¢ and Q,;
are given in terms of some arbitrary functions of q" only and
a single function which has to satisfy a second-order partial
differential equation with quadratic nonlinearities, the so-
called hyperheavenly, or 77, equation. In particular, the
function ¢ is given by

é=J,p" +x, (2.2)
where J, and « are functions of ¢* only. In Refs. 1-3 two
possible cases were distinguished, called case I and case II
according to whether J, is zero or not. There, using the
available freedom in choosing the coordinates g 4 P, in case
I, k was made equal to 1 and, in case I1, J, and x were made
constant. This leads to a simplification in the computations
but restricts the coordinate transformations which maintain
the metric and the 5% equation form-invariant.

Here we will eliminate the above-mentioned restriction
treating the case of vacuum with cosmological constant. We
will make use of the general expressions given in Ref. 3, pre-
senting the cases I and II separately.
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A.Casel

Taking G, equal to zero and R = — 44 in Egs. (3.9b)
and (3.26) of Ref. 3 we get

Qus = — 34050 — ¥ Lyps) + A /3 "paps, (2.3)

where 3, = 3/9p”, © is some function, L, = L,(g%), and A
is the cosmological constant. Then, by a procedure analo-
gous to that followed in Ref. 3, we find that the Einstein
equations reduce to °

13 3%6)3, 3;0 — 36, —K*L* 3,0 + K(*Lyp" Y
+#*L*pP 3, 3,0 — U 'Ly) 0"P®
— A3k PP 3, 3,0 + Ak~ p?3,0 — O)

+ (Inx) ;046 + 'Kk 45pP" = KN p* + ),
(2.4)

where =3d/3¢" and N, and y are functions of qR only.

B. Case ll

With G, =0 and R = — 44, from Eqgs. (3.9a) and
(3.23) of Ref. 3 we obtain

iji_ _¢3a()4¢ —Zab)W+ 4KC¢ J(.fiKB)
— 2K TEKD + [pd® + A /6 + ¢K T 2T
—J% . 1K*K?, 2.5)

where K, is a spinor such that X 47, = 1, W is some func-

tion and u = u(g*). Then, by using repeatedly the identity
KT, — K J4 =684, (2.6)

after a lengthy computation along the lines indicated in Refs.

2 and 3 we find that the Einstein vacuum field equations
require®

143" 2PW)I, b 2 W —¢ T IW,
— (A /6)p 1 0,3, W —pp* 3,0~ 3,0 W
+inln A= (¢ + 0K, + (6 T,
+ K48, 0500, 3, W
—202¢ "' K"+ KPRV 3 0, W
— 26 KA T, 0, W
— @K K JC. W — 3 KK P 4
—¢ _IK'.‘KBF;,(ISB —2¢ _IK;‘,AKB‘ﬁ,B
+ (/6 ' KAKP Ky — p2nPK AT 2 T,

— T4+ KA, + KA, + 1K, 0%
=N,p* +7,
where d, =K4 a, ,n_K

g* only.

(2.7)

. and N, and y are functions of

lll. COORDINATE TRANSFORMATIONS

In place of the coordmates ¢*, any other pair of inde-
pendent functions q = q"‘ (qB ) can be used. Therefore the
matrix (T4;)=(d¢'*/3¢") must be nonsingular. Simulta-
neously, the function ¢ can be replaced by ¢’ =p~'/? ¢,
where p is a nonvanishing function of ¢” only. Then, in order
to maintain the metric form-invariant, the new “longitudi-
nal” coordinates p'* must be given by
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P = —p Y "+a“ (3.1,
where (T ~14,) denotes the inverse matrix of (T’ 4,) and o4
are arbitrary functions of ¢* only and

Q 14B =P_1T'c— MTE 11‘9Q ¢h _ T~ ‘C(Aap'b)/aqc.

(3.2)

Writing ¢ ' = J 4p"* + «’ [see Eq. (2.2)], in view of (3.1)
we have

Ty = —p'*Ty%s,

' _ (3.3)

P =p——l/2K +pl/2TABJBUA'

We shall now list the transformation properties of the other
objects introduced in the integration of the field equations.

*

A.Casel
Expressing Q' ,; in terms of primed quantities as in Eq.
(2.3) and using Egs. (3.1)~(3.3) (with J, = 0) we obtain
KLY =T 8, [KLy — (Inp>?T) 3] + Apx~ 20,
(3.4
T =p~'0 + 4 p~'T ' T2, op*p"p°
— Yp~HT 50" +4TC, 0'c,31f" pb
— T 0c[K°Ly — (Inp>°T) 5 19"
+a,p* +b, (3.5)
where T =det(T*;) and a, and b are functions of ¢* only.

B. Case ll

Taking K4 =p~ 2T '8, K, [cf. Eq. (3.3)] and ex-
pressing Q }; in a form analogous to (2.5), from Egs. (3.1)
and (3.2) we get

B =p"p, (3.6)
T*W’

=p—5/2W+ a¢3 + %p—S/Z(K)!TB. JCT——li)B’CJb

+4p™ Vo’ + 107K 0 4md

_ip_5/2(¢+K)KATB K°T—'? BEPD

+p MK A0y, T2 T € — 4T 05, TP K €

—p WK —p I AT 2, KT "2, Ky
—1p7*PT*5p°K So5c + b, 3.7)
where a and b are arbitrary functions of q‘ only.

In case II, due to the ambiguity in the definition of K,
there exists an additional transformation available. If X',
also  satisfies the conditon K'4J,=1, then
K', =K, + {J,, where ¢ is a function of ¢* only. Since this
transformation does not involve a change of coordinates,
Q. remains invariant. Writing Q,; in Eq. (2.5) in terms of
K’ , andafunction W', with the other objects unchanged, we
find

W'=W+ g o —2m) =[£IV 4ds
+SAKATE (T +2J"J"“-4K,~;)+2§K‘JB“~,K,-,]¢2
—2£pK 4 — 70T 4
+ET4B4 + 8T Kl
+YTATE T — (/125 (b — 2m) + ag + (b3, .
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where a and b are functions of ¢* only.

IV. CONCLUSIONS

The form of the 77 equation given here is invariant
under the full group of coordinate transformations which
maintain the metric (2.1) form-invariant. By specializing to
particular cases, the action of this group can be used to sim-
plify the equations as convenient.

An example of the simplification which can be obtained
by allowing J, and « to depend on ¢* is provided by the type
N vacuum metric'®

ds* = 22(d¢ — fdt \dE — fdt)

+2dt [dr+ (r2)(f; +fz)dt ], 4.1)
where f= f({,t) is an arbitrary complex function. By using
the procedure outlined in Ref. 3, the metric (4.1} can be
brought to the form (2.1). A natural choice of the canonical
coordinates is given by ¢'= — ¢, ¢ =¢t, p' = 1/r + fZ,
p* = — . Taking ¢ = 1/r, from Eq. (2.2) we have, J; =1,
J; =f, k =0. Then, choosing K; =0, K; = — 1, we find
g =0and

1 e 2 3 2)2
=- 5 fls.q)ds + j4—f,i(17 ) (4.2)
On the other hand, in a system of canonical coordinates in
which J, = const, the function W takes a very involved
form.

The self-dual part of the Weyl tensor of the metric (2.1)

is algebraically special, while the spinorial components of
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the anti-self-dual part with respect to the tetrad (2.1b) are
given by

Cancr =9° 0, 35 0 9p W, (4.3)
where W =k~ 'Oincaseland W = W — (u/4) ¢ *5*in case
I1. If we require the spinor (4.3} to be also algebraically spe-
cial, which is necessary for a real solution, then this restric-

tion gives additional information concerning the form of W
(see Ref. 11).

'J. F. Plebanski and 1. Robinson, Phys. Rev. Lett. 37, 493 (1976). The de-
tails can be found in Asymptotic Structure of Space-Time, edited by F. P.
Esposito and L. Witten {Plenum, New York, 1977).

?J. D. Finley, ITI and J. F. Plebanski, J. Math. Phys. 17, 2207 (1976).

3G. F. Torres del Castillo, J. Math. Phys. 24, 590 (1983).

4J. D. Finley, III and J. F. Plebanski, J. Math. Phys. 19, 760 (1978); S. A.
Sonnleitner and J. D. Finley, III, J. Math. Phys. 23, 116 (1982); G. F.
Torres del Castillo, J. Math. Phys. 25, 1980 (1984).

3G. F. Torres del Castillo, Commun. Math. Phys. 92, 485 (1984).

SA. Garcia D., J. F. Plebanski, and I. Robinson, Gen. Relativ. Gravit. 8,
841 (1977); J. D. Finley, III and J. F. Plebafski, J. Math. Phys. 18, 1662
(1977).

’J. D. Finley, 111 and J. F. Plebanski, J. Math. Phys. 22, 667 (1981).

8G. F. Torres del Castillo, J. Math. Phys. 25, 342 (1984).

°In Ref. 2 there are some slight errors in the A-dependent terms that appear
in the hyperheavenly equation.

'°A. Garcia D. and J. F. Plebafiski, J. Math. Phys. 22, 2655 (1981).
!J. F. Plebaniski and G. F. Torres del Castillo, J. Math. Phys. 23, 1349

(1982).

G. F. Torres del Castillo 154



Magnetic generalization of the Kerr-Newman metric
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07000 México D. F., Mexico

(Received 6 March 1984; accepted for publication 15 June 1984)

The exact expression of the magnetized Kerr-Newman metric is presented. The obtained solution
possesses five continuous arbitrary parameters; mass, angular momentum, electric charge, and

electric and magnetic field parameters.

I. INTRODUCTION

The main purpose of the present work is to give the
exact form of a magnetized Kerr—Newman (KN) metric, ex-
tending in this way the results concerning Kerr-Newman
black holes in a magnetic universe."? In the paper by Ernst
and Wild (Ref. 1), which will be referred to as I, there were
presented the exact forms of the electromagnetic field and
metrical corrections up to the first order in the magnetic
parameter for a magnetic KN field. We succeeded in inte-
grating the whole problem, obtaining the general solution in
terms of rational functions. Moreover, by canceling out the
“proper” charge in our solution one arrives at the right
expression of the magnetized Kerr metric.

We start our study from the KN metric given in the
form ‘

g=A/Pdp*+A4/Qdg* + f'PQdT?
—fld¢ + WdaT 1>, (1)
where the structural functions are
A=g+p*, P=d"—p* Q=ad’+é&—2mg+q,
f=—474P:= —A7'[(@+ ¢V - PQ]P, (2)
= —A7d*+q ~Q]d.

The complex Ernst potentials @ and e for the given
metric are

a® = ela® — ipq)/(q + ip),
@€ =d’f— (/4 (@* + p°) (3)
+ 2i{mp[P?A ~' + (3¢ — p*)] — e’pgP4 ~'}.

Executing in the above expressions the coordinate
transformations

p=acosb, qg=r, ¢=¢, T—Ta"', (4)

one arrives just at the starting KN metric of I, with coordi-
nates {7, r, 6, ¢ ] running the values: — w0 <7< oo,
0<r< w0, 0€0< 7, 0<¢<27. Furthermore, one obtains, ap-
plying (4) to (3), the potentials @ and € given in I [see also Ref.
2, formulas (5.1) and (5.2)]. The orthonormal components of

®) Also at Seccidn de Graduados, Escuela Superior de Ingenieria Mecanica y
Eléctrica del IPN, México D. F., Mexico.
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the electromagnetic field for a locally nonrotating observer
are derivable from Egs. (1.14) of I, namely,

H,+iE,=(A”2sin9)-‘a—¢,
30
(5)
H, +iE;= — (4 ”zsinﬁ)‘lQiﬁ.
r

1. THE MAGNETIZED KN METRIC

To determine the magnetic generalization of a given
solution, one accomplishes the Harrison transformations®

@' =V"'[® +(E+iB)¥), &=¥"'¢%, (6
with
W=1-—2E—iB)®—5%, 8 =E+B? (7)

where the constants E and B are the additional electric and
magnetic field parameters. In the studied case, the resulting
metric has the form

g=|¥|{(4/P)dp’ + (4 /Q)dq’ +f~'PQdT"}
— |7 d¢ + W' dT]?, (8)
with the function W’ constrained to the equation
dW' = |¥|>dW + (iA /AP)[Pdq(¥¥, — P¥,)
- Qdp(¥¥, - W¥,)]. (9)

Note that the common denominator of this equationis 4 2P2.
Thus, the sought solution ought tobe of the formw = X /4P,
with X being a polynominal in p and g.

The general solution of Eq. (9) can be given as

W'=W+ A4 {4Be pQa — 4Ee qla* + ¢*)a
+ 36¢*[a* — ¢* + (& + p)Q]
+ 45Be Sa—' — 45EeMa~' + 5°Na—2}, (10)
where the polynomials S, M, and N are
S =a*(4a® + 3*)pg® + (3a* — p*)g'p
+a*(a* +p*)p + €pla* + (2a° + *)p°]
—2mpla®(a® + p*)q + €'p’q + (3¢ — p*)¢’],
M = m{a*(2a* 4 3p*) — 3a*(a* — 3p*)¢* — (a* — 2p*)q*
— a*(2mg — %) (a® + 3p*)} + *q(2a* — 3a*p?
—P’q") +a*(a® = 3p*)qg — (@® + p)g° — 4a’p’¢,
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N =2m?a*{a*[2a* + 5a°p* + 2p*]

156

+ é’[a* + 5a°p* + 2p*]}

+ (@* + )p*[a® + €a*(2a* + p°) + €'p]

+ 2mg{a*[2a* — Ta’p* — 3p*]

—2m%a®[a* + 5a%p* + 2p*]

+ €*[4a%(a* — 2a°p* — p*) — ep*1}
—2m’a*q*(7a* — 17a°p* — 8p*) + a®¢*(a® + p?)
+ 26’¢*[a*(a* + 4a’p® — p*) + €*p*(3a® — p?) ]
— 4mg*[a® + 6a*p? + a%p* + 2e°p*(3a* — p?)]
—2m’q*[a* — 122°p* + 2p*] + a°¢"

+ ¢°q*[a* + 6a’p” — 3p*]

—2mg°[3a* + 6a*p* — p*]. (11)

J. Math. Phys., Vol. 26, No. 1, January 1985

Comparing our results for W' with formulas (2.4) an
(5.2) of I, we observe that there is no reason to include in the
denominator of ¥’ of I the factor (r* + a?). The same com-
ment applies for the W’ of the magnetic Kerr metric shown
in I. One arrives at the right expression for the magnetized
Kerr metric simply by setting the charge e equal to zero in
the metric structure presented here.
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An effective algorithm for obtaining polynomials for dimer statistics.
Application of operator technique on the topological index to two- and three-
dimensional rectangular and torus lattices
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Recursion formulas on the numbers of ways for placing an arbitrary number of indistinguishable
dumbbells on the various rectangular lattice spaces (3 X n, 4 X n) and torus spaces (2 X7, 3Xn,
2X2 X n) were obtained by the use of the operator technique to the counting polynomial on the
topological characteristics (e.g., nonadjacent number, Kekulé number, and topological index).
Perfect matching numbers or Kekulé numbers were also obtained for larger lattices such as the
4Xn torus and the 2 X 3 X n lattice. By deriving these new results the utility of the proposed
method for dimer statistics is demonstrated and some of their mathematical features are

discussed.

I. INTRODUCTION

Enumeration of the number of ways for placing indis-
tinguishable dumbbells on various periodic lattice spaces has
a key role in solving various statistical problems, e.g., ad-
sorption of diatomic molecules on a crystalline surface, mag-
netic properties of antiferromagnetic metals, stability of ion-
ic crystals,' etc. Enumeration of the number of the Kekulé
structures for aromatic hydrocarbons is mathematically
equivalent to this problem,>® but in this paper we are con-
cerned only with the dimer statistics of rectangular lattices.
An analytical solution was obtained by Temperley and Fish-
er’ and by Kasteleyn® for the complete coverage of dimers to
a two-dimensional n X m square lattice, while the solution
for imperfect matching (covering) was obtained only for very
limited cases of 1 X7 and 2 X n lattices by McQuistan and
Lichtman.® The only known solution for the three-dimen-
sional lattice was obtained by Hock and McQuistan for the
2X2Xn lattice.’®

However, their method turns out to be very tedious and
difficult for applying to larger lattices even of two-dimen-
sional cases. From a quite different standpoint the present
authors have developed a systematic method for counting
various characteristic quantities of graphs, such as the non-
adjacent number p(G,k ), Z-counting polynomial Q,(x), and
topological index Z;'! for the study of electronic'>'* and
thermodynamic'#!'® properties of and for characterization'®
of hydrocarbon molecules. The recursion formulas for these
quantities are found to be obtained easily by the use of the
operator technique also proposed by the present authors.'’

In the present paper this enumeration technique is ap-
plied to the dimer statistics to get further results on the num-
ber of ways for the complete and incomplete covering of
several two-dimensional rectangular and torus lattices and
preliminary results on three-dimensional lattices.'® Interest-
ing mathematical relations among the recursion formulas of
this family of lattices are found and discussed. No thermody-
namic treatment which should follow these results is ex-
panded in this paper.

* Present address: Japan Association for International Chemical Informa-
tion, Bunkyo-ku, Tokyo 113, Japan.
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Il. DURAL GRAPH, POLYOMINO, AND POLYCUBE

Instead of treating the rectangular lattice spaces for the
dimer statistics we will be concerned with their dual
graphs,*'? which are obtained by transforming the adjacen-
cy relation of the cells into that of points through lines as
shown in Fig. 1. A graph G is composed of points and lines,
the latter of which must be defined by a pair of the former.2°
We are concerned with connected nondirected graphs with-
out any loop and multiple lines, and particularly with polyo-
mino graphs,”! or square animals.??> The problem of arrang-
ing indistinguishable dumbbells on an nXm rectangular
lattice space is then transformed into the matching problem
(vide infra) on the lines of the dual graph of (n — 1) X (m — 1)
lattice. The dual of a three-dimensional rectangular lattice
space of an nXm X! polycube is also a three-dimensional
(n — 1)X{m — 1)X(I — 1) polycube graph.

{li. DEFINITIONS OF NONADJACENT NUMBER, 2-
COUNTING POLYNOMIAL, AND TOPOLOGICAL
INDEX1

Define a nonadjacent number p(G,k ) as the number of
ways for choosing k& disconnected lines from G, with p(G,0)
being taken as unity. The Z-counting polynomial Q(x) is
defined as the equation

Qo= 3. pIGKN, m

where m is the maximum number of k. For G with an even
number N = 2m of points let us denote p(G,m) as K (G ) and

— EZ or I“::

o
o

Tn — - &

FIG. 1. Representation of the placement of indistinguishable dumbbells on
two- and three-dimensional rectangular lattice spaces in terms of dual
graphs. Perfect matching patterns are given as examples.
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TABLE I. The Z-counting polynomial and the topological index of the path graphs.

pPIGk)
N G Zo(Fy)
k=0 1 2 3 4
0 14 1
[o]
1 1
2 o—o 1 2
3 O/\ 2 3
4 N’ 3 1 5
5 NN 4 3 8
6 N\o/o 5 6 1 13
7 N N N 6 10 4 21
8 NN N 7 15 0 1 34

* Q. (x) can be obtained from Eq. (1).

®The Z,; values for this series of graphs form the well-known Fibonacci series {F, }, such that F, = F, _, + F,_, withFo=F, = 1.

call it the perfect matching number or Kekulé number. The
topological index Z; is the sum of the p(G,k ) numbers, or

Zg= 3. pGK) = Ooll). @

In Tables I-III are given some examples of the p(G,k )’s
and Z-values for typical smaller graphs relevant to the dimer
statistics.

TABLE II. The Z-counting polynomial and the topological index of the
path graphs.

P(Gk)
Zg(Ly)

—
w
-

._.
~
(S}
<

*The Z; values for this series of graphs form the well-known Lucas series
{Ly}, with the same recursion formula as F but with different initial
condition, Ly,=2and L, = 1.
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The p(G,k ) numbers for the linear polyomino graphs in
Table III represent the number of ways for the incomplete
and complete covering of k dumbbells on a 2 X n rectangular
lattice as derived by McQuistan and Lichtman,’ and the
Q. (x) polynomial is equivalent to the fy (x) defined as Eq. (3)
in Ref. 10.

The graph-theoretical quantities can be applied to a
number of chemical and physical problems.!*~'"'° Here, for
dimer statistics several recursion formulas and the operator
technique for obtaining these characteristic quantities of
larger networks will be introduced.

IV. COMPOSITION PRINCIPLES FOR THE
CHARACTERISTIC QUANTITIES

To get the characteristic quantities for larger graphs the
use of several composition principles is inevitable. By using
them, useful recursion formulas can be obtained for certain

TABLE III. The Z-counting polynomial and the topological index of the
linear polyomino graphs (2 X n lattices).

PIGK)

k=0 1 2 -3 4 5 6

O 1 4 2 7
T 1 7 11 3 2
T 1 10 29 26 5 7

(TTT1T3 13 56 9% 56 8 228
COITTT7 1 16 92 234 263 114

13 733
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series of graphs that grow regularly. Choose any line / from
G, and let the subgraphs G-/ and GOI be, respectively, de-
fined as those obtained from G by deleting only / (retaining
both the end points) and by deleting / together with all the
lines adjacent to / (see Fig. 2). The p(G,k } number is the sum
of the contributions of /-exclusive choice and Il-inclusive
choice as expressed by the following composition principle

(1):
PGk) = p(G — L) + p{GOLK — 1). G)

The argument k — 1 in the second term comes from the
fact that one line has already been chosen on / and the rest of
the k — 1 disconnected lines are to be chosen from the graph
GOI. Accordingly Q. (x) and Z; recur as

Qslx) = Qs_; + xQsoi(x), 4)

Zo=25_,+ 2o (5)
Note the factor x in the second term of Eq. (4).

Choose any point p from G and divide the lines {/,}
incident to p into two groups {/2} and {/}} so that {/2}
n{lz} =0and |I7]| + |I}] =|l,|, where a pair of vertical
lines indicate the number of the elements in them (see Fig. 3).
Let us define the subgraphs G — {/3}, G — {I}}, and GSp
asinFig. 3. Ifp(G — {/3},k)and p(G — {I}},k)areadded to
obtain the p(G,k} value, we would overcount by p(GSp,k )
ways, and thus we have the composition principle (II) as

PlGk)=p(G — {I3},k)+p(G— {I}}.k)— p(GSp,k), (6)

QG(x) = QG— {12 (x) + Qg__ “:] (X) - Q(Bp(x), (7)

ZG =ZG—[1:] +ZG——[1:] '—Z@P. (8)

In order to apply this p(G,k ) counting method to larger
networks one needs to have jumbo composition principles
which would be especially useful for G with high symmetry.
Let us choose a set of lines (/,,/,,...,/,) from G (see Fig. 4). By
repeating similar arguments as above one can derive the fol-
lowing jumbo composition principle (III):

PIGK) =p(G — (I + by + =+ 1,1k) + 3 p(GO, k — 1)

— 3 (6N, + Lk —2)

n

+ 3 HCSU AL+ BNk =+, ()

i<j<k

5 QA

FIG. 2. Composition principle (I). See Egs. (3)(5).

159 J. Math. Phys., Vol. 26, No. 1, January 1985

©OeO

G-113) G-13) Gop

G

FIG. 3. Composition principle (II). See Egs. (6}8).

QolX) = Qo 11,413 (%) + %3 ooy %)

n
- xzz Qoo + 1 (X)

i<j

+x? i 'Qoe(1,+1j+1k)(x)—..., (10)

i<j<k

ZG = ZG-—(I. L4+ 1) + z Z@Ii

n

_Z Z(E(I,+1}) + ) Z ZGQ(’:+’;+’;J' (ll)

i<j <j<k

The primes attached to the double summations mean that
the summation is to be taken only for disjoint sets of /,’s. An
example of using the composition principle (III} is given in
Fig. 5 for the cube graph, where two alternative choices of
the set of /;’s give the equivalent results.

A computer program making use of these composition
principles has been coded into a HITAC M-280H computer
of the University of Tokyo. The topological quantities of the
lower members of the rectangular lattices and tori were cal-
culated by this program while for those of the higher
members the recursion formulas obtained in this study were
used through the formula transformation language REDUCE
implemented in the same computer.

V. OPERATOR TECHNIQUE FOR RECURSION
FORMULA"Y

Let us demonstrate with an example the utility of the
operator technique for obtaining the recursion formula of
the counting polynomial. We are going to obtain the recur-
sion formula of the Q¢ (x) for the linear polyomino graphs, or
2 X n rectangular lattices. By a successive application of (I} to
the 2 X n lattice 4, and to the group of its subgraphs in Fig. 6
we can get a set of four simultaneous recursion formulas

cefhedie;

I
- g . L @-
i<j i<j<k

FIG. 4. Composition principle (IIT). See Eqgs. (9){11).
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(A, —x4,_,) —B,_, =0,
B, R o —xD,_, =0, 12)

4, —(C, —xC,_,) =0,

x4, +C, —~D, =0,

where A4,, etc., represent the corresponding Z-counting
polynomials for graph 4,, etc.
Define a stepup operator O such that

OF,_,=F, (F=A4,B,C)D), (13)
and we get a set of four simultaneous linear equations
©—x4, -B, =0,
OB, _0oc, —xD, =0,
04, — (0 —=x|C, =0,
xA, +C, —-D, =
(14)

In order to have nontrivial solutions of {F, } for Eq. (14) the
coefficient determinant should be zero, namely,

O—x —1 0 0

0 0 -0 —x | =0.

~ =~ 15
0 0 —(©0-x 0 (13)
X 1) 1 -1

Expansion of this determinant gives the following operator
polynomial:

0°—(1+2x)02—x0+x*=0 (2Xn), (16)
which, on application to 4,, _ ;, leads to the desired recursion
formula of the Z-counting polynomial,

4,x)=(1+2x, _,(x)+xd,_,(x) —x°4,_;(x)

(2% n), (17)

which includes the recursion relation of the component
2(G,k ) numbers,

as obtained by McQuistan and Lichtman.®** The Q polyno-
mials of higher members of linear polyomino graphs can
successively be obtained by using Eq. (17) or Eq. (18) with the
lower three members of 4, given in Table III as the initial
condition. Equation (17) is more practical than Eq. (18), since
the former yields a whole set of p(G,k } components by a sin-
gle calculation.

Note that in some cases not all the series of the related
graphs have the same recursion relation. For example, al-
though the majority of the Q polynomials for the series of
graphs derived from the 2 X n lattice, such as

[T TT1

recurs according to Eq. (16) or (17) as 4,, — D,, in Fig. 6, the

et [TT 1]

is found to recur according to
A,(x) =1+ x4, _(x) + 2x(1 +x)4, _,(x)
+ X1 —x),_5(x) = x4, _x) (2Xn).
(19)

The torus 2Xn obtained by joining the both ends of the
2 X n lattice is also found to obey Eq. (19). Note also the fact
that Eqgs. (17) and (19) are related to each other through the
operator relation

0% — (1 +x)0°% — 2x(1 + x)02 — x}(1 — x)0 + x*

= (5+x){a3 —(1+ 2x)62 —x6+x3},

which reveals an interesting algebraic structure of the set of
the recursion formulas of the Z-counting polynomial for the

P(An ’k ) i i
rectangular lattice, its torus, and subgraphs.
=P, _1,k)+2pld, 1k — 1) +pld, ok —1) The recursion formulas of the Kehulé number,
—pd,_3,k—3) (2Xn), (18)  K(G)=p(G,N /2), or the perfect matching number, for the
= 4+ ux - 2
1+ 8x + 16x° 1+ 7x + 1% + 3% 1+ 4x + 27
+ 83 & 8 FIG. 5. Examples of composition princi-
ple (II1) as applied to the cube graph. See
Eq.(10). (a) Four lines of the inner square
/ and (b) four lines connecting the inner
and outer squares are, respectively, cho-
= 4+ ux - g S + 4 - Xu¢ sen as the sets of /s to be deleted.
L+ ux+2H 1+ 7%+ 1183 1+ 4x + 2% Q+x?  1+x 1
+ 3%

1+ 12x + 42x% + 4ux® + ot
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An = Bny + XAng
Bn = Cn + an_‘
v
cn = An + xcn-)
v
Dn = Cn + xAn

FIG. 6. Simultaneous recursion formulas obtained by decomposing the
2X n lattice. The v mark represents the nth column of each subgraph. The
bold line indicates the line to be deleted for applying the composition princi-
ples.

2 X n lattice and its torus can be obtained similarly by the use
of the operator technique. The results are as follows:

K@2xn) =K, =K, ,+K,_,,
K(IXn) =Ky =K,— +2K;—; — K

(20)
K

n—3 an—a

(21)
These two recursion formulas are found to be related to each
other again through

0O—1)02—~0—1)=04—-0°—-20>+0+1.
In Table IV are listed the coefficients of the Z-counting poly-

nomials and the Kekulé numbers for the 2X#» torus. The
topological index Z; for these graphs recurs as

Z,=32, \+2, ,~Z,_, (2Xn), (22)
s =2Z, 1 +4Z-— —Z_— (2Xn), (23)

which can be obtained by putting x = 1 into Eqs. (17) and
(19), respectively.

VI. APPLICATION TO OTHER LATTICES
A. 3 xXn lattice

Let a 3Xn and its Z-counting polynomial be denoted
again as 4, . If one applies the composition principle (I)to 4,

successively, there are obtained a number of subgraphs
which also form series of graphs with the same recursion
relation as A,,. Among them the three series of graphs were
found to be important for deriving the recursion relations of
the whole system. They are shown in Fig. 7 and denoted as
B, C,andD,.

First choose 4,,, delete one of the bold lines as depicted
in Fig. 7, apply (I}, and continue this process until we get the
recursion relations involving only the 4, B, C, and D series.
By taking similar procedures for B,,, C,, and D, we get the
following set of four simultaneous recursion formulas:

(4, —xA,_,)—(B,_, +x*B,_,)—xC,_, =0,

(1+xM, +x°4,_, — (B, —xB,_,
—x°B,_;)+xD,_, =0,

(2x +x°\4, + (1 +x)B, +x°B,_, —C, +x’D,_, =0,

(4, +x°4,_,)+ 2xB,_, — (D, —%’D,_,)=0.

(24)

According to the operator technique the following se-

cular determinant is expanded into the polynomial with re-
spect to the stepup operator O:

0% —x0 — 0+ —Xx 0
(14+x024+x0 —(0*—x0—%) 0 xO

(2x + 30 1+x0+x2 -0 e

02 +x°0 20 0 —(02—x)

= —0{0°%—(1+3x)0° — x(2 + Tx + 5x%0*
— X1 4 x — 2x303 4+ x*(2 + 3x + 5x3)0 2
— x51 —x)0 — x°} =0. (25)

Then by applying the operator in the curly brackets of Eq.
(25) to 4,, _ ¢ we get the recursion formula of 4,,,

A, (x)= (14 3x)4, _;(x) +x(2 + Tx + 5x°)4,, _,(x)
+x*(1 4 x — 2x°)4,, _ 5 (x)
—x*(2 + 3x + 5%, _ 4 (x) + x(1 — x)4,, _5(x)
+x%°4, _(x) (3Xn), (26)

which on substitution of x = 1 yields the recursion formula
of the topological index Z, (= Z,,,) of 4, as

TABLE IV. The Z-counting polynomial and the topological index of the 2 X n torus.

PIG,k)
k n=2 3 4 5 6 7 8 9 10 11 12
0 1 1 1 1 1 1 i 1 1 1 1
1 12 15 18 21 24 27 30 33 36
2 5 18 42 75 117 168 228 297 375 462 558
3 4 44 145 336 644 1096 1719 2 540 3586 4884
4 9 95 420 1225 2 834 5652 10 165 16 940 26 625
5 11 192 1085 3880 10 656 24 626 50 380 94 128
6 20 371 2588 11097 35 645 94 457 218 124
7 29 696 5823 29 380 108 933 327 840
8 49 1278 12 535 73238 309 828
9 76 2310 26 070 173 984
10 125 4125 52752
11 199 7296
12 324
Zg 12 32 108 342 1104 3544 11396 36 626 117 732 378 424 1216 380
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Bn-1 + xAn_1 + XZBn_z
An + X Cn_z

(1+x)An + xBn + XDy

Bn +x2An + X3Bn_;
v r—
I = B, + xAn + x20n,
Cn +x(14+x)A, + x2B,., + xBn
= Ap+ xXBn.y +xBngy
On +x2Any + 30,

FIG. 7. Simultaneous recursion formulas obtained by decomposing the
3 X n lattice. See the caption of Fig. 6.

Z,=4Z,_,+14Z, ,-10Z, ,+Z, o (3Xn)
(27)
For graph A, with even n the perfect matching number

K,, = K(3X2n) = p|A,,,3n) can be shown to recur as
K,, =4K,,_, —K5,_, (3X2n), (28)

which has already been derived by Klarner and Pollack?*%
and also by Read? together with the results of other higher
members. The coefficients of 4,(x), K,,, and Z, for the
smaller members of this series of graphs are given in Table V.

B. 4 xn lattice

Quite similarly we can get a set of recursion formulas
for the Z-counting polynomials of the 4 Xn lattice (again
denoted as A,,) and its subgraphs as shown in Fig. 8:

A"=Bn_1+xcn_1, (29)
Bn an +XE", (30)
C,=A,+2xF,_, +x*G,_,, (31)

D,=E, +xH, ,+(x+x3,_, +xJ,_,, (32)

En =(1 +X)An +(x+x2)En—l + x n—1 +x2H —~2
(33)

Fn=XAn +En +x2Fn—l+xn—l+x2Jn—2’ (34)

G,=(14+xM, +x°C,_, +2xE,_, + 2X’H,_,,

(35)
H,=x4, +x°E,_, + (1 +x)F,
+xG, +x*H, _, +xK,, (36)
I, =(2x+x°M, +(1+x)E, +x°E,_,
+x°F,_, +xX*H,_,, (37)

J, = (2x + XF, + 26, + (1 + xH, +x°K,, (38)

K,=A,+xE,_, +xF,_, +x*H,_, +x°K,_,.
(39)

By combining Egs. (36) and (39) the K terms canbedeleted as
(x +x34, —x*4,_, + (x> —x’)E,_, —x°E,_,

+ (1 + x)F, —x°F,_, +xG,

-xG,_, —H,+xH,_,

+ & +xYH,_, —x°H,_, =0. (40)
The C terms can be deleted from Egs. (31) and (35) as

(1+x)4, +x’4,_, +2xE, _, +2x°F,_, -G,
+x'G,_, +2x*H, _, =0. (41)

The I and J terms can be deleted from Eq. (34) by the aid of
Eqgs. (36)—(38) to give

x4, + 2 +x°M, | —x°4,_, +E, +(x +xI)E, _,
+xE, ,—xE, ,—F, +xF,_; +2XF,_,
+ 0+ 220, _, +x*H,_; —x'H,_,=0. (42)
The D, I, and J terms can be deleted from Eq. (32) by combin-
ing Egs. (29)—(31} and (36}~(39) to give
A, —xA,_, — (2" +3x° + x*U, _,
+x°A,_; — (1 +x)E,_,
—x+2x*+XE, , —(*+xYE,_, +x°E,_,
—2%°F, _, — (2 +xYF, _3 —x°G,_, —xH, _,
-+, s —(x*+x°)H,_, +xH,_5=0.

43)
TABLE V. The Z-counting polynomial and the topological index of the 3 X n lattice.
PGk}
k n=1 2 3 5 6 7 8 9
0 1 1 1 1 1 1 1 1
1 2 7 12 17 22 27 32 37 42
2 11 44 102 185 293 426 584 767
3 3 56 267 758 1654 3080 5161 8022
4 - 18 302 1597 5256 13254 28 191 53292
5 123 1670 9503 35004 99183 235 800
6 A 757 9401 56 456 227262 708 881
7 106 4 603 53 588 355396 1450 678
8 908 27 688 308 330 1993 990
9 41 6716 165 871 1786 876
10 —_ 540 46 801 991 849
11 5580 313290
12 1_53_ 48 319
13 2554
Z; 3 22 131 823 5096 31687 196 785 1222 550 7 594 361
*The perfect matching numbers are underlined.
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Now the operator technique can be applied to the si-
multaneous recursion equations (33) and (40)—(43) to give the
following secular determinant whose rows and columns run
in the order of 4, E, F, G, and H:
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Bn L Fﬂ Jn
L
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Cn Gn Kn

v v
On Hn

L

FIG. 8. Simultaneous recursion formulas obtained by decomposing the
4 X n lattice. See the caption of Fig. 6.

This determininant can be expanded into the polynomial as
— 050 — x){0° — (1 + 5x + 3x)0*
— (2x + 13x% + 21%° + 5x907
— (6 4+ 4x® — 4x* — 27x° — 15x5)0
+ (3x* 4+ 18x° 4 4125 4 40x7 4 9280
— (3x5 + 14x7 4 295° 4 24x° + 21x"%)0*
+ (x® — 6x1° — 19x'! — 5x'2)0
4 (2xM 4 3x12 4 9x 4 9x“)62
+ (M —x 42190 — %"} =0 (4xn), (45)
which gives the following recursion relation for A4,,:
A, =(145x+3x%4, _, + (2x + 13x? + 21x3 + 5x*4, _,
+ (% 4+ 4x® — 4x* —27x° — 15x%4,, _,
— (3x* 4 18x° + 41x6 4 40x7 + 9x%)4,,_,
+ (3x® 4+ 14x7 4 29x® + 24x° 4+ 21x"94,, _,
(% — 6x1° — 19x1 — 5x1%)q,
— (2% 4 3x12 4 9x1% 4 9xM44,
M xS X, x4, (4Xn).
(46)

The topological index Z, and the number of perfect
matching K, = K (4 X n) are found to recur, respectively, as

Z,=92Z,_,+41Z,_,—-41Z,_, —111Z,_, +91Z, _,

+29Z, (—23Z, ,—Z, ¢+Z,_, (4Xn)
(47)

K,=K, +5K, ,+K, ;—K,_, (4Xn) (48)

The smaller members of the Z-counting polynomials of 4 X n
lattices are given in Table VL.

C. 3xnand 4 xn torii

The m X n torus can be degraded into the m X n lattice
and its subgraphs by applying the composition principles (I}~
(III). Considering the mathematics of the operator technique
one can infer that the operator polynomial for a torus can be
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TABLE VI. The Z-counting polynomial and the topological index of the 4 X n lattice.

2(Gk)
kn=1 2 3 4 5 6 7 8 9 10
0 1 1 1 1 1 1 1 1 1 1
1 3 10 17 24 31 38 45 52 59 66
2 1 29 102 224 395 615 884 1202 1569 1985
3 26 267 1044 2696 5566 9997 16 332 24914 36 086
4 5 302 2593 10769 31106 72277 145 356 263818 443 539
5 123 3388 25 835 111 882 350 894 © 893980 1970 796 3906 352
6 11 2150 36771 261 965 1169 511 3906 894 10 716 696 25493 632
7 552 29 580 395 184 2689 527 12 288 090 43153 390 125 765 134
8 36 12 181 372 109 4230941 27 870 240 129 672 547 474237 944
9 2111 206 206 4452 310 45 253 920 290 890 497 1373442 102
10 95 60 730 3014229 51741942 484 175443 3053 582 362
11 7852 1232561 . 40 527972 590 385 544 5184 745 628
12 281 274258 20847772 516 766 986 6 655 476 596
13 27 403 6 602 264 315084 296 6359 057 492
14 781 1 160 009 128 090 556 4422 387 941
15 93 674 32522 360 2 169 365 254
16 2245 4648 352 717 928 045
17 310 496 150 132 840
18 6336 17 898 019
19 1013474
20 18 061
Z; 5 71 823 10012 120 465 1453 535 17 525 619 211351945 2 548 684 656 30734932 553
factored out by that for the parent rectangular lattice. The Then we get

problem is then to find the quotient efficiently. First, for the
Q@ polynomial 4, of several consecutive members of the 3 X n
torus the same recursion relation F, or the relation (26) for
the 3 X n lattice was formally applied. It was then found that
the three consecutive difference polynomials between the es-
timated and correct Q polynomials form a recursion relation
as

An —F(An~l’An—~2""’An—6)=Gn’
An+l —F(An9An~19""An—5)=Hn’
An+2 _F(An+1’An""’An—4)=x3Gn _'XHn'

An+2 +XAn+l _x3An
=F(An+l""’An—4) +xF(An""’An——S)
—X°F(d,_ sy _g), (49)

meaning that the operator polynomial for 4, is obtained by
expanding the following product:

(02 +x0 — x3){0° — (1 + 3x)0° — x(2 + Tx + 5x90*
— 31 +x — 23303 + x%2 + 3x + 5x)0?

— %51 — x)0 — x°}

TABLE VII. The Z-counting polynomial and the topological index of the 3 X » torus.

pG.k)

k n=2 3 4 5 6 7 8 9 10
0 1 1 1 1 1 1 1 1 1

1
1 10 15 20 25 30 35 40 45 50
2 24 69 142 240 363 511 684 882 1105
3 _lg 107 440 1125 2290 4 060 6 560 9915 14 250
4 36 588 2710 8139 19 222 38934 70875 119270
5 288 3227 16 446 55 867 148 928 337 689 681 960
6 32 1645 18 141 99 085 371008 1093 524 2731225
7 240 9870 103 231 594 880 2410182 7731110
8 2148 58 310 593 260 3565728 15 419 490
9 . 108 15267 345216 3434 867 21 360 480
10 - 1274 104 688 2044 575 20 005 489
11 13 280 689 058 12 126 350
12 ] 392 112 221 4439 005
13 - 6138 873 870
14 73 980
15 1452
Z; 47 228 1511 9213 57 536 356 863 2217871 13 775 700 85 579 087
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TABLE VIII The Z-counting polynomial and the topological index of the 4 X n torus.

PIGk)

k n=2 3 4 5 6 7 8 9
0 1 1 1 1 1 1 1 1
1 14 21 28 35 42 49 56 63
2 59 156 306 505 753 1050 1396 1791
3 82 501 1672 3910 7562 12971 20480 30432
4 29 672 4363 17725 46938 102 543 196 986 345114
5 285 7416 48193 187 530 544 642 1310136 2762766
6 19 5470 77 405 487241 1985 823 6193 408 16 105 872
7 1620 69 510 813 486 4991717 21068 296 69 537 870
8 121 31060 843 342 8 566 530 51645071 224005 914
9 5360 509 542 9797 963 90 500 088 538 378 440
10 176 160 653 7 160 181 111 379032 958 971 672
11 21438 3118822 93 487 528 1248917 526
12 725 718 753 51 147 646 1 163 887 980
13 69 321 17 004 352 751 691 466
14 1471 3063292 320 964 705
15 E 241992 84 350 355
16 5041 12 136 608
17 766 431
18 11989
Z; 185 1655 21497 253 880 3079253 37071 837 447 264 801 5 392 866 995
n 10 11 12 13 14 15 16 17
Z, 37584 97021 290521 783 511 2289 869 6 323 504 18 241 441 51 026 011

—0°%— (14207 —x(3 + 10x + 6x3)0°
— (34 T%)0°% + x%(— 1 + 3x + 12x* + 10x*)0 *
+ %53 + 3x 4+ 490> — x'(3 + 2x + 63202
431 —2x)0 +x2 =0 (3Xn). (50)
This is nothing else but the recursion formula of the 3 Xn
torus,
o =1+2xM, | +x(3+10x+ 6x°M,_,
+xX34+Tx),_, —x(—1+3x
+12x2 + 10x3)4, _, —x°(3 + 3x + 4x3)4,, _
+x7(3 + 2x 4 6x7)4, _
— X1 — 20, _; —x"4,_, (IXn).  (51)

The recursion formula of the topological index of the 3 Xn
torus is then obtained by putting x = 1 into Eq. (51) as
Z,=3Z,_,+19Z,_,

+10Z,_,—24Z, ,—10Z, _;

+llzn—6 +Zn-—7_zn—8 (m)' (52)
The Q’sand Z ’s for the lower members of 3 X n torus graphs
are given in Table VII, where the Kekulé number
K, =K(3Xn) or the perfect matching number is under-
lined. Naturaily it appears at the last term of every other
polynomial 4, and the corresponding k value regularly in-
creases by 3. By picking out the coefficients of the x¥ of every
other O ®~ % term of Eq. (50) one gets the recursion polyno-
mial for X, as

0% — 605 + 100* — 602 + 1
— (02— 1)30*—40%+1)=0.
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A trial-and-error check shows us that the necessary and suf-
ficient recursion formula for the Kekulé number of the 3 X n
torus is

K,=5K,_,—5K,_,+K,_s (3Xn) (53)
For the 4Xn torus, however, the above-mentioned
method was found to be inefficient, as will be inferred from

the relatively large size of the following recursion relation of
the Kekulé number of the 4 X n torus:

K,=K,_,+13K,_, —7K,_, —61K,_, + 12K, _;
1+ 128K, _ — 128K, _, — 12K, _o + 61K, _,,

+7K, 1 —13K,_, — K, 3 +K,_1s (4Xn).
(54)
This reveals that the corresponding operator polynomial is
obtained by multiplying 0* — 0% — 502 — O + 1 [see Eq.
(48)] by such a high-ordered factor,
(02 —1)0% — 705+ 130% — 702 + 1).
Equation (54) was actually derived by degrading the 4 Xn
torus into the 4 X n lattice and its subgraphs. All these com-
ponent graphs are found to be classified into roughly three
groups with different recursion polynomials whose least
common multiple gives the relation (54). In Table VIII are
given the Q polynomials and the Kekulé numbers for the
lower members of the 4 X n torus.

D. 22X n lattice and torus

By applying the jumbo composition principle (III) and
the operator technique to the three-dimensional 2X2Xn
lattice one can easily obtain the operator polynomial for the
Z-counting polynomial as
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TABLE IX. The Z-counting polynomial and the topological index of the 2 X2 X n torus.

PGk)

k n=2 3 4 5 6 7 8
0 1 1 1 1 1 1 1
1 16 24 32 40 48 56 64
2 76 204 400 660 984 1372 1824
3 112 748 2496 5840 11296 19376 30592
4 36 1149 8256 30195 80 058 174 993 336248
5 588 14 208 93324 364 464 1060 416 2553 280
6 50 11648 169 660 1075 876 4402 580 13761 856
7 3712 171820 2033 328 12 569 260 53277952
8 272 86 725 2376 105 24 425 086 148 298 136
9 17 300 1610 560 31528252 294 311 296
10 722 566 124 25921 168 409 048 704
1 83472 12677728 386 622 464
12 3108 3288 761 237 566 272
13 364 476 88 543 488
14 10 082 17 889 792
15 1599232
16 39952
Z, 241 2764 41025 576 287 8 205 424 116 443 607 1653 881 153

n 9 10 1 12 13 14

K, 140450 537636 1956 242 7379216 27 246 962 102 144 036

0°—(1+ Tx + 6x)0°5 — x(1 + 6x + 6x* — Ix)0*
+ 261 + 5x + 13x% + 4x%)0?
— x5(1 + 2x + 6x% 4+ 9x%)0?

—x(1—x+2Y)0+x2=0 (2X2Xn),

giving the recursion formula
A,(x)=(1+Tx+ 6x7)4, _(x)

+ x{1 4 6x + 6x% — Tx%)4, _,(x)

— 2331 + 5x + 13x% + 4x3)4,, _, (%)

(35)

+x°(1 + 2x 4 6x% + 9x*)4,, _,(x)

+x%1 —x + 2x7)4, _(x)
— x4, _¢lx) (2X2Xn),

(56)

which is identical to what was obtained by Hock and
McQuistan.'® It is straightforward to derive the recursion
formula for the p(G,k) number from Eq. (56) as has been
demonstrated in deriving Eq. (18) from Eq. (17). The result is
identical to Eq. (2) of Ref. 10.

By picking up the coefficients of the terms x

TABLE X. The Z-counting polynomial and the topological index of the 2 X 3 X n lattice.

2k66—k

PIGK)

k n=1 2 3 4 5 6
0 1 1 1 1 1 1
1 7 20 33 46 59 72
2 11 142 436 899 1531 2332
3 3 440 2984 9798 23073 45 006
4 588 11434 65722 224 640 577933
5 288 24 766 282 586 1487214 5222 662
6 32 29 180 787 131 6864 336 34 261 363
7 16 984 1404 402 22287124 165933 320
8 3993 1553 006 50747 188 597 679 423
9 229 1001 258 79 898 508 1601 033 392
10 338099 84 714 756 3 168 578 566
11 48 790 57970292 4571612 270
12 1845 23945 640 4707 959 398
13 5349 576 3354 194 446
14 528 360 1579 447 383
15 14 320 459 006 890
16 73778 673
17 5382 366
18 112 485
Z; 22 1511 90 040 5493 583 334056 618 20 324 827981
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(k =0, 1,...,6) from Eq. (55) the operator polynomial for the
Kekulé number can be constructed as

0°—605+70*+80%—90%—20+1

= (0 + 10— 1)0*—20 + 1)0* - 40 + 1) =0.
(57)

However, the smallest recursion formula of the Kekulé
number K, of the 2 X2 X n lattice is found to be'®

K,=3K,_,+3K,_,—K,_, 2X2Xn), (58

which _corresponds to the operator product
(O + 1)(0* — 40 + 1) chosen from the factors of Eq. (57)
[see Eq. (28) of Ref. 10].

The operator polynomial for the Kekulé number of
23X 2X n torus was obtained to be

0°%—407 — 605 +280° — 280 + 60% + 40 — 1
=0+ 10 -1(0>+20 1)
X(0%—20—1)02—40+1)=0
(2X2Xn). (59)

In Table IX are given the coefficients of the Z-counting po-
lynomial and Kekulé number for the lower members of the
2X 2 X n tori. The recursion relation for the former quantity
is not yet obtained. The degree of the corresponding operator
polynomial is estimated to be a little larger than 10 from the
results of the operator polynomials for the relevant lattices
and tori.

E. 2x3xn lattice

The operator polynomial for the Kekulé number of the
2 X 3 X n lattice was similarly obtained to be

0 —60°—210° + 4207 + 890° — 680° — 890
+420°42102—-60—1=0 (2x3xn).  (60)
The degree of the operator polynomial for the Z-counting
polynomial for the 2 X 3 X n lattice is estimated as large as 20.
In Table X are given the coefficients of the Z-counting po-

lynomial and Kekulé number for the lower member of the
2X 3 X n lattices.

Vil. CONCLUDING REMARKS

Thus far we have derived the recursion formulas for the
Z-counting polynomial (including the perfect matching
number) and topological index of several fundamental rec-
tangular and torus lattices, which give the partition func-
tions for the dimer statistics. In principle, a systematic appli-
cation of this method can be performed to larger lattices.
However, as the size of the lattice increases this strategy will
soon come to a dead end. The graph-theoretic technique de-
veloped in this paper alone cannot readily be generalized to
larger lattices. A further goal is to obtain the recursion rela-
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tions among the operator polynomials for a set of m X » lat-
tices with different m’s and, of course, those for three-dimen-
sional lattices.

There are several additional approaches for tackling
this problem. The coefficients of the Z-counting polynomial
for larger lattices could be approximated by a smooth or
well-behaved function, whose mathematical properties are
thoroughly understood or tractable. On the contrary, a num-
ber-theoretic approach might be possible with particular ref-
erence to the highly composite nature of the coefficients of
the Z-counting polynomial, especially of the perfect match-
ing number.?* These possibilities are the reasons why the
seemingly unnecessary lists of the coefficients of the Z-
counting polynomials for different kinds of lattices have
been presented in this paper. Further discussions derived
from the manipulation of these numbers will be published
elsewhere.
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Vacuum states and superselection rules in quantum field theory
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Let (A(0O),5%a) be a theory of local observables and let A denote the C *-algebra of quasilocal
observables. Assume that every representation of A which satisfies the spectrum condition is
type I. Then if (7,H) is an irreducible representation of A which satisfies the spectrum condition
there exists a unique vacuum state asociated with (i, H) by large spacelike translations.

I. INTRODUCTION

A superselection rule in quantum field theory is defined
as any restriction of what is an observable in the theory. In
Haag-Kastler theory' one regards the algebraic properties
of local observables as the fundamental structure which em-
bodies the relevant information about physically admissible
states. If an algebra of local observables is given then one can
derive, in principle, the properties of physically admissible
states. Once it is known what is physically relevant in the
theory then the superselection sectors of a Haag—Kastler
theory are given by the unitary equivalent physically admis-
sible representations of the quasilocal algebra. If there are
superselection rules in a model there exist several such sec-
tors, and one may regard the labels distinguishing them as
charge quantum numbers. One can then construct a repre-
sentation of the algebra of observables on a global physical
Hilbert space by picking representations from each sector
and taking their direct sum. In this sense a Haag—Kastler
theory determines its own superselection rules.

The existence of a unique vacuum state in a quantum
field theory is one of the axioms in Wightman theory. We
shall show in an algebraic framework that the existence of a
vacuum state does not need to be postulated—the vacuum
state as a physically realizable state in a quantum field theory
can be shown to exist if the superselection rules of the phys-
ical theory under consideration are known.

We shall state the Haag—Kastler—Araki axioms in the
notation of Ref. 2.

(I) To every bounded open region O CR*, one assigns a
C*-algebra A(O) such that (a) O,CO, implies A(O))
CA(O,); and (b} if the regions O, and O, are spacelike sepa-
rated, then the elements of A(O,) commute with all elements
of A(O,). The algebra of quasilocal observables A will denote
the C *-algebra generated by the union of {A(O)}.

(II) There exists a representation of the vector group R*
as automorphisms of A,

a:R*—>Aut A,
and, furthermore,
a,A(O) = A(O + a) for every a in R*.
Let H be a complex separable Hilbert space.
(III) A representation 7 of A on H is called a representa-

tion satisfying the spectrum condition if the following holds:
(a) there exists a strongly continuous unitary representation

® Present address: Department of Mathematics, Bedford College, Regents
Park, London NW1 4NS, England.
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U (a) of the vector group R* on the Hilbert space H; (b) the
representation U (a) implements the automorphisms «,, that
is,

U (a)m(x)U (a)~! = mr{a, (x)) for every x€A;

(c) the spectrum of the representation U (a) is contained in the
future light cone.

We shall consider C *-dynamical systems which satisfy
axioms I and II and have at least one faithful representation
which satisfies the spectrum condition. Such a system will be
called a theory of local observables and will be denoted by
(A(O),R*,).

A state @ on A is called a vacuum state if it is invariant
under the automorphisms «, and the cyclic representation
(m,, H,)induced by w is a representation satisfying the spec-
trum condition.

It was shown recently by Buchholz and Fredenhagen®
that if (7, H) is a massive single-particle representation of A,
then there exists a unique vacuum state associated with the
representation {7, H) by the method of large spacelike trans-
lations.*

In order to make this notion more precise, we shall give
the following definition.

Definition 1.1: Let (A(O),R*,a) be a theory of local ob-
servables. Let (77, H) be a factor representation of A which
satisfies the spectrum condition.

Assume that weak lim,_,  7{a,, (x)) = wlx)I exists for
any spacelike vector a. Then w, is a vacuum state which will
be called the vacuum state associated with the representa-
tion (7, H).

Following Doplicher et al.,” we shall make the follow-
ing assumptions.

(IV) To each bounded open region O in space-time, one
associates a local field algebra # (O) which is a weakly closed
*.subalgebra of B(H). O, C O, implies that (0,)CF (0,).
The field algebra 7 is then defined by & = u¥ (O) where
the closure is in the norm topology.

One assumes that ¥ " = B(H).

(V) There is a compact gauge group G and a strongly
continuous unitary representation ¥ (g) of it such that

ViglFVi{g)~ ' = a,(F)for all Fin &,
and o, (F(0)) = F(0) for all O.

(VI) The local algebra A{O} is a C *-subalgebra of 7 (0)
which is invariant under gauge transformations, that is,

A(O) = F(ONV(G) forall O.

By Ref. 5 there exists a one-to-one correspondence
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between the elements of G and the physical spectrum of A.
Since every representation with spectrum condition is type I
it follows from Glimm’s theorem® that the physical spec-
trum of the quasilocal algebra A is a smooth subspace of the
algebraic dual space of A. We shall show that if there does
not exist a unique vacuum state associated with every irredu-
cible representation of A which satisfies the spectrum condi-
tion then the subspace of equivalence classes of these vacu-
um representations is not a standard Borel space. Therefore,
it will follow that there exists a unique vacuum state associat-
ed with every irreducible representation which satisfies the
spectrum condition.

It is well known that every vacuum representation of a
free massless Fermi field is equivalent to the Fock represen-
~ tation. We would expect, however, that our results do not
apply to an interacting theory which describes massless par-
ticles.

Ii. DEFINITIONS AND NOTATION

The notation we give will be that of Ref. 2. Let A be a
C *-algebra and A** the double dual space of A. Then A**
becomes a von Neumann algebra, in a natural manner, ifit is
endowed with the weak topology induced by the topology of
A*,

The set of spacelike directions in R* will be denoted by
D.

For any vector ain R* and any x in A**, we shall define
a set of operators K, (x).

Definition 2.1 (see Ref. 7): Let (A, R*, a) be a C *-dyna-
mical system. For xeA** and acR*, we define a set K, (x) by

K,(x)= n [Colaulxi>M}]~"

where the closure is in the weak topology. Here, C, denotes
the closed convex hull of the set {a,,(x)A>M }.

It follows from Ref. 7 that, for xeA,K, (x) CZ(A**) for
any spacelike direction a, where Z{A**) denotes the center of
the vonNeumann algebra A**,

Let V denote the future light cone. If Ais a C *-algebra,
we shall denote by S(A) the set of states of A.

S,(¥V) will denote the set of states with the properties (a)
w(xa,y) is continuous for every x, yeA**; (b) w(xa, y) = f(a)
is the boundary value of an analytic function f{z) holomor-
phicinthetubeR * + iV °® = T *,where V °denotes theinteri-
or of V; and (c) there exists a constant 70 depending on @
such that |£(z)|<||x|| [|[¥]| exp {r|Im z[}.

S( V) will denote the norm closure of Sy V)

The set S( V) has the following properties.

(1) If (w, H) is arepresentation of A, there exists a strong-
1y continuous unitary representation U (a) of the translation
group R* which implements the automorphisms a,, that is,
U(a)m(x)U (a)~ ’A= m(a, (x)) (x€A), and the spectrum of U (a)
is contained in ¥ if and only if all normal states of 7 are in
S{ V)

2) S| V) is a folium. This means that there exists a pro-
jection E ( %4 JEZ{A**)such that weS(A)isin S{ V) ifand only if
o(E( V)) = 1.

(3) S(V) is invariant under a, for every acR*. This im-
plies that E ( V) is invariant under the automorphisms «,
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Let (A(O), R a) be a theory of local observables. It
follows from Ref. 8 that the automorphisms e, are spatial in
A*E( V) There exists a strongly continuous unitary repre-
sentation U (a) of R* * which implements the automorphisms
a,and U (a)cA**E ( V) Furthermore, therepresentation U (a)
is minimal in the sense that, if V' (a) is a strongly continuous
unitary representation of ]R4 which has the same properties,
then U (a)V (a) '€Z(A**E ( V))

lli. THE MAIN THEOREM

Theorem 3.1: Let (A(O), R, @) be a theory of local ob-
servables. Assume that every representation of A which sat-
isfies the spectrum condition is a representation of type 1. If
(m, H)is an irreducible representation of A which satisfies the
spectrum condition, then there exists a unique vacuum state
associated with the representation (7, H).

Lemma 3.2 (see Ref. 7): Let (A, R*, a) be a C *-dynami-
cal system. Let xcA. Then the set K, (x) CZ(A**) is a single
point for any spacelike direction a if and only if a,, (x) con-
verges weakly to this point as A tends to infinity.

If (m, H) is a representation of A which satisfies the
spectrum condition, let

mK.x) = n Oco{ﬂ(ah (NA>M} ",

where C, denotes the closed convex hull and the closure is in
the weak topology.

Lemma 3.3 (see Ref. 7): Let (A(O), R, ) be a theory of
local observables. Let (7, H) be a factor representation of A
which satisfies the spectrum condition.

Then there exists a unique (up to a phase) translation
invariant state associated with the representation (7, H) if
and only if the set m(K,(x)) (x€A) is a single point for any
spacelike direction a.

Proof: We define a function F on the subspace A* (the
subspace of the positive elements of A) by

F(x) = luby, (x}, (lem(K, ().

Then it follows from Lemma IL.2 of Ref. 7 that the
function F:A*—Z{A**) is sublinear, that is, F (1x) = AF(x)
forany A >0and xeA™; F(x + y)<F(x) + F(y)foranyx, y in
A™. Furthermore, F (@, (y)) = F (v) for any vector ain R* and
yin A™. Then, by the proof of the Hahn-Banach theorem,
there exists a unique bounded linear map from A into Z{(A**)
withL (I) = I, L (x)<F (x)onA™*,and L (a, (y)) = L (y)foryin
A and any ain R*. If @ is any normal state of (7, H) we let w,,
be the state @, (x) = w(L (x}) for x in A. Then, by construc-
tion, @, is invariant under the automorphisms a, .

Conversely, if 7{K,(x)) (x€A) is not a single point for
some spacelike direction a in D, then for any net {y, ,(x)} in
Z(A**) with y, , (x)er(K, (x)), we can associate by the above
construction an invariant state with the representation
(m, H).

Lemma 3.4 (Ref. 9; Theorem 10): The invariant states
defined by Lemma 3.3 are vacuum states on the quasilocal
algebra A.

Remark: Theorem 3.1 is not valid in two-dimensional
space-time. In so-called massive soliton theories in two
space-time dimensions there are states where there exist dif-
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ferent right and left vacua. Lemma 3.4 is proved under the
assumption that there always exist states whose supports are
arbitrarily close to the boundary of the future light cone.
This assumption is not valid in two-dimensional space-time
since in this case the Minkowski space is disconnected in
arbitrary neighborhoods of the boundary of the future light
cone.

Proofof Theorem 3.1: Let A° denote the set of all repre-
sentations of A on H. Let A° have the smallest Borel struc-
ture such that, for every ¢, ¥ in H, the complex-valued func-
tion p{x) = (m(x)¢, ¥') defined on A° is a Borel function. Let
A° be the subset of A’ which contains all irreducible repre-
sentations of A. Let A denote the set of unitary equivalence
classes of representations of A°. A becomes a Borel space if it
is endowed with the quotient topology induced by the Borel
structure of A°.

Let Ag, denote the set of all representations ofAon H
which satlsfy the spectrum condition and A‘ be the subset of
A;, which contains all irreducible representanons with the
spectrum condition. In Lemma 3.5 we shall show that A
a Borel space with the Borel structure which it inherits as a
subspace of Ac. Let A,, denote the set of unitary equlvalence
classes of representations of A . We shall show that A isa
Borel subset of A. Every representatlon of A which satlsﬁes
the spectrum condition_is type I. Then it follows from
Glimm’s theorem® that A is smooth (Ref. 10, Corollary 1;
p- 139). Therefore, A,;p isa standard Borel space and there is
a countable family of Borel subsets of Asp which separate
points of Asp By Ref. 6, A is metrically countably separat-
ed; that is, for each a-ﬁmte measure {2 on_ A there is a Borel
subset N of A such that 4(N) = 0 and As ~N is countably
separated. N

Lemma 3.5: A is a Borel subset of A.

Proof: From the primitivity condition on the quasilocal
algebra A it follows that A§ is a set of the second Baire
category in A° and therefore by the Banach-Steinhaus
theorem it is a Borel subset of A°.

Let B, be the quotient Borel structure on A derived
from A: If x is an element of Agp , let X be the correspondmg
unitary equivalence class in A,,. If %¢A we let plx) be the
unitary equivalence class in A containing %. Let B, be the
Borel structure on A which makes p a Borel isomorphism
of Asp with R(Asp)’ where p(Asp) has a Borel structure as a
subspace of A. The lemma is proved if we show that the Borel
structures B, and B, coincide. If E CA let E be the set of
elements of E L If E - A$p , then EeB, if and only if there is a
Borel subset F of A such that pE)= ( )nF or, equiv-
alently, E = A‘ NF while EeB 1f and only 1f there is a Borel
subset D of Ac such that E = Asan Therefore B,CB,.
Since A" is a Borel subset of A€ it follows from the same
argument that B, CB,.

In view of Lemmas 3.3 and 3.4 the proof of Theorem 3.1
follows from the following Lemma.

Lemma 3.6: Let (A(O), R, @) be a theory of local obser-
vables. LetxeA**E (V). If Asp issmooth thenthesetK, (x)isa
single point for any spacelike direction a.

Proaof: Let (m, H) be an irreducible representation with
spectrum condition. Let xer(A)” and assume that the set
K, (x) is not a single point for some spacelike direction a. It
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follows from the rgmarks above that the lemma is proved if
we can show that A, is not metrically countably separated.
In fact, to show this, it §gfﬁces to find a subset K of A, such
that K as a subspace of A, is not metrically countably sepa-

rated.
To see this, we let 1 be a o-finite measure on K and if N

is any Borel subset of K of y-measure zero, we assume that
K~N is not metrically countably separated. Define
A(E) = p(ErK) for E a Borel subset of A,. Then 4 is a o-
finite measure on A,. Then N is a Borel subset of A, and
A(N)=0. Let E,, E,, ... be Borel subsets of A_,. Then
A(NrK) =0 and the sets E,nK, E,0K, ... do not separate
K ~ N and this implies that the sets E|, E2, ... donot separate
A ~Nand hence A is not metrically countably separated.

For xeA**E (V) assume the set K, (x) is not a single
point for some spacelike direction a. Since the set K, (x} is
convex, it follows that if y,, y, are any two points of K, (x),
then so is A,y;, + A,p, for 1, + A, = 1. Therefore, if the set
K, (x) is not a single point for some spacelike direction a, then
it is infinite. For xcA, we choose nets { y,,(x})} with
Via(¥)eK, (x) and let F; be a bounded sublinear map from
A" into Z{A**E (V')) defined by

F(x*x) = Tub{ y, 4 (*x):p;.0 (x)eK, (1)}

Let L, be a bounded linear map from A into Z(A**E (/I>))
such that ||L,| = 1, L, (a,(x)) = L, (x)for x in A, any vector
ain R% and L, (x)<F; (x) for x in A™. Let S be the collection
of all nets in Z(A**E (V')) such that for any distinct nets
{ Ya, 2}, { J’;.z,.(x)} in § we have L, #L,,. If L,(x)
=, (x)] and w,; is a vacuum state defined by the above
relations for a net { y, . (x)} in S with y, , (x)em(K, (x)), let 7;
be the induced representation of A. Let K¢ denote the subset
of A‘s’p , which consists of all representations 7, of A. In parti-
cular, 7 is an element of K°¢.

Let X, be the measure space {0, 1}, let B, be the set of
subsets of {0, 1}, let v, be the measure on X, defined by
vol{O)) =k,  wlf1})=%k, for Kk, +k,=1  Let
(X, B,y v,) = (Xp By, vo) forn=1,2,..., let

(X,Bv) = (H X T B [T+ )

i=1 fe==1

and let (X, B, v) denote the measure space formed by the
completion of v'. If y is in X, then y is identified with the
sequence (v, ), where y, =0or 1. If £ = (£,) is in X, we de-
finey + &£ tobethesequence(y, + &,)reducedmod 2. Then
Xis a group, and 4 = {{y,):y. #0 for at most a finite num-
ber of } is a countable subgroup of X generated by the ele-
ments ((¥, ), ), where (¥, ),, = 8;. We define an action of 4 on
Xby yy =y + 7. Then X /A becomes a Borel 4-space with
this right action of 4 on X.

The representation (7, H) is a factor representation.
Therefore, if xeA, then we assume that (K, (x)) = {z, , {(x)I}
for any spacelike direction a, where {z, , (x)} is a net of com-
plex numbers. Let 6 (7, (x*x)) = lub,p, 2, ,(x*x) for x in A.
Then 8 extends to a map 8 from K¢ into X 2, where 8 () is
thenet {lub,., z; . (x); x€A} in X 2. Then by the construction
of the representations 7, it is easily seen that the map 8 is
one-to-one. We shall also assume that @ is onto. Otherwise
there is a bijection between K° and a subset Y of X ? and the
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proof of the lemma would be valid with X 2 replaced by Y.
Furthermore, the Borel structure of X * coincides with the
quotient Borel structure induced by the Borel structure of

K¢ under 6. Toshow this, welet V' (b,,...,b, ) be the cylindrical
set

((1oersXn): Xk =bi; k= 1,.,n} in X2,
Then for xeA,
8 =YV (byy..dy,))

= {m,: m,€K" such that 8 (r, (x*x))

=lubz, ,(x*x) = b, forj = 1,...,n}.

acD 7

Thus, ¥V (b,,...,b,) is a Borel set in the quotient Borel struc-

ture. The quotient Borel structure contains the original
Borel structure of X 2 and thus the quotient Borel structure is
countably separated. Since the identity map of X 2 onto itself
from the quotient Borel structure to the original Borel struc-
ture is a Borel map, it follows that two Borel structures coin-
cide (Ref. 10; Theorem 4.2 and Theorem 5.1).

Let K denote the set of unitary equivalence classes of
representations of A: contained in K°.

For any two representations 7, , 7, , we have

|6 (2, (x*x)) — B (mr, (x*x))|

= {lub z; ,(x*x) — lub z, . (x*x)|
aeD aeD

< lub [z L(x*x) —z; . (x*x)|.
a,a’'€D
We assert that the representations 7, and w7,  are unitary
equivalent if and only if for any spacelike direction a,a’ in D
|Z2,0(X*%) — 23,0 (x*x)| <6 (xeA)

for a rational number 8. The if part is obvious. To prove the
only if part assume that

|22,0(6*X) — 21,0 (x*x)| <8, (x€A),

where {6, , } is a null sequence of rational numbers. Hence

F; (x*x) = lult;{z,{p,I (e*x)Liz; o (x)Iem(K, (x))}

= F,Iz(x"'x).
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Then by the above construction the vacuum functionals L,
and L, coincide and therefore 7; is unitary equivalent to
Mh,e
Let & be the one-to-one map defined by 6 from K onto
theset X 2of A 2-equivalence classes of X 2, andlet X 2have the
quotient Borel structure derived from X 2, Weshall show that
6 is a Borel isomorphism with respect to the quotient Borel
structure B, on K as derived from K°. Let E be a subset of
X2.Then E is a Borel set if and only if the set E of elements of
EisaBorel set and this is a Borel setif and only if  ~(E )isa
Borel set. However, 8 ~!(E) contains each unitary equiv-
alencein K¢, that it meets, andsod ~{(E)” of umtary equiva-
lance classes of elements of #~'E) is in B,. Since
6~YE) =8 YE), @isaBorel 1somorph1sm
_ X 2isa compact group, 4 ? is a dense subgroup, and
X? = X?/4 2. Itfollows from Ref. 10(Theorem 7.2) that X 2is
not metrically countably separated. This implies that K with
the Borel structure B, is not metrically countably separated.
Let B, be the Borel structure which K inherits as a subspace
of A,i Then from a similar argument as in Lemma 3.5 it
follows that B,CB,_. This implies that K with the Borel
structure B, is not metrically countably separated and there-
fore A, is not metrically countably separated. This com-
pletes the proof of Theorem 3.1.
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A general gauge action is defined by postulating a minimum of its properties necessary for the
existence of loop expansion in the quantum theory. The structure of the general gauge algebra is
derived from these postulates. The proof of existence of the structure functions, lacking in
previous works, is given. The question of uniqueness is also completely cleared up. Some unsolved
problems are discussed in connection with the covariant-quantization conjecture.

I. INTRODUCTION

The transformations of invariance of gauge fields in the
natural basis may not form a Lie group. Furthermore, the
algebra of infinitesimal transformations may not be closed.
This nonclosure is, however, of a special form, and the corre-
sponding algebraic construction is known as “open gauge
algebra.” The form of gauge algebra determines the quanti-
zation rules for gauge fields and is thus of paramount impor-
tance in quantum theory.

The open gauge algebra and the corresponding quanti-
zation rules were first discovered in the canonical formalism
of gravity theory.” The subject received further develop-
ment in works®~’ stimulated by the discovery of open algebra
in supergravity.® The full structure of open algebra was de-
rived in Refs. 4 and 9 but these derivations were to a certain
extent heuristic. In Ref. 10 the generating equation was ob-
tained, containing all structure relations of gauge algebra.
The existence theorem for this equation was formulated in
Ref. 10, but the proof was omitted. It is the purpose of the
present work to fill up these gaps.

In the present paper we consider the general gauge ac-
tion, postulating a minimum of its properties, necessary for
the existence of loop expansion in the quantum theory. We
then systematically derive the algebraic consequences of
these postulates. The range of questions arising at the level of
finite gauge transformations is considered in Refs. 11 and 12.
Together with Ref. 12 the present paper may serve as an
introduction to the theory of open group. The present con-
struction is, however, applicable only to irreducible gauge
field theories (see Sec. VI). The generalization to reducible
theories can be found in Refs. 13 and 14.

The plan of this paper is the following. The postulates of
gauge theory are formulated and discussed in Sec. II. In Sec.
I1I a detailed derivation is given of the lowest-order relations
of gauge algebra. Sec. IV introduces the closed description of
gauge algebra. In Sec. V we present the full proof of the
principal existence theorem. A lemma needed for the proof'is
given in Appendix A. In Sec. VI we settle the question of
uniqueness, discuss the application to relativistic field theor-
ies, and point out some unsolved problems. Appendix B con-
tains a classification of theories with a degenerate Hessian of
the action. Our postulates single out a special class of such
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theories. We show that a theory must belong to this class as a
necessary condition for the applicability of the standard loop
technique.

In some parts of the present consideration we essential-
1y use the ideas contained in the previous works, especially in
Ref. 4.

Notation and conventions: We shall be dealing with sets
of boson and fermion variables. The Grassmann parity of a
quantity 4 will be denoted by €(A4 ). Right and left derivatives
will be 4, and g,.

The rank of a matrix is generally defined as the maxi-
mum size of its invertible square minor. In the case of an
even-parity matrix M one may speak about two ranks: those
of the Bose-Bose and Fermi-Fermi blocks. These ranks will
be denoted by rank , M. The rank of an even-parity matrix
is rank M = rank, M + rank_ M.

We shall use the condensed notation'® for the gauge
field: ¢, i=1,..,n; n=n, +n_, where n_(n_) is the
number of boson (fermion) components. This means that in
fact we shall work with the finite-dimensional model. The
results transfer to Euclidean field theory in the usual way.

Il. POSTULATES OF GAUGE THEORY

The field ¢, i=1,..,n=n,_ +n_, €@')=¢, is a
gauge field, if its action . (@) is a boson satisfying the follow-
ing two postulates.

Postulate I: There exists at least one stationary point @:

a4, %

g’
and 7 () is regular {infinitely differentiable) in its neighbor-
hood.

Postulate 2: The set of field equations can be divided
into two subsets:

‘yiqu:% =0, S,=

(2.1)

F,=0 a=1.,m 0<m<n (2.2)
and
F.=0, A=1,.,n—m, (2.3)
in such a way that
rank % ‘yf’ =n-—m, (2.4)
P lo=g

© 1985 American Institute of Physics 172



and at least those solutions of (2.3) that lie in some neighbor-
hood of @, satisfy (2.2) identically.

The theory must of course be invariant under arbitrary
regular reparametrizations of the field ¢. To see the invar-
iance of Postulate 2, we note that it can be equivalently for-
mulated as follows.

Postulate 2': There exists (at least locally, in a neighbor-
hood of ;) a smooth m-dimensional surface 2 (¢, € X ), on
which field equations are fulfilled

fr'z = 07 (25)
and
rank S ;|s =n —m, (2.6)
= a,a_,f'. (2.7)
dp’ dp*

(Note, that the rank of ¥, is reparametrization invariant at
stationary points of #.) The surface X will be called the
stationary orbit.

The equivalence of Postulates 2 and 2’ is based on the
implicit function theorem. Clearly, (2.3) is the equation of %,
and (2.4) is the condition that  is m-dimensional. Equation
(2.5) follows from the last requirement of Postulate 2.

Let&%,a=1,..m=m_ + m_, €(60*)=¢€,, be param-
eters on 2, where m__ (m_) is the number of boson (fermion)
parameters. Let

z: p'=f10), 2:8)
rank arj;‘{ze) =m, flo—o=eo0- (2.9)
Then
a, f6
sarer=o, 2o) Ll =0 @

Thus tangent vectors to 2 are zero-eigenvalue eigenvectors
of #;|s. We arrive at one more equivalent formulation of
Postulate 2.

Postulate 2": The Hessian of .#(g) is degenerate on an
m-dimensional surface, which passes through ¢, and whose
tangent space at each point coincides with the null space of
the Hessian.

Gauge theory is thus defined by the properties of its
classical solutions. The purpose of the present work is the
derivation of properties of gauge theory off the classical solu-
tions. We shall show that at least in some (n-dimensional)
neighborhood of @, there exists a sequence of quantities
(structure functions) which form the gauge algebra, a con-
struction generalizing the Lie algebra. The zeroth-order
structure function is the gauge action % (@) itself. All higher-
order structure functions can be explicitly expressed
through .#(p).

The first-order relations of the gauge algebra are
Noether identities. The following statement is equivalent to
Postulate 2 (or 2’ or 2”).

Postulate 2": At least in some neighborhood of ¢, the
gauge action satisfies the Noether identities

FSRi=0, a=1l,...m=m, +m_, (2.11)
where R are regular functions, such that
rank, Rl| _. =m_,, €R.)=¢€+¢€, (212
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and

rank, Syl ., =n, —m,. (2.13)

Let us show that 2" follows from Postulate 2. Accord-
ing to (2.4), Egs. (2.3) are solvable in a neighborhood of ¢,
with respect to some n — m variables ¢“. Let ¢ be the re-
maining m field variables. Then the following reparametri-
zation

p'=lp o “Jolp ),
Jo=Z4@)
is regular in a neighborhood of @,. Consider the functions
&, in the new parametrization and define

aI ! dx B

a — 8JA J‘; x ('yﬁRa)‘J—va’
where R 2 is an arbitrary regular invertible matrix. The con-
vergence of the above integral and the regularity of R4 in a
neighborhood of ¢, are guaranteed by Postulates 1 and 2.
Indeed, . is analytic in J near J = 0 according to Postulate
1, and #4|;_, = 0 in consequence of the last requirement
of Postulate 2. Multiplying (2.15) by .¥ , = J,, we obtain the
relations

(2.14)

A

(2.15)

FuRG + FgRE =(FRE)N ;20 =0, (2.16)
which are the Noether identities (2.11) with
R, =(R5.RE) (2.17)

The condition (2.12) is satisfied by virtue of the above choice
of R%. We must still prove (2.13). Differentiating the
Noether identities, we find

(yﬁR L)¢=¢o =0.
It follows from (2.18) that the matrix %, |,
eigenvalue eigenvectors R
(2.12). Consequently,

(2.18)

7o has m zero-
l|p—g, satisfying condition

rank 5|, _ , <n —m. (2.19)
On the other hand,
rank S|, _, >n—m (2.20)

from (2.4). This gives (2.13).

Conversely, let us show that Postulate 2 follows from
2", According to (2.13), there exists a set of n — m field varia-
bles ¢, such that

rank %y |- 0, (2.21)

Let @ be the remaining m variables. Then the Noether iden-
tities (2.11) take the form

=n-—-—m.

SR+ S R5=0. (2.22)
We have to show that R 3 is invertible, i.e.,
rank RE =m (2.23)

in a neighborhood of ¢,, because then equations .¥, =0
and ., = 0 are just Eqs. (2.2) and (2.3) of Postulate 2. To
prove (2.23), we differentiate (2.22):

(LuRg+ LR o0, =0, (2.24)
and suppose that there exist such A# #0 that

Rg|,_pAP=0. (2.25)
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From (2.25) and (2.24) we find

(FLuR)p=pA®=0, (2.26)
whence
Rlp-gA’=0 (2.27)
due to (2.21). Equations (2.27) and (2.25) give
plo—eA?=0, (2.28)

which contradicts (2.12). Hence, the supposition (2.25) is
wrong, and

rank R 3| m. (2.29)

P=@o
By regularity the equality (2.23) holds also in a neighborhood
of @,.

The Noether identities with properties (2.11}-(2.13) are
usually considered as the definition of gauge theory. From
the present standpoint R/, are the off-shell structure func-
tions which can be expressed through the gauge action as
shown above.

The vectors R !, may be interpreted as the generators of
infinitesimal transformations

Sp'=R.50°% €60%=c¢, (2.30)
with parameters §*, leaving the gauge action invariant.
However, the existence of finite gauge transformations is not
obvious. It does not follow from anywhere that R |, generate
a Lie group. In fact the group properties of R !, which follow
from the above postulates, are generally more complicated.
At the algebraic level these properties are considered in the
present paper (and previous works). At the group level they
are considered in Refs. 11 and 12. Here we shall make only
the following remark.

Since tangent vectors to the surface (2.8) belong to the
null space of .%; |5, they must be linear combinations of
R | 5. As aresult we obtain the differential equations of the
stationary orbit

a, fie .
2 —'5;“—) =R,(fONA5(0), (2.31)
Sloco =90 (2.32)

where A #(@) is some nonsingular matrix. Equations (2.31)
are the Lie equations. Thus the integrability of the Lie equa-
tions with initial data satisfying (2.1) is guaranteed by the
postulates. The Lie equations (2.31) with arbitrary initial
data are generally nonintegrable. Nevertheless, as shown in
Ref. 12, the nonstationary orbits, i.e., finite gauge transfor-
mations, always exist and satisfy some generalized Lie equa-
tions.

The present postulates can be justified. In Appendix B
we show that they are the necessary conditions for the exis-
tence of loop expansion in quantum theory.

Our consideration of gauge theory is purely local. It is
confined to a neighborhood of one stationary point: @,. (If
the action has several stationary points not belonging to one
and the same orbit, then the neighborhood of each of them
must be considered separately.) Such a local consideration
suffices if in the quantum theory we confine ourselves to loop
expansion.
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IIl. LOWEST-ORDER RELATIONS OF GAUGE ALGEBRA

Let us go on to deriving the consequences of the above
postulates. First of all they permit us to find the general
solutions of equations

Rix*=0 (3.1)
and

Fiy=0. (3.2)
According to (2.12) the general solution of Eq. (3.1) is

x*=0. (3.3)

We shall show that the general regular solution of Eq. (3.2) is
of the form

V=R A*+ % B¥ (3.4)
where 4 # and B * are arbitrary regular functions, and B *
possesses the antisymmetry property

Bk = —(—1)BH, (3.5)

Evidently, (3.4} is the solution of Eq. (3.2). To prove that
it is the general regular solution, we rewrite Eq. (3.2) as

L+ Ly =0, (3.6)

where %, and ., are the subsets from Postulate 2, and use
the Noether identities (2.22). Eq. (3.6) takes the form

Z =0, (3.7)
=y —RAR 'y~ (3.8)

Next we make the reparametrization (2.14) and differentiate
(3.7) with respect to J 4,

a,z*
24Ty —— =J P, 3.9
+J5 5 A (3.9)
PE= gzt _ (— 1)45 ﬁ‘i. (3.10)
aly aJ,
Making the replacement in Eq. (3.9)
J—xd (3.11)
where x is a numerical parameter, we find
4 A xT) = T, PAB(x] ), (3.12)
dx
1
z‘(J)——limxz“(xJ):JBf xP48(xJ)dx. (3.13)
X0 0

Since the solution y' is supposed to be regular near J = 0, the
integral on the right-hand side of (3.13) converges. Also

lim xz*(xJ ) = 0. (3.14)
x—0
As a result we obtain representation (3.4) with
A*=R YWy, B*=0, B*“=B*>=0, (3.15)
1
B2 = f xP4B(xJ )dx.
(s]

Expression (3.4) shows that any infinitesimal transfor-
mation, leaving the gauge action invariant, is a combination
of transformations (2.30) and trivial transformations

5 triv¢i — ykae ik’ 560 ik _ ( _ l)‘i‘kse ki’
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which do not move stationary points. The existence of trivial
transformations causes the complicacy of the general off-
shell gauge algebra.

As mentioned above, the first-order relations of the
gauge algebra are the Noether identities (2.11). To derive the
further relations we define the operator

Tyy= ZZRG (3.16)

and apply it to (2.11) with the subsequent antisymmetriza-
tion in group indices. The result is

S Vs =0, (3.17)
where

. 9.R! d,R!

fo=——2 Rk _(— 1)t L RE, 3.18

Vag Py (=1 30 * (3.18)

Equation (3.17) is of the type (3.2). Hence, there exist such
functions T%, and E X%; that

d,R! J.R:

e

= —R.T%, — S E%,. (3.19)

Equations (3.19) are the second-order relations of the
gauge algebra, and T4z,E’%; are the new structure func-
tions. The formulas of the type (3.15) give explicit expres-
sions of these new functions through R /. It follows from
these expressions that 7%, and E %, are regular and possess
the antisymmetry properties

Tos=—(—

1)°T4,, (3.20)

b= —(—1)"Ef, = — (- 1)"EX, (3.21)

Expression (3.19) gives the general form of the commu-
tator of gauge transformations. In the particular case, when
E ¥ =0, the algebra is closed. If also T, = const, we have
a Lie algebra. However, generally the oﬁ'—she]l gauge algebra
is open because of the admixture of trivial transformations.

The third-order relations of the gauge algebra are the
generalized Jacobi identities. Applying the operator (3.16) to
{3.19) with the subsequent cyclic permutation of group in-
dices, also using Eqs. (2.11) and (3.19), we obtain

R.,XY tos + 1Y s (3.22)
where
a, T«
=(— 1)‘"‘6( % RL 4+ T“ T} )
dp’
+ cycl. perm. (@, B,6), (3.23)
d,E%
¥l =(— 1)‘“*( L R+ EL TS
1) IR —2E}§
— (- B
J,R! .
+(—1 (€[+Ea)€k__r_f1Ekj)
(—1) 5o
+ cycl. perm. (@, 8,6). (3.24)
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We shall prove that there exist such new structure functions

F2s and D % that
Xtos = — 5 Fk, (3.25)
and
Yiss +(— 1)"“R jFlgs
—(— 1SRRI = — P, D (3.26)

The new structure functions are regular and possess the fol-
lowing antisymmetry properties:

Faﬁ& el e I)EaﬁﬁFﬁaa =—(- I)EEBBFasﬁr (3.27)
Difs= —(=1)"Dgls = — (= 1)*Dgs, (3.28)
€a EEGGGB + 6365 + €5€a’ (3.29)
DMy = —(— 1f*DH = — (= 1D, (3.30)

Equations (3.25) are the generalized Jacobi identities. Equa-
tions (3.26) are the fourth-order relations of the gauge alge-
bra, which have no analogy in the Lie algebra.

The authors of Ref. 9 obtained all structure relations of
the gauge algebra operating only with the conditions of “ir-
reducibility” and “completeness” in the form (3.3) and (3.4).
In fact these conditions are insufficient to prove already the
fourth-order structure relations (3.26) with the antisym-
metry properties (3.30). The correct proof requires the full
use of postulates explicitly formulated above. The proof is
the following.

At first one considers Eq. (3.22) at / = o, where R ] is
the invertible minor of R ;,. This gives

)(EM + €,)€;
’

Xbgs = — (R VY 5s(~ (3.31)

which is relation (3.25). Next one uses (3.25) in (3.22) to ob-
tain

FiZ s =0, (3.32)
where
Zhs =Y +(— 1R EFu,
— (= 1T WRR L k. (3.33)

The second term on the right-hand side of (3.33) can be add-
ed by virtue of the Noether identities.

Equation (3.32) is of the type (3.2). However, its general
solution in the form (3.4) is not yet the structure relation
(3.26). Even the use of explicit expressions {3.15) is insuffi-
cient to prove the antisymmetry properties (3.30).

To derive (3.26), note that Eq. (3.31) does not uniquely
determine F4%, in (3.25). In particular, one may put

=R N ¥ ops(— 1T

+REM,, (3.34)

where M 755 are arbitrary regular functions possessing the
cyclic antisymmetry (3.27). This arbitrariness can be used to
make the components of Z %, with k = v (or i = v) vanish.
Indeed, the quantity Z %;; at k = v equals
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Zhgs =Yg + Yogs(—1)°°
—RL(R TIY g (— 1)

+(—=1)"™RIR M7

— (= 1T WRER I M s, (3.35)
as follows from (3.33) and (3.34). Choosing M % as
Zos = 3R TR TNIY s (— 1) (3.36)

and taking into consideration the fact that the quantity ¥ i,
is antisymmetric in the upper indices, we obtain

s =0. (3.37)

Thus the structure functions F%ks can be defined in

such a way that only the components Z afs of Z% 5 survive.
For these components Eq. (3.32) takes the form

S pZ s =0. (3.38)

Using the reparametrization (2.14) and differentiating (3.38)
with respect to J, = 5, we obtain

al Z AC
VA A B (— 1)<, 3.39
65 <7, (=1) (3.39)
Since Z 45, is antisymmetric in the upper indices, this can be

rewritten as

a,Z4s,
ZAB= J——[ 144 aps _IEBEC
oo 21 aJ, (=1
a ZBC
_ IaJaﬁts ( . l)eA(eB+ SC):I (3‘40)
A
and finally as
1 . 9Zg 1
zZ3 4 XL IaJCM = -5 Uz, (3.41)
where
.z, epec
Uss = ’aJ b (_ gy
B
— __aIZgg's ( _ 1)5,4(53“’ €c)
aJ,
a,Z45
- —’a—J—“—. (3.42)
C
Making the replacement
J—xJ (3.43)
in Eq. (3 41), we obtain
- (sz ass) = — XU LSS, (3.44)
whence
Z;:g& = —JD ﬁgf, (3.45)
DAze— f X2U 25 (x] \dx. (3.46)

Equations (3.45) and (3.37) give the fourth-order structure
relation (3.26), in which only the components D 25¢ of D %,
survive. The antisymmetry properties (3.28)(3.30) are seen

from (3.42).
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The further structure relations of the algebra are more
and more complicated. Clearly, a more powerful technique
is needed to handle them. Such a technique is developed
below. In the next section a unique equation is formulated,
generating all structure relations of gauge algebra.

IV. THE GENERATING EQUATION FOR GAUGE
ALGEBRA

For the closed description of gauge algebra one intro-
duces a phase space in which conjugate variables have the
opposite statistics.'®

Let ?4, 4 = 1,...,N, €(®“) = €, be some set of boson
and fermion variables {fields). To each & “ one puts into cor-
respondence a new variable (antifield) @ % of the opposite
statistics

€D =e(@”) + 1. (4.1)

For functions on the phase space of fields and antifields one
defines a binary operation called antibrackets:

a,X 4,Y 4.X 9,Y

AP Jb* D% Ip
The properties of antibrackets are in a sense opposite to the
properties of the usual Poisson brackets. One has

(X,Y)= (4.2)

€XY) =€x +€y+ 1, ex=€X), (4.3)
XY)= — (=) ), (4.4)
XYZ)=(X,Y)Z +(— 1)"3X,Z)Y, (4.5)
(— 1)+ Mzt Nx,(¥,Z)) + cycl. perm. X,Y,Z = 0.

(4.6)

For any fermion F
(F.F)=0, €F)=1, (4.7)

while for a boson B
J,B
(B,B)=2 8¢A Y =0, €B)=0. (4.8)
For any X

(XX ),X ) = (X,(X,X ))=0. (4.9)

The properties of canonical transformations in the space of
fields and antifields are considered in Ref. 12.
The equation

(5,5) = (4.10)

for a boson § is called the master equation. It plays the cen-
tral role in the formulation of quantization rules for gauge
theories, 1%13.14

To analyze the properties of the master equation it is
convenient to introduce the collective notation for fields and
antifields

={®4D%}; a=1,.2N, (4.11)
and rewrite the antibrackets (4.2) as
X _.,0Y 01
XY —, (%= ( ) 4.12
wY)= == o= (_ | o) w12

Then Eq. (4.10) takes the form
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‘3"—‘?;“"3’“—? =0. 4.13)
az° az*

We shall be interested in the solutions of the master
equation, which have a stationary point (where 3S /dz = 0)
and are regular in its neighborhood. Differentiating (4.13) in
a neighborhood of the stationary point, we find

a.8
o o =0, (4.14)
where
d4,0,.8
g2 19

S (z) may be regarded as some action function. Then Egs.
(4.14) are “Noether identities,” and the columns of the Hes-
sian (4.15) serve as “generators of gauge transformations.”
Differentiating (4.14), we find that the matrix of generators is
nilpotent at the stationary point:

-@Z-@Z‘asmz=o =0. (4-16)

Let r, be the rank of the Hessian of S at the stationary
point:

r, =rank b%;- s’ ro+r_=r. 417
Then from (4.16) we have

N—r,>rg, (4.18)
or

r<N. (4.19)

The solution S of the master equation is called proper if
r=N. {4.20)

If the solution is proper, then its Hessian (4.15) at the station-
ary point has no other zero-eigenvalue eigenvectors except
those contained in itself. Only proper solutions are of interest
in gauge theory,1%-13-14

Let us include the initial gauge field ¢’ into the set & *:

p'co (4.21)
and require that
S(D;P*) oo —0 = Flp), (4.22)

where .7 () is the initial gauge action. The proper solution of
the master equation satisfying the boundary condition (4.22)
serves as the action in the functional integral of the quantum
gauge theory."’

It is nontrivial to combine the boundary condition
(4.22) and the condition that the solution be proper. The
difficulty lies in the fact that if the boundary value of § in
(4.22) is the gauge action, then there are initially m zero-
eigenvalue eignevectors R/, which are not contained in the
Hessian. Toinclude R /, in the Hessian of § one introduces m
new fields (ghosts) ¢* and requires'®

cCC P, (4.23)

3,0.5 (DD * .

98, 5B =Ri(p). (4.24)
dp ¥ dc* =0

This defines the statistics of ghosts as opposite to the statis-
tics of the parameters of gauge transformations:
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fc) =€, + 1. (4.25)

One also introduces the notion of ghost number and
ascribes the following values of this number to the intro-
duced fields and their antifields:

gh(@) =0, gh(c*)=1, (4.26)
ghlp¥) = —1, ghic)= -2, (4.27)
gh(XY) = gh(X) + gh(Y).

One then looks for the solution of the master equation as an
expansion in powers of the auxiliary fields ¢,c*,¢ * with the
conserved ghost number equal to zero

gh(S)=0. (4.28)
The generic monomial in this expansion is proportional to
(c*Ple *Flef (4.29)
with

t=s+2p. (4.30)

We shall see below that the bosonic solution of the master
equation, satisfying conditions (4.21}-(4.24) and (4.28), exists
and is proper.

One may ask, what relation does it all have to the gauge
algebra? The answer is the following. Let us fix the content of
the set @4 as

= {@'c?}. (4.31)
Correspondingly,
i =lokcl}, (4.32)
and the master equation (4.10) takes the form
o5 65 | 98595 _, (4.33)
dp’ dp¥  Ic” Ock
Let us expand the solution
S(B;P *) = S (p,c;p *,c*) (4.34)

in powers of the auxiliary fields ¢,c*,¢ * taking into account
ghost-number conservation and the boundary conditions
(4.22) and (4.24). The lowest-order terms of this expansion,
allowed by the requirement that the ghost number vanish,
are

S(pcp*ct)=U+@tUqc”
+prptUss + c3Ulg)cc”
+ (@ rote tULss + 29 Py Ul )ccPe”
+ olc?), (4.35)

where we kept terms at most cubic in ¢* and introduced the
notation U for coefficients. These coefficients are func-
tions of @’ and possess the symmetry properties, which are
obvious from (4.35). According to the boundary conditions
(4.22) and (4.24), the two lowest-order coefficients are

U=Slp), (4.36)
UL =R.(p). (4.37)

The master equation (4.33) is equivalent to a sequence of
relations upon the coefficients U . The lowest-order rela-
tions are found to be
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a.U
——Ule*=0, (4.38)
dp'
9,Ulc" .
'a;k UL 4 UL, Uty
U
+2U% Fee jr — =0, (4.39)
P
o
a—%""—c- U'e? + 22Uk, PU e
P
) au
+ 2U s PP —a:p - =0, (4.40)
ik
i—%U’c"+2U EUL, et
P
au
+3U M PP =
ap’
a Ui o
—(= 1)‘k( rZaC (o
+ U‘ Uaﬂscacﬁca)
_ ( _ 1)[5i+(€i+ )ex + 1)] (a’Uf’Ca Uji C:SCB
dgp’ s
+ U U’;;sc‘scﬁc“) —o0, (4.41)

and so on. In the above relations all ¢’s can be differentiated
away (at the expense of appearance of complicated sign fac-
tors).

We see now that relations (4.38) with identifications
(4.36)}—(4.37) are just the first-order relations of the gauge
algebra: the Noether identities (2.11). Redenoting the other
U as follows:

Ul = — 4T %s(— 1), 4.42)
Uiy = — JE(— pleat st ], (4.43)
Uﬁ;;a _ —TIQF'Z’&S( _ 1)[Eﬁ+ea65+€,€l‘], (4.44)
UZ%,S _ —;%DZ%&( _ 1)[sﬁ+eass+ek+e,.,‘,]’ (4.45)
€ =€,€; + €,€; + €€, (4.46)

we find that relations (4.39) coincide with the commutation
relations (3.19), relations (4.40) are just the Jacobi identities
(3.25), and relations (4.41) are the fourth-order structure re-
lations (3.26) of the gauge algebra. The symmetry properties
(3.20)+3.21) and (3.27)—(3.30) of the structure functions are
fulfilled in consequence of the symmetry properties of the
U~

In the same way all higher-order structure relations of
the algebra can be obtained as the relations which the master
equation imposes upon the coefficients U, and the coeffi-
cients U can be identified with the structure functions of
the gauge algebra.'? Conservation of ghost number plays the
role of a selection rule for the sets of indices which the struc-
ture functions can have.

Thus the derivation of the gauge algebra reduces to the
proof of existence of the corresponding solution of the mas-
ter equation.
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V. EXISTENCE THEOREM

The existence of the structure functions will be proved
by induction given only the zeroth-order structure function:
the gauge action #(g). Note that under the condition of
ghost-number conservation the expansion of S in powers of
the auxiliary fields ¢,c*,g * is in fact the expansion in terms of
c

Van"-al (¢7’¢ *!C*)cal'"can,
(5.1)

in which the coefficients are finite polynomials in g*,c* [cf.
(4.35)]. Therefore, it suffices to carry out the induction with
respect to the number 7 in (5.1), i.e., with respect to the num-
ber of lower indices of the structure functions.

Note also that conservation of ghost number allows to
rewrite the boundary condition (4.22) as

Sle—o =Zlp)- (5:2)

The second boundary condition (4.24) was introduced
to make the solution proper and involved the gauge genera-
tors. However, according to Sec. I1, the gauge action . (@) is
the only initially given quantity, while the generators are
already the first-order structure functions, whose existence
should be a part of the general theorem. Therefore, it should
be possible to avoid the introduction of the generators in the
boundary conditions. Indeed, suffice it to require that

8,d,S
Ot actl gy,

The content of the present work can be now packed into
the following theorem.

Theorem: Let . (@) be the gauge action satisfying Pos-
tulates 1 and 2 of Sec. II. Then a bosonic solution of the
master equation (4.33), satisfying the boundary conditions
(5.2) and (5.3}, exists as expansion (5.1) with the conserved
ghost number equal to zero. The coefficients of this expan-
sion are finite polynomials in ¢*,c* and are regular (infinite-
ly differentiable) functions of @ in some neighborhood of the
stationary point @,. The solution is proper.

Proof: First of all we shall prove that if the above solu-
tion exists, then it is proper. Indeed, as a consequence of
ghost-number conservation and the boundary condition
(5.2) the following values of fields and antifields correspond
to a stationary point of S:

pl=gpk, c*=0. (5.4)

As a consequence of the same reasons, the Hessian of S at
this stationary point has only the following nonvanishing
elements:

3,0.8

Spcp*e*)=Sl._o+ Y
n=1

rank =m, . (5.3)

“=0, @*=0,

_ 39.71p)

oo . : (5.5)
Ip'dp iy Op'dpF lp=g,
a3,0,.8 d,8,8
c=0 °
OpFac|,_, Oc0p¥|,_g,
The rank of the Hessian at the stationary point is, therefore,
a a3,8.8
r = rank ——— + 2 rank ——~
Ip dp* g ¥ Ac*

c=0
=40
(
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which makes

r=n—m)+2m=n+m 5.7)
as a consequence of Postulate 2 [Eq. (2.13)] and the boundary
condition (5.3). But the number of fields (@' and ¢?) is also
n + m. Therefore, equality (4.20) holds, and the solution is
proper.

Let us now formulate the requirements of the theorem
to the coefficients of expansion (5.1). First of all the coeffi-
cients ¥V, ., must have the statistics and the symmetry of

the monomial ¢*..¢™:

Va,a,) = 2 (€a, + 1) (5.8)
Vorra, = (V¥ )ayrcr, - (5.9)

[For any quantity X, _, this symmetry is defined as

BB,
X sym)an...a, = nan"'alxﬁn'"ﬂl ’

7] a,
o= — (P,
" dc™ e
Further, the boundary condition (5.2) fixes the coefficient at
¢ =0, and the boundary condition (5.3} restricts the coeffi-
cient withn = 1:

9V =m,. (5.10)
It lo-g
The coefficients V, .., (@, *,c*) must be finite polynomials
in @* and c*, satisfying the requirement

gh(V,, o)== —n (5.11)
They must also be regular functions of @ in some neighbor-
hood of @, Finally, under conditions (5.2), (5.8), and (5.9) the
master equation (4.33) is equivalent to the following se-
quence of relations:

rank ,

v, =0, (5.12)
2V 0 =B, 0, n>2. (5.13)
Here {2 is the operator
4,7 4 a
== "1 4y, (5.14)
dp' der dac
and
n—1
Ba,,-»a. = — z (_ 1)€nk
k=1
X[ W Vo)
(n—k+ 1), Vay-a, ] (5.15)
+ n— + a,a, a » .
n k+1 aC:
Ex=n—k+ Y €,
i=k+1
The antibrackets in (5.15) concern the dependence of V... on
P.p*.

The proof of existence will consist of three steps. We
shall prove the following.

(1) There exists ¥, with all the required properties.

(2) If for all 1<n<N — 1 there exist functions ¥V, ., ,
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satisfying the requirements of the theorem, then the quantity
(B*™)q,.a, is constructed of these functions only and satis-
fies the identity

2(B¥") 4y a, = 0. (5.16)

{3) Identity (5.16) is necessary and sufficient for the exis-
tence of the N th-order function ¥, ., with all the required
properties, if the lower-order functions V, ., , 1<n<N —1
possess these properties.

Let us turn to the proof.

(1) As shown in Sec. I1, Postulate 2 is equivalent to 2".
Thus in some neighborhood of @, there exist regular func-
tions R ., (@ ) satisyfing relations (2.11) and (2.12). Define

Vo, =@ R, (p) (5.17)
It is easy to verify that this ¥, possesses all the required
properties. In particular, (5.12) follows from (2.11), and
(5.10) follows from (2.12).

(2) The first-order function V, , satisfying requirement
(5.11), cannot depend on c*:

aI Va,

dck
[This is of course fulfilled in the solution (5.17).] Therefore,
the term containing (5.18} in the sum (5.15) vanishes. As a
result the quantity B, ., contains only V, ., with

1<ngN — 1.
Given ¥, ., for 1<n<N — 1, we may construct a par-

tial sum of the series (5.1):

=0. (5.18)

N—1
Sy 1 =Zlp)+ 3 Vapa ¢c™, N2

n=1

(5.19)

By direct computation we find
— %(SN__ I’SN— ]) _— e ‘OVa,cal
N—1
+ z [Bct"...al — '{)Van'"a. ]cal,”can
n=2

AN~ 1)

+ ";N B, .q ™. (5.20)

Since, by assumption, the functions V., entering the partial
sum (5.19), satisfy relations (5.12)—(5.13), we have

— Sy 158w 1) = Byyg ™ o[V ). (5:21)
Let us now use the cyclic identity (4.9),

((Sy—15Sx—1)Sn_1)=0. (5.22)
Note that by assumption,

gh(Sy_,)=0. (5.23)
Therefore,

ﬂ‘i"—_' = o), ﬁu = 0(c?). (5.24)

dp? dcy

Inserting (5.21) and (5.19) into (5.22) and using (5.24), we
obtain

B

Q-

Hence identity (5.16).

cenc™ +o(c¥ 1) =0. (5.25)
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(3) The operator {2, defined in (5.14), contains the first-
order function ¥, whose existence is proved already. Using
equation (5.12) for this function, we find that the operator 2
is nilpotent

2?=0. (5.26)

Since (B®™),,.,, contains only V, , with
1<n<N — 1, relation (5.13) becomes a linear inhomogen-
eous equation for the N th-order function V, .., . Applying
the operator {2 to this equation and using(5.26) we prove that
identity (5.16) is necessary for the existence of a solution.

To prove that identity (5.16) is sufficient for the exis-
tence of a solution, consider a function B (g,¢ *,c*), which is
regular in some neighborhood of the point

p=@u» @*=0, c*=0, (5.27)
satisfies the equation

2B (p,p *,c*) =0, (5.28)
and vanishes on the surface

pel, ¢*=0, c*=0, (5.29)

where 3 is the stationary orbit (see Sec. II). We shall prove
that any such B (@,p *,c*) has the form

Blp,p*.c*) = 2Vip,p *c*), (5.30)

where V (g, *,c*) is a regular function, for which we shall
obtain an explicit representation.

To solve Eq. (5.28), rewrite expression (5.14) for the op-
erator {2 as
=7 GFTT

d
1 + ya
op % Ip%

where ¥, and %, are the subsets from Postulate 2. This
defines the division of the set of variables ¢} into two subsets

(5.31)

pr=liel) (5.32)
For the subset @¢* the following condition is true:
a,¥,
rank —2 =m. (5.33)
a¢): ¢ =®o

The proof uses relations (5.10)—(5.12) and exactly repeats the
proof of condition (2.29) in Sec. I1.

Due to condition (5.33) we may introduce ¥V, as inde-
pendent variables instead of ¢* in Eq. (5.28). Simultaneously
we shall introduce the reparametrization (2.14) of the field
¢". Thus we make the following replacement of variables in

Eq. (5.28):
(@ *c*) =@ @ " 5.0 2. ck)

— L@ P AV o8 (5.34)
Introducing the collective notation
Gi = (JA’Va)’ Pi = (¢:,C:), (5.35)

we find that operator {2 and Eq. (5.28) in the new variables
take the form [the derivation uses relation (5.12}]

o
N=G, —, 5.36
aP, (5.36)
G 9 B(GPg =0 5.37
taP bl ,¢7 ==Y ( . )

H
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where

B(G,P,p “)=B (p,p *.c*). (5.38)
Note, that
€(G,) = €P,) + 1. (5.39)

From the conditions imposed upon B (p,p *,c*) it fol-
lows that the function B (G,P,¢ ) is regular near the surface

G=0, P=0 (5.40)

and vanishes on this surface. Thus B (GPo ") satisfies all the
conditions of the lemma proved in Appendix A. Hence,

- , 3, a,
B(GPg %)= |G, — || P«
aP, 3G,

1
x f B(xGaPp ™) . (5.41)
0 X
This gives us representation (5.30) with
3 (M~ ,
Vg *.c*) = P, — f B(xGxPg'? ax (5.42)
aGk 0 X

Now we must identify B (p,p *,c*) with the quantity
(B )apa, and V(p,p *,c*) with the N th-order function

Vey-a,- For this purpose consider expression (5.15). If all
Vaars 1<n<N — 1, entering this expression are regular

functions of  and finite polynomials in ¢*,c* with the ghost
numbers (5.11), then B, ., is also a regular function of ¢
and a finite polynomial in ¢*,c* with the ghost number

gh(B, . )= —N+1, N>2 (5.43)
By virtue of (5.43), B, ., vanishes when ¢* =c*=0. In
particular, it vanishes on the surface (5.29). Finally, the sym-
metrized B, ., satisifes Eq. (5.28). Therefore, representa-
tion (5.30) is valid for
Blpg*.c*) = (B¥)g,.q,- (5.44)
Thus we proved that there exists a N th-order function
Vipgp*c*) =V, (5.45)

which satisfies Eq. (5.13). Let us prove that this function
satisfies all the other requirements of the theorem. For this
purpose consider representation (5.42) for quantities (5.45)
and (5.44). From this representation we conclude that ¥V, .,
has the symmetry of (B*™),, ., . Hence, property (5.9). We
also conclude that

Nl Y

€Vapa,) = €Bop.a,) + 1, (5.46)
because
3
P, =1 5.47
6( k aGk) (547)

If the lower-order functions ¥V, _,, 1<n<N — 1, possess
property (5.8), then from (5.15)

= i(eai+1)+1.

i=1
Hence, property (5.8) for n = N.
To trace conservation of the ghost number, note that
replacement (5.34) is linear in antifields, and replacement

G—xG, P—xP (5.49)

€(B

Qpreeexy )

(5.48)
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is equivalent to

c*—xc*,

J@)=xJ (@) (5.50)

Therefore, if B (p,@ *,c*)is a finite polynomial in ¢*,c* witha
conserved ghost number, then the integral in (5.42)is also a
finite polynomial in ¢*,c* with the same ghost number. Not-
ing that operator P, d/dG, preserves polynomiality in
@*,c*, and

@ *_>x¢ *’

a
h | P, = —1, 5.51
o (P 5o-) (5.51)
we conclude from (5.42) that
gh(V,,..q,) =ghiB,,.,) — 1. (5.52)

Together with (5.43) this proves property (5.11) of the N th-
order function.

Finally, from representation (5.42) we conclude that
Vaya, 18 aregular function of @ since B, ., , constructed of
the lower-order functions, possesses this property. This
completes the proof of the theorem.

VI. ON TRANSFORMATIONS OF THE BASIS OF GAUGE
ALGEBRA

A solution of the master equation, satisfying the re-
quirements of the above theorem, is not unique. Indeed, giv-
en the functions Ve, of the first N — 1 orders, we have the
linear inhomogeneous equation (5.13) for the N th-order
function. Let ¥, ., and ¥, ., be two solutions of this
equation. Then their difference satisfies the corresponding

homogeneous equation:
RV, qp— Vapgea,) =0 (6.1)
This is just Eq. (5.28). Moreover, the difference V.. — V..

satisfies all the conditions imposed on B (p,p *,c*) in (5.28).
Hence, we find the general solution

Ve, = Vayoa, = X, - (6.2)
Here X,, .., is aregular function of @ and a finite polynomial

in @*,c*, possessing the properties

X, = X )0y (6.3)
W)= 3 (€0 + 1)+ 1, (6.4
ghiX, ,)=—N—1. (6.5)

At N = 1 one must also require (5.10) for both ¥, and 7,,.
Otherwise X, ., is arbitrary.

Thus, given the gauge action % (@), the first-order func-
tion ¥, is defined up to a transformation (6.2) at N = 1. The
second-order function ¥, , possesses the extra arbitrariness
in a transformation (6.2) at N = 2, and so on. The total arbi-
trariness of a solution is described by a set of functions

(6.6)

possessing the above properties. Such a set is equivalent to
one fermion function of all variables:

(Xetyoa, [P0 *0%); 1<n < 0}

Flpep*et)= 3 X,.qcmc™, (6.7)
n=1

which can be used as generator of a canonical transforma-
tion in the space of fields and antifields.'*'S It can be shown
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that such a canonical transformation of S (@,c;p *,c*)is equi-
valent to the sequence of transformations (6.2). Thus a solu-
tion of the master equation, possessing the required proper-
ties, is unique up to a smooth canonical transformation
preserving the boundary conditions (5.2}, (5.3), and the ghost
number of §.!2

The structure functions of gauge algebra are the coeffi-
cients of expansion of V. (@, *,c*) in powers of g*,c*. A
transformation (6.2) of V.. (or a canonical transformation of
S')is equivalent to some transformation of the structure func-
tions. This transformation may be regarded as a change of
the basis of gauge algebra. In particular, transformation (6.2)
at N = 1 is equivalent to the following change of the basis of
generators:

. 3V, ’
R.lp)=

I"a
) 6.8
o (6.8)

3,7 (@)

Ri@)=Rplp)Abp)+ Kp). (6.9)

dp"
Here A £(p ) and K (g ) are regular functions, such that
rank AZ| _ =m, K¥= _K"(—1"% (6.10)

One can verify independently, that, given the gauge action
(@), the generators R /, (¢ ) are defined by Egs. (2.11)2.12)
up to a transformation (6.9).

In specific bases some structure functions may vanish,
and the structure relations of the algebra may look simpler.
We shall say that the basis is of rank s, if the functions ¥V,
of order # > s vanish. [In view of condition (5.10), rank can-
not be smaller than 1.]

The following simple theorem gives the possibility to
establish the rank of a basis, given its functions V... of the first
s orders.

Theorem: A given set of functions of the first s orders

Vi rays 1<n<s (6.11)
can be continued as the basis of rank s
Vooa, =0, n>s (6.12)

if and only if the functions (6.11)-6.12) satisfy s ““strong”
identities
(B¥™),, ..., =0, $+ 1<n<2s.

The proof is based on Eq. (5.20).

In Refs. 11 and 12 a proof has been given, that for any
gauge theory there exists a basis of rank 1, i.e., a basis in
which the gauge algebra is abelian. (See also Ref. 16.) Using
boldface for quantities in the abelian basis, we have

(6.13)

Sip.c;p *c*) = Zlp) + @ FRG(p )" (6.14)

and the master equation (S,S) = 0 is exhausted by relations
a,%
op'
IR gt (—1yes ORo ge g,
dp* dp*
The abelian generators R’, are connected with generators in

any other basis by a transformation (6.9), and all higher-
order structure functions in the abelian basis vanish.

R, =0, (6.15)

(6.16)
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The above result of Refs. 11 and 12 makes the fact of the
existence of a solution for .S obvious. What is not obvious, is
the existence of N th-order structure functions when the low-
er-order functions are given in an arbitrary basis. Just this is
proved in the present paper. In particular, we prove that for
generators in any basis the commutation relations are of the
form (3.19). In other words, the present existence theorem
guarantees that the most general form of structure relations
is obtained.

The significance of the general basis is connected with
the covariant-quantization conjecture in field theory.'” Ad-
ditional requirements, existing in field theory, such as local-
ity and Lorentz covariance, destroy the democracy of the
bases. It is supposed, that for a local and covariant gauge
action there exists a basis of the gauge algebra, in which all
structure functions are local and covariant. This is the first
part of the covariant-quantization conjecture. In the known
examples the local and covariant basis exists and is generally
nonabelian and open.®*>'¥!% (On the other hand, examples
are unknown, where the rank of the local and covariant basis
would exceed 2.) Here a reservation is needed, however. In
the present paper the gauge albegra is constructed in the
irreducible basis [condition (2.12) or (5.10)]. There are, how-
ever, field-theoretic examples, in which a local, covariant,
and irreducible basis does not exist. The local and covariant
generators in these theories are linearly dependent. There-
fore, the construction of gauge algebra should be generalized
to include reducible bases. Such a generalization is done in
Refs. 13 and 14. The covariant-quantization conjecture
should be understood in the sense of this generalization.

The covariant-quantization conjecture concerns Feyn-
man rules for gauge theories. These rules are described by
the functional integral, containing the action S (®;® *) and a
measure.'? The measure ensures the independence of the
functional integral of the choice of the basis for.S (®;® *). The
problem is, however, that the measure cannot be completly
determined without an appeal to canonical quantization.'°
The conjecture, on which all methods of covariant quantiza-
tion (Refs. 6, 9-14,20,and 21} are based, is that if the local
basis is used for the construction of S (@;@ *), then the mea-
sure may be ignored."”

If we add the condition of locality to the postulates of
Sec. II, then .#(@) will become the action of a dynamical
system with first-class constraints. The Feynman rules for
such systems, obtained by canonical quantization, are well
known.'=?%2 To prove the above conjecture, we must com-
pare the phase-space and configuration-space descriptions.
For many examples such a comparison has been carried out
(Refs. 2,5,22,24,25). It is almost evident, that the algebra of
first-class constraints* generates a local basis of the Lagran-
gian gauge algebra. However, in the general case the detailed
correspondence between the two descriptions is not estab-
lished.

APPENDIX A: LEMMA

Here we shall prove the following lemma.
Let G; and P,, i = 1,...,n, be independent variables of
the opposite statistics
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€(G,) = €(P,) + 1.

Consider the equation

(A1)

3
G, — B(G,P)=0.
P,

H

(A2)

Lemma: Any solution of Eq. (A.2), which is regular
near the point G = P = 0 and vanishes at this point

B(0,0)=0, (A3)
can be represented as
9, g,
B(GP)= |G — || P,
aP, aG,
1
X f B(xGxP) ﬂc_ (A4)
o X

Proof: Operating with P, d,/3G, on Eq. (A2) and using
the identities

3, \? 3, )2
G, 2) =(p ) =, AS
( 'c?Pi) ( ' 9G, (&3
) (76) + (o) (935)
G, —}(p P G, —
('api * 3G, A\ 3G, P,
—G 2 4P (A
G, P,
one obtains
a9, a,)
G,—— +P,—-|B(GP
('aaﬁ'api (G.P)
9, 9,
= {6, =~)(p, B(G,P). (A7)
AP, 3G,
Replace here
G,—xG,, P,—xP,, (A8)

where x is a numerical parameter. This gives

x —;—B(xG,xP) = (G,- 5‘1’)—) (Pk aa’ )B(xG,xP).
X i k (A9)

Thus one obtains
B(G,P) = B (x,G,x,P)

3, 3, )
G.— || P
+( 'aP,-)( * 3G,

1
xf B(xG,xP)ﬂ, xy>0.
X0 X

(A10)

The existence of the limit x,—0 is guaranteed by the regular-
ity of B (G,P) and by condition (A3). Hence, representation
(A4).

APPENDIX B: CLASSIFICATION OF THEORIES WITH A
DEGENERATE HESSIAN OF THE ACTION

Here we shall show that the postulates, adopted in the
present paper, are the necessary conditions for the existence
of loop expansion in quantum theory. For this purpose we
shall consider theories which do not satisfy Postulate 2. Asa
preliminary we shall give one more (fifth already) equivalent
formulation of Postulate 2.
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Theorem: Postulate 2 is equivalent to the (local) exis-
tence of a regular reparametrization

P'ol64,64), (B1)
i=1..n A=1l.,n—m), p=1,.m;
rank L,B‘) =n, (B2)

P Y=o
such that in the new variables the action does not depend on
m field components

8,5

=0 (B3)
ag+
and satisfies the relation
3,0,%
k —— =n—m (B4)

an|
OE 196" o = g,
with respect to the remaining (n — m) components.
Proof: 1t is easy to derive Postulate 2 from the existence
of reparametrization (B1)-(B4). Indeed, from (B3) we have

3, (p)

Y Rilp)=0, (BS)
dg
where
; d.p'
Riip)= —" (B6)
Relations
rank R, | _, =m, €R)=¢ +¢, (B7)

follow from (B6) and (B2), and relation (2.13) follows from
(B4) and (B3).

It is not easy to derive the existence of reparametriza-
tion (B1)—(B4) from Postulate 2. This derivation is the main
result of Ref. 12. Note that expression (B6) defines the
Noether generators in the abelian basis (6.14).

Let us now justify our postulates. The possibility to ex-
pand the action at a stationary point

1 9,0, .
Plol=.% —_—r — oD — @)k
(@) (®o) + 2 090" |, (® — @ofl@ — @o)
1 4,9,0,.%

3! dp'ap ip™ g,

X (@ — @@ — @o (@ — @o)™ + - (BS)
is the necessary condition for the applicability of the stan-
dard loop technique. Hence, Postulate 1.

Consider next the Hessian of . at the stationary point.
Generally

a,8,~>
rank —— =n—m, (B9)
a¢ ! a¢ , Po
o<m<n (B10)
If m+#0, the Hessian has zero-eigenvalue eigenvectors
a,~ . .
i’-——— AT=0, A0 (B11)

dp ' dp’ g,

LetA/  a = 1,..., besuch a set of zero-eigenvalue eigen-
vectors, that any A’ from (B11) is a linear combination of
A4 Let

r=rank A,. (B12)
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Generally,
ogr<m. (B13)

The case r < m takes place if and only if there exist nonvan-
ishing zero-eigenvalue eigenvectors A/ which consist only of
noninvertible components.

There are only three different types of theories accord-
ing to the following classification. Consider a regular repara-
metrization in a neighborhood of ¢,

R Wk _
oi=ph+ 22| G-pof
ag*le
1 9,0, — ke =
—_——rrr — — B + . Bl4
235"35”0@ Po)" (@ — Po) (B14)

If m 0, we may try to choose the linear term of this replace-
ment so as to eliminate m variables (g — @,)° from the qua-
dratic term of (B8). This is equivalent to requiring
8,0, %
g’ dp’

3,¢p’
%o aia

=0,

0

(B15)
3,9’
g

0

rank

From (B11)-B13) we conclude that the elimination of m
variables from the quadratic term of the action is possible if
and only if » = m. If it is impossible to eliminate m variables
from the quadratic term of the action, we have a theory of the
first type.

If m variables (@ — @,)* do not enter the quadratic term.
of the action, we may try to eliminate them also from the
cubic term of the action by the choice of the quadratic term
of replacement (B14). This can be done if and only if the
three-point vertex in (B8) satisfies the constraint

3,0,8,~% :
T ALABAT (= et
a¢ta¢ka¢m 2

(B16)

€,=€(@*), rank AL =m.

If m variables (g — @) do not enter the quadratic and cubic
terms of the action, then we may try to eliminate them also
from the quartic term. This requires the fulfillment of a cer-
tain constraint for the four-point vertex, and so on. If it is
possible to eliminate m variables from the first N — 1 terms
of the action (B8) and impossible to eliminate them from the
N th term (N>3), we have a theory of the second type.

There remains the case when m variables can be com-
pletely eliminated from the action by a regular reparametri-
zation. In this case we have a theory of the third type. The
case m = 0 is the particular case of this type.

Theories of the first type are most unusual. The space of
solutions of their linearized equations has a nontrivial zero-
dimensional subspace. Theories of the second type are essen-
tially nonlinear at the stationary point. Theories of the third
type are normal theories with (n — m) field components and
a nondegenerate Hessian.

According to the theorem, formulated at the beginning
of this Appendix, Postulate 2 is equivalent to the condition
that the theory belongs to the third type.
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Because of the degeneration of the Hessian the standard
loop technique is evidently inapplicable to theories of the
first and second types. This leaves us with Postulate 2.

The following examples illustrate the above classifica-

tion:
(1) HLlp)=ap? ep)=0.

Here a is a boson parameter. If a is invertible, this is the
third-type theory with n — m = 1. If @ = 0, this is the third-
type theory with n — m = 0. If a is noninvertible and non-
zero, this is the theory of the first type.

2) Zp)=¢", elp)=0.
This is the theory of the second type.
(3) L@4.p) = W + de* + ¥ + T,
W) =€) =1, €l¢)=0.

Here 9,1, and @ are independent field variables, and 77,7 are
fermion parameters (sources). If 77 = 0, this is the normal
(third-type) gauge theory. If 7 #0, this is the theory of the
first type.

(4) S ¥:)= '/’1¢2'/’3§[’4,
eW)=1, i=1234.

Depending on the choice of the stationary point, this theory
is either essentially nonlinear {the second type) or belongs to
the first type.
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Massive scalar and spin } fields are considered on a two-dimensional space-time with constant
background curvature and in the presence of an external constant field. For each case, the Euler—
Heisenberg effective action and the pair creation rate and their dependence on both the curvature

and external field is determined exactly.

I. INTRODUCTION

One approach to the problem of gravitational quantum
field theory that has developed consists of treating the gravi-
tational field as a background external classical field in a
quadratic quantum Lagrangian giving the quantum fluctu-
ations about the background field.!” The object is then to
determine the dependence of the ground state energy on this
external field. Thus the essential problem that is being con-
sidered, which has a history going back to the work of Casi-
mir,> Euler and Heisenberg,* and Schwinger,’ is the evalua-
tion of the effective action and pair creation rate in an
external field. The solution to this problem, at least at a for-
mal level, is well known, as the quantum Lagrangian is qua-
dratic. That is, the effective action, etc. is given by the loga-
rithmic determinant of a second-order differential operator
depending on the external field.""*” In spite of this formal
solution, there are but a few examples for which the effective
action can be determined explicitly. In this paper we consid-
er a two-dimensional space-time on which there is a back-
ground metric defined and in addition we have an external
field acting. The spatial fluctuations of the background fields
are kept minimal by making those fields constant and the
space-time is such that the Wick-rotation trick may be em-
ployed. We determine the effective action and pair creation
rate and their exact dependence on two parameters, one for
the metric and the other for the external field.

Thus we consider here the problem of a massive scalar-
Klein—Gordon field and of a massive Fermi~Dirac field
which are on two-dimensional space-time with an external
background metric whose curvature is constant and the
fields are also in the presence of a constant external electro-
magnetic field (we will say what we mean by the term con-
stant later on). In each case we determine, exactly, the ex-
pressions for the Euler—Heisenberg effective action and for
the rate of pair creation.

The background space-time metric we have can be con-
sistently Wick-rotated®® and in fact is the Wick rotation of
the Riemannian metric of the Poincaré half-plane' (the hy-
perbolic plane) which has constant negative curvature.'! On

* Present address: Center for Nonlinear Studies, Los Alamas National Lab-

oratory, Los Alamos, New Mexico 87545.
® Laboratoire associe au CNRS.

9 Irish Department of Education postdoctoral fellow.
9 Present address.
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this Riemannian space, for the Klein~Gordon and Dirac
fields we need only consider elliptic differential operators to
compute the effective action, i.e., the logarithmic determi-
nant. We do this by obtaining the discrete and continuous
eigenspectra of these elliptic operators exactly and we reduce
the expression for the trace of the heat kernel and the zeta
function to a simple contour integral. Taking the Wick rota-
tion of this log determinant we obtain from the real and
imaginary parts the effective action and the rate of pair cre-
ation, respectively. The result of these computations are in
Eqgs. (4.6) and (4.9).

The paper has been organized as follows: In Sec. IT we
consider the Klein—Gordon and Dirac fields on the Poincaré
half-plane in the presence of a constant electromagnetic
field. In Sec. I1I we compute the effective action on this Rie-
mannian space. In Sec. IV we carry out the Wick rotation to
the two-dimensional space-time. Finally, the Appendix con-
tains details pertaining to Sec. HI.

Il. KLEIN-GORDON AND DIRAC OPERATORS ON THE
POINCARE HALF-PLANE

For any two-dimensional Riemannian manifold M we
may choose isothermal (or conformal) coordinates (x,,x,) so
that the metric takes the form

ds* = A (x,%,)%(dx? + dx3). (2.1)
The scalar curvature on M is given by

S= —,1—2(_32_ + & )1n/12. (2.2)

ax3 ax3

For the Poincaré half-plane the metric is given as

A (xx) =a/x,, x>0, (2.3)
in which case the curvature S is a negative constant

S= —2/d% (2.4)

An electromagnetic field is obtained on M by specifying
aone-form 4 = 4,(x,,x,)dx". The field strength is then given
by
04, 4,
Ix, Ix,
We are interested in a field strength which is constant on M

and by this we mean that B is given, up to a constant of
proportionality, by the volume form on M. Thus, in terms of

B=dd = ( )arx1 Adx,. 2.5)
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isothermal coordinates B is constant on M if, for some con-
stant k,

B = kA (x,,x,)%dx, Adx,. (2.6)

This field strength is obtained from the gauge field 4, in the
A, = 0 gauge, by

Ew (x1,%2) = KA (x1,%,)°. (2.7)
Xy
For the Poincaré half-plane we take
A=A4,dx,= — (b/x,)dx,, (2.8)

to get a constant field strength
= (b /x})dx, Adx, = (b /a*)A (x,,x,)* dx, ANdx,. (2.9)

In terms of isothermal coordinates, the Klein-Gordon
operator for a scalar particle of mass m in an external gauge
field 4 is

K= -4, +m (2.10)
where
4,=2703 403, D=L —id. @)

Now on the Poincaré half-plane using Eqs. (2.3) and (2.8) the
Klein—Gordon operator is given by Eq. (2.10) where

xi & ( a ib )2)
4,= — —_— 4+ =} }
4 ( ax? + dx, + X,

For a spin } particle of mass 7 in an external gauge field
A we have the following operator (with respect to isothermal
coordinates):

(2.12)

O, =T, +m, (2.13)
where
—1 1 3
D, =4 V(D,. + = Zma)) (2.14)
2 ox;
Here, {7',5*}] define a Clifford algebra
Y+l =25, (2.15)

We will find it more convenient to consider, instead of the
Dirac operator, the following operator:

O,= — D% +m’.

Moreover, the operator £% may be written

(2.16)

3 =(AA ~ 45— 4 —2(_"_

5 (n4) aix, (In 4 )))

+ 7‘.1’2(F —ey L na )D,.), 2.1
X
where
F=¢,D,D, = —i(a—“f- - -‘-’il-), (2.18)
Ix, dx,
and€; = — ¢, €;; = 1. For the Poincaré half-plane with 4
given by Eq. (2.8)
2 xl (32 ( a ib )2
= +l =+ =
4 ( ox3 c?xz + X,
+pp Ll 9 ) (2.19)

4x1 x; Ox,
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Ill. EVALUATION OF LOG DETERMINANTS

We now obtain the log determinant, on the Poincaré
half-plane, of the Klein—-Gordon operator and the Dirac op-
erator for scalar and spinor particles of mass » in a constant
external field. For the Dirac operator because of the charge
conjugation symmetry of its log determinant it follows that

Indet @, =1Indet®,. (3.1)

Thus we need only consider the elliptic operators %" and &,
in the Klein—Gordon and Dirac cases, respectively, and the
computation of the log determinant proceeds via the heat
kernel and zeta function. %’

A. The Klein-Gordon operator

The continuous and discrete eigenspectra of the opera-
tor %", given by Egs. (2.10) and (2.12), and denoted {w!9,

#“} and {w), $'9. ], respectively, are as follows: % ¢ "
= w''$, where
wd=m?+ (1 +b2++)/a* 0<v< w,
wil=m’+(+b>—(n+i—|b|PVa’,
n=0,1,., O<n<|b|—}, (3.2)
and the eigenfunctions are
¢ i lxixs) = a7 f vk, £ [b]; x1,%)),

+ kb>0, 0<v< 0,
¢ (x,x) =a I (kb |5 xpx,),
n=01,.., O0<n<|b|—1.

kb <0, (3.3)

Here the functions f and f, are given in the Appendix. The
eigenfunctions satisfy the following normalization condi-
tions:

-3 0 2
f f - dxy dxy el ¥, (x)
w0 J0 xl »
=5(‘V_ V')(S(k— kl),
) s (d) )
f f —dx,dx, ¢ L% X8 1), L (x1x0)
— xJ0 xl

= ‘Sn,n"s (k —k I): (34)

where all other inner products are zero. The heat kernel is
given by

H 5 (5% 1,%23%1 ,%3)

6] — 4
= dk Z e " @ hix1 x5 )6 ik (x x3)
kb <0 n=

+f dkf dve™** O berx2)d S xpxa).  (3.5)

However, we cannot compute the trace of H ;- directly, as
the volume of the Poincaré half-plane is infinite. Because
H 5 (5;%1,%2;%,,%,) is independent of (x,,x,) we may proceed
in the same way as for Euclidean space by factoring out the
volume. Thus we have (see the Appendix)
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Vo (8) = H 3 (5%1,%23%1,%5)

1 16— 4 _ o)
e N RIS

+ lf dvam(!I’(i +z'v—b)
T Jo 2

+ W(% +iv+b))e““"v"}, (3.6)
and letting
L, L, 2
a
V = f f _2 dxl dx2
—L,Je, .xl
the trace of H 5 may be written
Yo (8) = Vysr (o). (3.7)

A less cumbersome expression than Eq. (3.6) and (3.7) for the
trace of the heat kernel can be obtained by integrating over a
suitable contour in the complex v plane. Thus

Yorls) = fcdw (vl ==,

where
P V)= (V/4maA® (§ +iv—b) + ¥(} +iv+ b))
wv)=m*+ (] + b2 +V)/d?, (3.9)

and the contour C'is shown in Fig. 1(a). The zeta function for
J is given by the Mellin transform of Y - (s), i.e.,

(3.8)

@

2

Eale)=(I (z»-‘fdss’- Y]
Thus

;y(z)=fcdvpy<v)w(v)-z. (3.10)

However, this converges and defines an analytic function
only for Re z> 1. To obtain In det ¥~ we need to analytically
continue Eq. (3.10) to the origin. This may be done by isolat-
ing and removing from the integrand in Eq. (3.10) the terms

which diverge most as v— + . The integral in the expres-
sion for the zeta function

L w(o)l —z

Cor@) = [ v o )=+ -

. (3.11)

where C is as in Fig. 1(b) and

V) =px ) — (V206 V In, (3.12)

converges forRe z> — land{ ;- isnow analyticin a neigh-
borhood of the origin [see equation (A9) for the asymptotic
expansion for ¥]. Computing — ¢ % (0) gives [C the same as

for Eq. (3.11)]
Indet & = Ldv P Vinwlv) + %w(O)(l — In w(0)).
(3.13)

«©)

)

FIG. 1. The poles (denoted by O) in (a) and (b) are at { + b + n + })i and in (c) and (d) they are at ( + b + n)i, (+ b+ n + 1)i(n =0,1,...). There are branch
points (denoted by X)in (a) and (b) at + #/(§ + m?a® + b?) and in (c) and (d) at 4+ A/(m?a® + b ). The only other branch point is at the origin in (b) and (d).

(~— = — denotes a cut.)
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B. The Dirac operator

As a result of the comments at the beginning of this
section we consider the operator @, given by Egs. (2.16) and
(2.19) in order to compute the log determinant of the Dirac
operator @,. The continuous and discrete eigenspectra of ®,

denoted {999, ..} and {x5" Ly D1 k) ns0s Te-

spectively, are as follows: @,¢"), = y"yt),, where
X9 =m’+ (b2 ++))/a%, O0<v< o,
Y =m*+(b>—(n—|b|))a®, n=0,l,., (3.14)
O<n<|b|,
and the eigenfunctions are
Yo kX ,xs) = .07 f(Vk, & |b — a/2]3x1,x)),
+k{b—a/2)>0, O0<v< oo,
¢((fl)c(xvx2) = eq:la"'lfo(k,lb | + 4x1X5),
+56>0, kb<O0, |b]>0,
Parxxs) =e.a ™ fo_ugalk|b | Fa/2ix,x,),
+b>0, kb<0, n=12,., l<n<|b|. (3.15)

Here a takes the values + 1and — 1 and {e,, e_,} con-
sists of orthonormal constant eigenvectors of ¥'y*: ¥'¥’e
= +ie_ . The functions £, and f, are given in the Appen-
dix. The eigenfunctions satisfy the following normalization
conditions:

j f —dx, dx, Y L (XX YD 4 (X1,X5)
= ‘Sa,a' S(v — )bk — k'),
] 0 2
f J = dx, dx, '”:yk (xI’XZ)w;,)n’k’(xl)xZ)
— wJ0 x%
= 5a,a’ 5n,n’ 6(k - k ,):
-] o0 2
J‘ f :_2 doxy dx, Yo e W6 (x1,2)
— wJ0 1

=8k — k'), (3.16)

where all other inner products are zero. The heat kernel is
given by

H@,(S;xhxz;x;;xf)

= dk {e - o (xvxz)'//(d”(xl X3)
kb <0
18] s
+ zl 1e T e (ki x5)  (3.17)
a= + l,n=

o0 - -] _ (C’
+ dk| dv z e W
— @ a= 41
X 'ﬁ(zv,k (x 1“2)‘/&1',1: (x7,x3).

To compute the trace of H, we proceed in the same way as
for the Klein-Gordon case as we have that tr Hy
X (83 1,3 ;%1,X,) is independent of (x,,x,). We obtain
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Yez(s) =Vtr H@Js}xlrxz;xpxz)

VvV — sl bl — )
= ble ™ 412 b| —nje”*n
i 3 (161~ e

+ lf dvvIm(W(iv—b)+ liv—b+1)
mT Jo

+Wiv4 b+ 1)+ Piiv+ble ™} (3.18)
Again by going to the complex v plane we can write

Yo l5) = Ldv Po, (Ve XM,

where
po, V) = (V /4m°a) ¥ (iv — b) + ¥(iv — b+ 1)
+Wiv+ b+ 1)+ W(iv+ b)),
xv)=m?+(b? ++v)/d?, (3.20)

and the contour C is shown in Fig. 1(c). The zeta function of
@, is again given by the Mellin transform of Y, , i.e.,

$e,l2)= Ldv Po,Wlx(v) %

Convergence and analyticity of this function only occurs for
Re z> 1. Again we must analytically continue Eq. (3.21) to
the origin and this is done in the same way as was done for
Eq. (3.11). We obtain

(3.19)

(3.21)

()= [avio i+ - X0
c 27 z—1
where Cis as in Fig. 1(d) and
Pe,V) =po,v) — (V/ma%ilvInwv. (3.23)

Now { g, {z) is given by a convergent integral for Rez> — 1
and is analytic in a neighborhood of the origin. The log deter-
minant is given by — ¢ (0), i.e., [C as for Eq. (3.33)]

In det ©, = Ldv Po.¥)In y () + % ¥ (O)(1 —1In y (0).
(3.24)

IV. EFFECTIVE ACTION AND PAIR CREATION

We now compute the rate of pair creation and the effec-
tive action for the Klein—-Gordon and Dirac fields of mass m
in the presence of an external constant electromagnetic field
and on a two-dimensional space-time with line element

s? = (a®/t?)( — dt* 4 dx?), (4.1)

which has constant curvature. We do this by taking the com-
putations of the previous section, which were for the Rie-
mannian metric (2.1) and (2.3), and performing a Wick rota-
tion. This is possible for the above line element (4.1) as it
admits a smooth timelike vector field whose integral curves
have infinite proper length.®®

For our case, the Wick rotation is implemented by con-
sidering the following family of Riemannian metrics:

= (@/V})y dyi + dy3), r>O0. (4.2)
By a change of coordinates, x, = y'/%y,, x, = y,, the metric
(4.2) becomes
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FIG. 2. The poles in (b} and (c) are at + b + (» + })iand in (d) they areat + b + ni, + b+ (n + 1)i (n =0,1,...). In (b}, (c), and (d) the branch points are at 0,
j; z\/ A—m’a®—157);0, +ym%a*+ b —]); and 0, + y(m’a® + b?), respectively. The situation in (a) is identical to that of Fig. 1(b) except that in (a)

a” 4 b2 < 1. (The symbols used in this figure are the same as in Fig. 1.)

= (a’y/x})dx} + dx3). 4.3)

Making explicit the @ and & dependence of the Klein—Gor-
don, Dirac, and Dirac-squared operators as given by equa-
tions (2.10}2.12), (2.13), and (2.14), and (2.16) and (2.17),
respectively, by writing %" = ¥ (a,b), ®, = O,(a,b), and
@, = @,(a,b), then the Klein—-Gordon, Dirac, and Dirac-
squared operators for a field of mass m in the presence of the
electromagnetic field (2.8) and on the two-dimensional space
with metric (4.3) are ¥ (y"/%a, ¥"/?b), ©,(y'%a, ¥'/?b), and
©,(y"'%a, y"/?b), as can be readily checked. The correspond-
ing zeta functions § 5,112,125 (2), £ 0,024,512 (2) T€ a5 given
in the previous section with the replacement of (a,b) by
(}’1/20, ,},1/2b )

The next step is to consider is that of analytically con-
tinuing in the ¥ plane to ¥ = ¢~ %. The Klein-Gordon-
Dirac and Dirac-squared operators become operators with
respect to the space-time metric (4.1) denoted Fla,b),

®,(a,b), and O,a,b), respectively. The functions

& 5707612y G0,1417204117)(2) are analytically continued irll

Y e O 2
Erranle) = o] TIZOL

V ~0 1—z 2 (m*a®+ 5% — 1/4) .
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the ¥ plane to ¥ = ¢”~% while maintaining analyticity in a
neighborhood of the origin in the z plane. The resulting ex-
pressions we take to be the zeta functions for Fa, b) and
©,(a,b)denoted & #a)2)and $p,, 5 (2), respectively. For the
logarithmic determinants In det F (@,b), In det ®,(a,b ), we
compute — (d /dz)§ ,)(0), — (d/dz)0e.;)(0) and then
In det ©,(a,b) =} In det @,(a,b). The real and imaginary
parts of the logarithmic determinant give the Euler—Heisen-
berg effective action and the rate of pair creation, respective-
ly.
A. The Klein-Gordon operator

Substituting a—%'/%a, b—y'/?b in equations (3.9),
(3.11), and (3.12) for the z-analytically continued zeta func-
tion we consider its analytic continuation to ¥ = " =% in
the ¥ plane. The analytic structure and the contour of inte-
gration C in the z-plane gets deformed from the situation as
shown in Fig. 2(a) to that of Fig. 2(b) when } > 2 + m?%®and
from Fig. 1(b) to Fig. 2(c) when 1<b 2 + m’a”. The zeta func-
tion { 7, 5 (2) S0 obtained may be wuritten in the form

2 f vdvm(v)lw(v)|—=], 1>b% + ma?,
0

v dv 1, ()|b)] -z],

(4.4)

esz
(m?a® + b2 — 174)
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where
1,0 =Im(¥ (v +b)+ )+ ¥lilv—>b)+4)—m
wv)=m*+ (b> -1 —V)/d>. (4.5)
The real and imaginary parts of the logarithmic determinant
are as follows:
Re(ln det F(a,b))
= (V /473 F 7|@(0)|(1 — In|(0)))

— —a% J:ov dv qb(v)ln]ﬂ)(VH],

+ (1 — (6% + m?a*)>0,
Im(ln det % (a,b)

- % [ — m|@(O0)| + %vadv vb(V)},

1>b%+ m’d,
__V_ * 2 2.2
= Py vdv n,(v), 1<b? + m?a.
mq b* - 1/4]
a1 (4.6)

B. The Dirac operator

Substituting a—'/%a, b—y'/2b in Eq. (3.20), (3.22), and
(3.23) we again consider the analytic continuation to
y = &~ %, The analytic structure and contour of integra-
tion in the z plane gets deformed from the situation in Fig.
1(d) to that in Fig. 2(d) (the contour in the latter figure cir-
cumvents the poles which come to lie on the real-z axis). The
zeta function so obtained is

7|¥(0)]! ~*
z—1

V
$oyas) (z)= 5;2' {
ezm' ©

a® N ey
1 (m?’a”+ b7 .
- FP vy u,(v) x| _’], (4.7)
0

where P denotes the Cauchy principal value of the improper
integral and where

W) =m?+ (b* —*/a?,
L) =Im(W(i(v+b))+ ¥(i(v—>b)+ v+ b)+ 1)

vavp,(v)x()| ~*

+ Wiy —b)+ 1)) — 2m. (4.8)

The real and imaginary parts of the logarithmic determinant
are as follows [In det @,(a,b) = In det @,(a,b )]:
Re(ln det @,(a,b))

= 7420011 ~ I 7 0))

— a_lzP'[)wvdv,ub(V)ln I)E(V)l]’

Im(In det @,(a,b )
V o0

= d vdvu,v).
A" N+ 59

(4.9)
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APPENDIX: DEFINITION AND PROPERTIES OF THE
FUNCTIONS fAND 7,

The functions £ and f,, which were used in the text to
give the eigenfunctions of the Klein—-Gordon and Dirac op-
erators, are now defined and some of their properties are
discussed.

We take f to be the following function:

SkBix,,x))
_{ vsinh 27v /2
B ( 4k | )
X Wi (2K |x4), (A1)

where I"(-) denotes the gamma function and W,_(-) denotes
the solution of the Whittaker equation, i.e.,

e~ kx:

Ir'iiv—p+1)

[d_2 +(—L+£+-‘{——M—)]Wm(z)=o, (A2)

dz? 4 z z

which can be expressed in terms of the confluent hypergeo-
metric function

ala + 1)

a
Miabz)=1+ 72-{— b6+ 1) 224
in the following way:
Wﬁ,,;, (Z) — zl/2e—-z/2
I"(2u) “EM(L —pg —B1 — 2u:
P gy M~ =B~ 2
EA k. NP VO —ﬁ1+2-Z]. A3
il g P Mk =Bl W2 (A3
We take f, to be the following function:
JulkBix1,x,)
=( n(28—2n—1) )me_.»kx,e_lklx.
4r|k | (2B — n)

X (2|k x,P "L 322" N2k |x,), (A4)
with £>0 and # is an integer such that 0<n<fB — 1. Here
LAz =(Cn+a+ 1)/(nCia+ Y))M(—na+ 1z de-
notes the associated Laguerre polynomial of degree n.'?

It follows by the properties of W, .(-) and L "(:) that the
functions fand f, satisfy the following eigenvalue problems:

, d f(v’kﬁ}xl’xz) _ [kf(v9kﬂ;xl’x2)’

Yox, UskBxix) T kS, (kBx ),
a2 F o KB\ kB
x‘(a% T ) - (kBix1,%)

_ [( % + Vz) +f(V’k»ﬁ;x1rx2)y 0<v < o0,
(1—(B—n—3P)filkBx1xs), O<n—14.
Moreover, the multiplicative constants in fand £, have been

chosen in such a way that the following normalization condi-
tions hold:

® (=1
f L —dx, dx, fHk B ) [V B
— 1

(AS5)

=8 — )8k — k'),
f_:f: 'XIT dx, dx, [R(kBx1,%5) foe (K ' Bi% %)
=0, 0k — k') A6)
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(the inner product of fand f,, being zero).
We have the following integral identities involving the

functions W,_(-) and L (-)"*

J dze (L9 =T {a+n+ 1)/n!
(4]
= af dz e 2%~ YL Pz)?,
0

= ,
J; dz;(WB,“(z))

ﬂ’(W(é-}-,u—B)—W(i—ﬂ“‘B)) , (A7)
sinmu)C (3 +p — B} —p —B)

where ¥ (z) = (d /dz)In I' (z). From these we obtain for fand
S

[Careirmrsx it = Lvim ey +iv—p)

f:d IV (el =~ = — ). (A8)

Finally, by making use of the asymptotic expansion of
the ¥ function'? '

&I/(z)=lnz—l—L !
2z

_ A9
122 + 120z* (A9)

+ e,
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as |z|— w0, |Arg z| <7 we have

Im(¥(} +iv—B)+¥A+iv+B)=7+0(Wr3),
(A10)

as v— oo . Equation (A10) is used in the computation of the
analytic continuation of the zeta function.
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The concept of homogeneity for a gauge field is introduced as an appropriate geometrical
interpretation of the symmetric properties of the gauge field relative to a group of space-time
transformations. It is more general than the formulation in terms of an invariant connection, as
illustrated by an example on translational symmetries. Sufficient conditions are given for
invariance to be equivalent to homogeneity. Both finite and infinitesimal symmetries are treated.

I. INTRODUCTION

The main application of results describing symmetric
gauge fields has been to find in a systematic way, solutions of
the Yang-Mills equations.

In recent years, a general definition of an infinitesimal
space-time symmetry for gauge fields was proposed by Berg-
mann and Flaherty.' Forgacs and Manton? extended the de-
finition to include several symmetries. Meanwhile Harnad,
Vinet, and Shnider? considered a group of finite symmetries
that are transformations of space-time, and concluded that
the geometric representation of a symmetric gauge field
should be an invariant connection. There are other papers*™®
which deal with space-time symmetries in gauge theories. In
all these, the same assumptions are made to formulate the
definition. In this paper, weaker assumptions are made and
the resulting symmetry condition is termed “homogeneity”
as in Brown and Weisberger,” where a special group of sym-
metries is treated from the following point of view.

Let M be a space-time manifold on which a (Lie) group
H acts smoothly and P, a principal G-bundle on M. A gauge
field on M (with gauge group G ) is defined by a connection
form w on P. The field is said to be homogeneous (of class C¥)
relative to H if the action of H on M lifts to a map

L:H XP—P
(of class C*) such that for each 4 in H, the map L (% ) defined
by L (h) {p) = L (h,p), is an automorphism of w covering A.

This approach is more general than those described ear-
lier because the map L is not required to define an action on
P. An extended example considered here, where H is the
group of all translations on R™, clearly illustrates the need
for such a generalization. The symmetries defined above are
finite. Since infinitesimal symmetries are more widely used
in the literature, a corresponding definition is also given.

Notations and general definitions are given in Sec. II,
while homogeneity itself is discussed in Sec. III. It is shown
there that in a large class of important cases, homogeneity is
equivalent to the invariance of the connection. However, in
Sec. IV, a detailed example of translational symmetries,
shows the difference between the two kinds of symmetry
requirements.

In Sec. V, a corresponding definition of homogeneity is
given for infinitesimal symmetries. Again this is contrasted
with definitions in existing literature and shown to be more
general. The concluding remarks (Sec. VI) show the need for
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this more general definition of symmetry for gauge fields
particularly in application to the well-known case of the elec-
tromagnetic field. Other areas of study of homogeneous
gauge fields are mentioned.

Il. NOTATIONS AND DEFINITIONS

Let M denote an m-dimensional smooth manifold, G a
Lie group, 7: P—M a principal G-bundle, Aut(P), the group
of all automorphisms of P (which are bundle maps), and w, a
connection form on P.

Each element of Aut(P) which covers the identity map
on M is called a gauge transformation. If fis a gauge trans-
formation, then there is a smooth map

g: PP
such that

f(p) = pglp) (2.1)

for all p in P.

A gauge field with gauge group G on M is represented®
by a connection form @ on a principal G-bundle P over M.

Let H be a Lie group which acts on M from the left.
Then each element # of H can be considered as a diffeomor-
phismof M. Consequently L (4 )isanelement of Aut(P ) which
covers A.

Other standard notations and results in the theory of
connections (e.g., Kobayashi and Nomizu®) will be used in
the sequel. Specifically, £2 is the curvature form associated
with the connection form @, & is the canonical 1-formon G, o
is a (local) cross section of P, A = o*w is a gauge potential,
and F = o*{2is the field strength of the gauge field relative to
the potential 4.

lil. FINITE SYMMETRIES AND HOMOGENEITY

Let 7:P—M be a given principal G-bundle over M and w
a connection form on P. A finite gauge symmetry of w is a
gauge transformation

[ P—P
satisfying
S[*o =o. (3.1)

Equation (3.1) may also be written in the form
o =adlg” Yo + g*b, (3.2)
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where g is as defined in Eq. (2.1) and 8 1is the canonical 1-form
on G.

Lemma 3.1: Suppose f'is a gauge symmetry of w. Then
g(p), as defined in Eq. (2.1), commutes with every element of
the holonomy group of @ at p.

Proof: Let k be any element of the holonomy group at p.
Then there is a smooth horizontal curve v, with 0<z< 1, such
that

vo=p and v, =pk

Since f preserves the connection, the curve f(v,) is also
horizontal.
Following Kobayashi and Nomizu® (p. 69), let

u, =f{v,)=va,
where
a, =g,) [cf. Eq.(2.1)]
Differentiation with respect to ¢ yields
u, =va, +va,.
Since &, and b, are horizontal, the application of @ to the

former gives the following result:
0= ﬂ)(ﬂ,) = ad(a, ~_I)C‘)(i]z) +a- ! a,=a; ! a,.
It follows then that

a,=0 andso a, =g({p) forall t.
At = 1, this gives
u; = f(v1) = v,a, = pkg(p),

because

a, = g(p)-
On the other hand, we have

u, =f(pk) =f(p)k = pglp)k.
So, glp) commutes with k. u

The concept of a space-time symmetry for gauge fields
is perhaps more appropriately applied when the base space is
the four-dimensional space-time manifold. However, the
term is used more generally on any smooth manifold M. So,
suppose 4 is a diffeomorphism of M. Then 4 is said to be a
finite space-time symmetry of  if the equation

LhPo=o
holds with L (#) an element of Aut(P) which covers 4. Ob-

serve that when L (4 ) and L,(h ) are two such maps, then the
map

L,(h)"'L,{h):P—P
is a finite gauge symmetry of w. Thus if » has nontrivial
gauge symmetries, there are several possible lifts of # which
fix .

Now, suppose H is a Lie group which acts on M from
the left. The action of each / in H on an element x of M will
be denoted by 4 (x} as if 4 is a difftomorphism of M. The
gauge field defined by w will be said to be homogeneous (of
class C*) relative to H if the action of H on M lifts to a map

L:H X P—P (3.3a)
(of class C*) such that
(i) L (h,p) =L (h)(p), (3.3b)
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where L (4 ) is an element of Aut{P ) covering 4 and satisfying
Lh)o=w, (3.3c)
(ii) L (1,p) =p (3.3d)

for every p in P, with 1 representing the identity of H.
Condition (i) above merely expresses the requirement

that each # in H be a symmetry of @. When (i) holds, the

second equation (ii) can always be achieved by redefining L,
if necessary, to be K where

K (h,p)= L (1)7 L (h,p)).

Ifthe map L in Eq. (3.3) is smooth, the gauge field is said to be
smoothly homogeneous relative to H.

Harnad ef al.> who have defined finite space-time sym-
metries of gauge fields, require that L define a smooth action
of H on P. It will be shown that such a regularity condition
may be very restrictive (Sec. IV) and undesirable (see Sec. VI
also). If L is chosen to be a smooth action, then o will be said
to be invariant under H. Thus, an invariant gauge field is
necessarily homogeneous. The converse, while it does not
hold in general (Sec. IV), is valid with certain mild restric-
tions given in the following propositions.

Proposition 3. 1: Suppose G has adiscrete center and H is
connected. Let » define an irreducible connection which is
smoothly homogeneous relative to H. Then o is invariant
under H.

Proof: Since w is smoothly homogeneous, there is a
smooth map

L:H X PP
satisfying conditions (i) and {ii) of Eqgs. (3.3). We claim that L
is a smooth action of H on P. To prove this, the following
lemma is used.

Lemma 3.2: Under the hypotheses of Proposition 3.1,
the smooth map L of Egs. (3.3) satisfies the equation

Lh~Y=Lh)"' forall AinH.

Proof: For each p in P, the map from H to P defined by
Lk YL (h)pp)= L (h ~',L (h,p))issmooth. Hence, theequa-
tion

L(h~"\L(h)(p)=pgth)
holds for some smooth map g from H to G.

Since L (h ~')L (k) is a gauge symmetry of », g(h ) com-
mutes with each element of the holonomy group of @ at p
(Lemma 3.1). Since o is irreducible, this means that g{4 ) lies
in the center Z (G ) of G. Now, Z (G ) is closed in G, so

gH—Z(G)
is a smooth map. Since H is connected, g(1) = 1,and Z (G ) is
discrete, g(k ) = 1 for every h in H. Hence, the result follows.

Now, to complete the proof of Proposition 3.1, let k be
an element of H. Define K:H X P—P by

K (hp)=K (h )(p) = L (kh )L (h ~")L (k ~")(p)-
Then K is a smooth map and K (£ ) is a finite gauge symmetry
of . Hence, by an argument similar to the one used in the
proof of Lemma 3.2, K (k) is the identity map.

Therefore, L (kh )= L (k)L (h ), and this completes the
proof of Proposition 3.1. [ ]

Proposition 3.2: A gauge field is invariant under a one-
parameter group H of transformations of the space-time
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manifold if and only if the field is smoothly homogeneous
relative to H.

Proof: As stated before, invariance always implies
smooth homogeneity. Thus we need only prove the con-
verse.

Suppose the gauge field defined by @ is smoothly homo-
geneous relative to H. Without loss of generality, we may
assume that H is given by a smooth action of the group R of
real numbers on M,

h:R XM—M say,
where % (t,x) = h,(x) and A, is in H.

By definition of smooth homogeneity, there is a smooth
map

L:R X P—P
satisfying Eqgs. (3.3). Let X be the smooth vector field defined
on P by

¥=2L0)

dt

evaluatedat? = O, with L (¢ )(p) = L (#,p)by previous notation.

Since L (t)is an element of Aut(P), it follows that X is G-
invariant. Moreover, Ly w is a tensorial 1-form. Hence, Ly »
vanishes if and only if for every (local) cross section o of P,
o*Lyw)=0.

It is easy to show that

o¥(Lyw) =i F— Dy,
where ¢ = o*(@(X)), Dy = dyp + [4,¥], 4 = 0*w, and F is
the corresponding field strength. Equivalently,

o*Lyw)=LyA — DW,
where Wand yarerelatedby W = 4 (X ) + ¢and X = 7. (X).
So, L3 w vanishes if and only if for every local cross section o,

LyA=dW + [A,W |=DW (3.4)

for some W = A4 (X} + ¢, where ¢ is a (local) tensorial func-
tion.

Now let o:U—P be a cross section of P. Suppose x is an
element of U and ¢ is sufficiently close to 0 so that 4 (¢,x) is in
U, then

L (t,0x)) = 0'(h (t,x))T, (x)_l’
where T, (x) varies smoothly with 7 and T,(x) = 1 for all x in
U. Also, at x and for small enough ¢,

h*A=adT; )4)+T*,
where @ is the canonical 1-form on G. Hence, differentiation
at O gives the result

LyA=[A,W]+dW, (3.5)

where W= (dT,/dt) at t = 0. Differentiation of L (£,0(x))
aboveatt == Oand the application of w, showsthat 4 (X} + W
is a tensorial function. So, Lyw = 0.

Let K (2 ) be the one-parameter group of automorphisms
of P generated by the G-invariant vector field X, and %, the
diffeomorphism of M induced by K (¢). Then each X (¢) is an
automorphism of @ and

k., ,a7=7mK(t+5)
= 7K (t)K(s)
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This implies that &, is a one-parameter group of transforma-
tions which generate X. By the uniqueness of the flow of a
vector field and the condition after Eq. (3.3b), k, = A, for all
t. This shows that w is invariant under the action defined by
K (t,p) = K (t )(p)on P. Since this action covers 4, w isinvariant
under H. |

Before we consider an example of a homogeneous gauge
field with a view of contrasting homogeneity with invar-
iance, let us examine the implications of homogeneity on the
base manifold M. For simplicity, first assume that P has a
global section o.

Suppose that / is a diffeomorphism of M and that L () is
an element of Aut(P) covering 4. Relative to g, L (4 ) is then
completely determined by the smooth map

T,:M—G
defined by

L (h )(o{x)) = olh (x)) T, (x)~". (3.6)

The connection form @ is uniquely determined by the
gauge potential 4 = o*w. The corresponding field strength
is F = o*{2, where {2 is the curvature form.

IfL (h )*» = @, and hence A is a symmetry of w, then T},
is called a transformation function of A4 relative to the sym-
metry 4 (cf. Harnad et al.?).

It is clear that a necessary and sufficient condition for A
to be a symmetry of w is that

o*ow =o*(L {h)*w)
for some L (4 )in Aut(P) covering h. In view of Eq. (3.6), hisa

symmetry of  if and only if there is 2a smooth G-valued map
T, on M such that

A=ad(T,)h*4)+ T, '*0 (3.7)
or equivalently,

h*4 =ad(T ;7 ")A4)+ T¥6. (3.8)
[cf. Eq. (3.2)], where 8 is the canonical 1-form on G.

When Eq. (3.8) holds, it follows that

h*F=ad(T; ")F). (3.9)

Equation (3.8) merely states the fact that 4 and  *4 are
(3.10)

Suppose H is a Lie group of diffeomorphisms of M, and
@ is homogeneous relative to H. Let T, be a transformation
function of A4 relative to each 4 in H. Then T, is related to
T, and T, by

Thilx) = clh K )x) T, (x) T, (K (x)), (3.11)

where c(h,k )(x) may not be the identity element of G. How-
ever, if the transformation functions can be chosen such that
c=1, then we obtain an invariant connection.? In general,
such a choice may not be possible. This is shown in the next
section.

In case P is not a trivial bundle, we can get only local
cross sections o:U—P. Then Egs. (3.6)(3.8) are well defined
if A (U) is contained in U. Thus, a sufficient condition for
homogeneity relative to H, is that 2 have a trivialization

equivalent gauge potentials.
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consisting of open subsets on each of which H restricts to an
action. Moreover, Eq. (3.8) must hold on each open subset,
and the transformation functions must satisfy certain com-
patibility conditions (see Ref. 3). If 2 (U )isnot contained in U,
two different cross sections are necessary in Eq. (3.6). Then
T, depends on both L (4 ) and the cross sections used.

IV. HOMOGENEITY RELATIVE TO TRANSLATIONS

In this section, M is the space R™ and H = R™ acts by
translations on M. Thus there is a map

tH XM—M,

tixy) =y +x=t.(y) =1,(x).
Suppose w is a connection form on a trivial principal G-
bundle

r:P—M,
and
oM—P

isa global cross section. Let 4 = o*w and F = o*{2 (where £2
is the curvature form) be the gauge potential and its field
strength, respectively.

Proposition4.I: If o is smoothly homogeneous relative
to H, there is a choice of gauge such that the transformed
field strength has constant components relative to the natu-
ral coordinates of R™.

Remark: A choice of gauge means a choice of trivializa-
tion of P.

Proof: Let L:H X P—P be the smooth map which satis-
fied (i) and (ii) of Egs. (3.3). Define a map A from M to Pby

A )= L (y,0(0)) = oy) T, (0) ", (4.1)
where T, is the transformation function of 4 relative to y in
H [cf. Eqs (3.3} and (3.6)]. The map A is a global cross section
of P and hence defines a choice of gauge. _

Relative to this gauge, the transformed field strength
is

A*Q =} F, dx'\dx),
where the summation convention is adopted henceforth, and
1<i,j<m. Then F at x is given by

F, = ad(T,(0){F,) [from Eq. (4.1)]

= ad(T, (0))(z, *F ),
= ad(T(0))(ad(T.(0)~")(F o)) [from Eq.(3.9)]
= Fo. .

Proposition 4.2: If G is abelian, the converse of Proposi-
tion 4.1 holds.

Proof: Suppose F;; are elements of the Lie algebra of G
such that F,; = — F;; for 1<i,j<m. Let 4 be the gauge
potential whose field strength is

F=}F, dx'ANdx’.

Let B=B;dx’, where B,x)=}F,x. Then
dB = F = dA implies that B is gauge equivalent to 4. This
follows from the general fact that for abelian G and simply

connected M, any two gauge potentials are gauge equivalent
ifand only if they have the same field strength. Thus, to show
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that A is homogeneous, we may assume that A = B, in view
of thefact thatt ¥4 and¢}B are gauge equivalent for all y in
H [cf. line (3.10)].

Define L:H X PP such that

L (y,o(x)a) = olx + )T, (x)"'a forall ainG,
and

T, (x) = exp{} F;,y'x’). (4-2)
Then L is a smooth map such that

L{Op)=p forallpinP.
Moreover,

L (y)o{xja)=L (y,o{x)a)
defines L (y) as an element of Aut(P) which covers ¢z,

The following equation also holds:

(T, W0 =T,dT;'= — A,(y)dx".
The last expression is — 4, i.e., — 4 at the point y of M,
and so

(t3d), = A;(x + y)dx'
= A;(x)dx’ + A,(y)dx’
=A,+A,.
Thus, we have proved that
A, =(t34), — 4,,
ie.,
A=ad(T,)t¥4)+ T '*6,

noting that G is abelian and so ad(7,,) is the identity map.
Hence, by Eq. (3.7), each ¢, is a symmetry of 4. ‘W

Proposition 4.3: Suppose G is abelian. Then a connec-
tion is invariant under H if and only if it is flat.

Proof: Suppose w is invariant under H. Then the action
t:H XM—M

lifts to an action
L:H XP—P

such that L (y)*@ = o, where L (y)(p)=L (y,p).
Let p, be an element of 7~ '(0)C P, and

o{x) = L (x,p).
Then o is a global cross section of P, and

Lp,aix)) = L (n,L (x,po)) = Ly + x,po)
= o(x + ).

So, the corresponding transformation function
T,(x)=1,
and thus, by Eq. (3.7),

A=1t*4. (4.3)

This implies that d4 = 0, and so the connection is flat.
Conversely, if the connection is flat, then F =0. Let o be

any global cross section of Pand A = o*w. Then 4 is equiva-

lent to a gauge potential B with constant components, i.c.,
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B =t }B for all y in H. By changing the gauge, if necessary,
we may assume that 4 = B. Define L:H X P—P such that

L (y,o{x)a) = o(x +y)a forall ainG.

Then L is a smooth action of H on P covering ¢. Moreover,
L (y)lp)=L (y,p) defines L (y)

as an element of Aut(P) covering ¢, and
o*(L y)*w) = t,*(o*w) = o*w forall yin H.

This implies that

L{y)*» =w forallyin H. |

Remarks: Propositions 4.1 and 4.2 imply that for abe-
lian G, a gauge field is smoothly homogeneous relative to H if
and only if the field F has constant components relative to
the natural coordinates of R™. It is well known that F com-
pletely determines the connection when G is abelian. Thus,
invariance of the connection as a criterion for a gauge field to
have H as a group of space-time symmetries (as in Ref. 3)
may be rather restrictive, in view of Proposition 4.3.

Note that the converse to Proposition 4.1 does not hold
for arbitrary nonabelian groups. To see this, take G' to be
SU(2). The Lie algebra of G is isomorphic to R * with the cross
product as the multiplication. The adjoint action of G on its
Lie algebra corresponds to rotations in R 3.

Take F;(x) to be {0,0,0) except for

F;,(x) = (1,0,0) = — Fi5(x).
Let

Al(x) = (0,0,0),

A3(x) = (0,1’0)1
and

Al(x) = (O)xlpl)'

Then 4 = A, dx'is a gauge potential with field strength

F=1F, dx'Ndx’.
The connection defined by A is irreducible because the Lie
algebra of the infinitesimal holonomy group at o{x), which is
generated by F,; (x) and all its covariant derivatives at o(x)
contains the element F;; = (1,0,0) and

D,F;, = A3 X F3, = (0,0, — 1)

and hence all of R 3.

Suppose the gauge field were homogeneous relative to
H.ThenforeachyinH,t ¥4 would be gauge equivalent to 4
[line (3.10)]. So all vectors D, F; relative to ¢ ¥4, would be
obtainable from the corresponding ones relative to 4 by a
rotation r(x) which depends (smoothly} only on the points of
M, because these vectors are tensorial functions.,

Now D,F;, = (0,0, — 1) relative to all 7 ¥4. So, if the
assumption were true, #{x) would fix (0,0, — 1) and hence, by
linearity, fix the third coordinate of each point of R *. How-
ever,

D\Fi3=A4,XF;;=(0,— 1,x' + ')

relative to ¢ ¥4. So, the third coordinate is not fixed. This
contradiction shows that the converse to Proposition 4.1
fails in this case.
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V. INFINITESIMAL SYMMETRIES

Most of the space-time symmetries considered in the
literature!™® are infinitesimal instead of finite. In this section
we show how such symmetries result from the definitions in
Sec. III. First, we review gauge symmetries. There are two
equivalent ways of defining infinitesimal gauge symmetries.

Let » be a connection form on a principal G-bundle P
over M. A G-invariant vertical vector field X on P is said to
be an infinitesimal gauge symmetry of @ if Ly = O, where
Ly is the Lie derivative relative to X. It is a well-known fact
that such a condition holds if and only if there is a tensorial
function z,—b which is covariant constant, i.e., D@ = 0, where D
is the covariant differentiation relative to . The relation
between ¥ and X is given by ¢ = w(X ).

Let us now consider space-time symmetries. Suppose
that #:R X M—M is a smooth action of the group R of real
numbers on M, and X the vector field on M which generates
this action. Let & define a gauge field on M as before. From
the proof of Proposition 3.2 follows that w is smoothly ho-
mogeneous relative to 4 if and only if X lifts to a G-invariant
vector field X on P such that Ly = 0. In view of this, we
make the following definition.

A vector field X on M is called an infinitesimal space-
time symmetry of  if X lifts to a G-invariant vector field X
on P such that

Lzo =0.

In case 4 is a Lie algebra of vector fields on M, w is said to be
homogeneous relative to /£ if each element of 4 is a symmetry
of w.

Remarks: There is an obvious extension of the defini-
tions of symmetry to locally defined diffeomorphisms. Then
it follows also from the proof of Proposition 3.2 that X is a
symmetry of w if and only if @ is invariant relative to the flow
of X. Another equivalent condition is that Eq. (3.4) holds
locally on M. This latter condition is that adopted as the
definition of a (infinitesimal space-time) symmetry of a gauge
field in the literature.’-®

Let us write W = W and call it a symmetry function of
A relative to X, provided Eq. (3.4) holds. Then any other
symmetry function relative to X differs from W by an infin-
itesimal gauge symmetry. Observe that the linearity of Eq.
(3.4)in X and W implies that once a basis is chosen for #, the
symmetry functions may be chosen to be linear in X. Assum-
ing that this has been done, let W, be the symmetry function
of A relative to Y. Then, by evaluating L, LA, it can be
shown that

Lixy A=DXWy, — YWy + [Wx,Wy]),

ie,XWy — YW, + [ Wy, W] is asymmetry function of 4
relative to [X,Y] and hence differs from the preselected
u/[X,Y 1 by

CXY)= Wy, —XWy + YW, — [Wy,W,].

Now, by definition of homogeneity, each X'in 4 lifts to a
G-invariant vector field X such that L3 » vanishes. The map
which associated X with X, is, in general, not a Lie algebra
homomorphism. Thus C (X,Y ) measures obstruction to ob-
taining a lift of 4 to an infinitesimal action of 4 on the bundle
space P, preserving the connection.
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This obstruction C(X,Y) is assumed to be zero in the
literature.>® However, from the example of Sec. IV, it will be
shown that C may not vanish.

We showed when @ is smoothly homogeneous relative
to translation on R™, with P trivial, that the transformation
functions are given, in some gauge, by Eq. (4.2). From this we
deduce that the symmetry functions may then be given by

W,(x) = gt- T,(x)att=0.

=iF jyixj
[cf. Eq. (3.5)], where the subscript y is used in place of the
vector field whose components are the coordinates of .
By taking y = ¢, (the ith vector of the natural basis of
R™) one obtains W,(x)=W, =} F,,x’. Hence, the obstruc-
tion C is given by

C0,,0;)=3d,W, -, W,
=3F; —1F,;
=F,;
which, in general, is not identically equal to zero for all the
possible subscripts.
This example illustrates the fact that even for infinitesi-

mal space-time symmetries, homogeneity is more general
than the definition used in the literature.?

VI. CONCLUDING REMARKS

In this paper, we have defined homogeneity of a gauge
field, both for finite and infinitesimal (space-time) symme-
tries. The preceding discussion shows that the concept of
homogeneity is more general in its applications to the de-
scription of a gauge field with a prescribed group of space-
time symmetries than other notions in the existing literature.
Specifically, it has been shown that it is applicable to the case
where the gauge group is abelian. It is conceivable that for
nonabelian groups which have nondiscrete centers, the con-
cept may still be more useful and appropriate than the others
mentioned before.

The classical electromagnetic field is an example of an
abelian gauge field. It is completely determined by its field
strength, the components of which are those of the electric
and magnetic fields. It is therefore reasonable to consider
this field as having translational symmetries if and only if the
components are constant, a result which homogeneity gives,
but which invariance does not. The latter requires that these
components vanish, a condition which is obviously very
stringent for this symmetry.

In a subsequent paper, a study of the space of homogen-
eous Yang-Mills fields will be made using the techniques
and the results of Arms!'® who considered gauge symmetries
only. The latter symmetries are related to space-time sym-
metries in the following sense: A space-time symmetry is
given by any automorphism of the connection; whereas a
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gauge symmetry is an automorphism which covers the iden-
tity map of the base space M.

The classification of invariant connections when H acts
transitively on M (Wang’s theorem) is well known in math-
ematics.” Harnad et al.® have extended this classification to
the case of a “simple” action of H on M. The classification of
homogeneous gauge fields has been considered by
Westwater (see the Acknowledgment) and the author, and a
complete description for the transitive action has been
done.!!

Forgacs and Manton? have described a way of con-
structing fields with a given Lie algebra of {infinitesimal)
space-time symmetries. In their construction it is assumed
that there is no obstruction to lifting its action on the space-
time manifold to one on the bundie manifold such that it
fixes the connection. It is well known, in mathematics, that
such alift is not always possible. It would be too restrictive to
consider only those actions for which the lift is possible.
Thus, it would be interesting to examine the extension of
their results to the case of homogeneous fields. The extension
may be useful in the study of the space of (homogeneous)
Yang-Mills fields.
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The comultiplicator group and the nonassociated factor systems for the internal symmetry group
of parity (P), charge conjugation (C), and time reversal (T) operators have been obtained. It is
found that there are 16 nonassociated factor systems for this group. The basic invariants for all
irreducible corepresentations for these factor systems have been constructed.

I. INTRODUCTION

Elementary particles having strong interactions are de-
scribed' not only by the space-time Lorentz group symmetry
but also by the discrete symmetry elements of parity (P),
charge conjugation (C), and time reversal (T). Of these the T
operator is antilinear? in nature and this fact makes use of
Wigner’s corepresentation theory? obligatory®~ in the inves-
tigations of the internal symmetry of strongly interacting
particles.

Wigner showed®’ that intrinsic spin of particles can be
described on the basis of considerations of projective repre-
sentations of the Lorentz group belonging to different factor
systems. Thus, it appears that a complete description of in-
ternal properties of particles would require knowledge of all
the nonassociated factor systems. In the case of the Lorentz
group there are just two such factor systems. In this paper we
have constructed all the nonassociated factor systems of the
unitary—antiunitary (or magnetic) group generated by P, C,
and T. The procedure for this construction is already known
in literature.>*-'° We have also given the projective irreduci-
ble corepresentation matrices for the group elements.

In analyzing different physical properties the integrity
basis of invariants!'~'* forms an essential tool. Any invariant
of the group can be written as an algebraic function of these
integrity basis. In the last section we have obtained the integ-
rity basis for this group for all the inequivalent irreducible
projective corepresentations for the different factor systems.

Il.PROJECTIVE FACTOR SYSTEMS AND IRREDUCIBLE
COREPRESENTATIONS

The underlying linear symmetry group®!° M ' is defined
by the relation a} = a3 =a} =e¢, a,0; = a,a,, Vi,j = 1,2,3.
Here a, stands for P, a, for CT, and a, for T. The magnetic
group M (G ) has the linear part G = {a,,a,} generated by a,
and a,. Thus, M (G ) = GYGas. In the notation of Ref. 10, the
matrix group extension M is defined by the relations

A*=A=E, A,A*=J(3)E,
A A, =T (2,1)4,4,, AA¥=J(3,1)*4,4,, 1)
A AT =J(3,2)*4,4;, AF*=F'4,
where
F=J(2,1),J(3,1)%, J(3,2)*,
CD=DC, where C=4A4,,4,,J(2,1),J(3,1)*

and
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D=J(3),J(2,1),J(3,1)*, J(3,2)*
From these relations we get
J (2,12 = J(3,1})"‘2 =J(3,2)**=J(3 =E. (2)

Thecomultiplicator group K (M,G ), whichis the intersection
of the derived group [MM ] and the group J generated by the
elements J(2,1),J(3,1)*,J(3,2)*,J(3) turns out to be
KMG)=7={J{21),J(3,1)*, J(3,2)*,J(3)]. With the
definition of the factor system w(e, 5),

D(a)D (B) = w(a,B)**D(aB), VYVaBeM(G),
where
Al =4 if aeG,A4* if aeM(G)—-G. (3)

Here A is either a matrix or a scalar. We also have the follow-
ing relations for all a, B, y e M (G ):

o(aB)"wlaBy) = wl@proBy), and [@f) =1 (4)
Two factor systems w'(e,8 ) and w(a,f3 } are associated if there
are complex numbers c(c) of modulus unity such that

o'(aB)=*!
= o(a,B)lcla)cB)V/claB), YaLfeM(G). (5)
For the K (M,G ) obtained above we thus getw (a;,a;) = + 1,

wlaya,)= +1, wlase)*= +1, olgae)*= +1.

The projective irreducible representations of G corre-
sponding to the case w(a,,a,) = + 1 (in this caseitis actually
the vector representation) are 4 * to A *, all one dimensional
given in Table I, and that for the case w(a,,a,)= — 1,1is a
two-dimensional one 4 5 and is given in Table II. When we
want to build the irreducible projective corepresentation of
M (G ) we have the following three types.’

Type (a): 4 lu)=w(u,a;)*o(a;,a; " 'ua,)A “(a, " 'uas)* is
equivalent to 4 # for all u€G, i.e., 4 #(u) = P ~'4 #(u)P with

TABLE L Irreducible representations of G corresponding to the projective
factor system w{a,a,) = + 1.

Irreducible Irreducible Group elements
representation character e a, a, a-a,
a! w! 1 1 1
Az w? 1 1 —1 —1
43 w3 1 -1 1 -1
a* wt 1 -1 —1 1
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TABLE II. Irreducible representation of G corresponding to the projective factor system w(a,,a,) = — 1.

Irreducible Irreducible

Group elements

representation character e

a, a, aa,

4° (1 0)
0 1

75 ~

TR

PP* = + wlaj,a;)4#a?). In this case D*u)=A4"u),
VYueG, and D*a)= + wlaa;™!, a;) A*aa,~")P for all
aeM (G) — G. Thenecessary and sufficient condition for this
case to occur is

= 3 o@g¥ia’)=+|G|
aeM(G)— G
where W* is the character of 4 # and |G | is the order of the
group G. The conventions used here will be followed later
also.

Type (b): AFu)=P 'A*u)P, VueG, with
PP* = — w(a,,a;)A “(a;?). In this case
DHu) = (A ' 0 )
0 A*u)
and
D*(a)
0 — wlaa,™ ',a,)A *(aa; "\P
B (w(aa3_1,a3)A “aas P 0 )
and the necessary and sufficient criterionis € = — |G |.

Type (c): A #(u) is not equivalent to A #(u), i.e., =, ¥*(u)
X W#(yu)* = 0. In this case

and

0 wlaas)A ”(003))
wlaza; 'a)A “a; 'a)* 0
and the necessary and sufficient condition is € = 0.
Applying these well-known facts we get the following
result for the PCT group. When w(a,,a@,) = + 1, then for
either w(a,,a,)* or w(a;,a,)* equalling — 1, ¢ =0foralld #
and all the irreducible projective corepresentations are of
type (c) and are two dimensional. If, on the other hand,
olaya))* = wlasa,)* = + 1, then € = 4wlas,a,), and the
corepresentations are either of type (a) [i.e., one dimensional,
when w(a;,a;) = + 1, this being the case of vector corepre-
sentation] or of type (b) [i.e., two dimensional when
wlas,a;) = — 1]. When o(a,a,)= — 1, then for either
(a;,a,)* or ®(as,a,)* equalling + 1, € = 4wla,,a;) and the
irreducible projective corepresentations are either of type (a)
[i.e., two dimensional when w(a;a;) = + 1] or of type (b)
[i.e., four dimensional when w(a,,a;) = — 1]. If, on the other
hand, w(a;,a,)* = wlasa,)* = — 1, then € = — 4wla,, a,)
and the irreducible projective corepresentations are either of
type (b) [i.e., four dimensional when w(a;,a;) = + 1] or of
type (a) [i.e., two dimensional when w(a;.a;) = — 1]. We

D“‘”_"(a) = (
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summarize the resulting sixteen cases of projective factor
systems arising from the different combinations of values for
w(aa,), wla;,as), w(as,a,)*, olas,a,)* in Table II1. The corre-
sponding corepresentation matrices can of course be easily
constructed.

ill. INVARIANTS AND INTEGRITY BASIS

We now describe the method of obtaining the invariants
of a magnetic group M (G ) formed out of the bases u,’s form-
ing the uth irreducible corepresentation D “* with character
¥ “*belonging to the factor systemw(a,B ). Let u,,...,u, bethe
basis forming D #, so that the operation of the Wigner opera-
tor O,,, @ € M (G ), on the product basis u; ---u, will be given
by

g, = op w ®Da)],
O u; ~u;, =Y [& (@)@ ® DMa)];

Jreds

...jril...[)

f
s terms
U, U (6)

N s
Here the Kronecker direct product corepresentation
[D* - @D ]
Naet?™™ .
s terms

belongs to the factor system w(e,3 )°. An invariant of degree s
of the form

z Cil"'is uil ."uis
must then satisfy the linear equation
— [a ®, o,
C > Ci [D¥a)e~oD u(a)]jr"fpin"'is’J

jl"‘js - N

fr

s ter;s

VaeM (G). 7
Equation (7) will have, in general, more than one solution; in
fact the number of independent solutions will be equal to the
multiplicity of the identity corepresentation in the Kron-
ecker direct product corepresenation. If y ™" is the charac-
ter of this direct product corepresentation then the number
of independent solutions of Eq. (7) is evidently'®

2 ron
m ZGXK (u)9

where | M | is the order of the magnetic group M (G ). We can,
of course, simplify y " in a more tractible form. If we
break up sin s cycles v, + v, + - + v, =4, v, + -+ v,
=AgyeeV, = A, and v, +2v, 4 e Fsv, =4 + Ay + -
+ A, = s, then it turns out after a short combinatorial calcu-
lation that
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TABLE III. Sixteen types of projective factor systems and types of irreducible corepresentations, their dimensions, and the generic names of the bases.

Projective factor systems Irreducible Type of Dimension of Generic name
and different cases corepresentation corepresentation corepresentation of bases
o@B)? = +1, aBeM(G), D'toD*? Type (a) 1-D u;
Case 1.
0(a,a,) = 0(a5,a,)* = wla,a)* = + 1, D'toD* Type (b) 2-D Uiy
wlasa;) = — L.
Case 2.
olaya) = ola,a)* = + 1, D, Type (c) 2-D Uy, Uy
ola,a)* = —1, DG
wlas,a;) = + 1, Case 3.
wlay,a;) = — 1, Case 6.
0(a5a,) = olas,a)* = + 1, D3, Type (c) 2-D U,
olaya)* = —1, Dea
wlasa;) = + 1, Case 4.
wlas,a;) = — 1, Case 7.
olaya)= +1, DU, Type (c) 2-D uy,U,
olay,a,)* = olay,a)* = — 1, D&
wlas,a;) = + 1, Case 5.
wlas,a;) = — 1, Case 8.
o(aya,) = — L D3 Type (a) 2-D Uy,u,
las,a;) = wlas,a))* = olaya)* = + 1,
Case 9.
olaa)) = wlaya)* = — 1, D? Type (a) 2-D Uy,
o(ay,a;) = wlgya,)* = + 1,
Case 10.
olaya,) = olas,a)* = — 1, D3 Type (a) 2-D U,y
0(as,a;) = w{a;a,)* = + 1,
Case 11.
o@B)? = — 1, Va,feM(G), D Type (a) 2-D Uy,
Case 12.
w(a‘bal) = w(a;,a,)" = 0‘03,02)‘ = - ly DS TYPC (b) 4-D ulyuz,u;pu4
w(aara:&) =+1,
Case 13.
(85,a,) = wlasas) = — 1, D? Type (b) 4-D Uy lnlis,ly
ole;,a,)* = w(a;,a)* = + 1,
Case 14.
w(aZ!al) = ‘0(‘13703) = (‘)(‘1:;"12)“l = —1, D’ TYPe (b) 4-D Uyl lisly
wlasa)* = + 1,
Case 15.
0(d5,a,) = 0las,a;) = wlasa,)* = — 1, D3 Type (b) 4D Uyl lisslly
olay,a)* = +1,
Case 16.
oy = L sl IV. CONCLUSION
st oydles 1My, 1272yl ™y ! Finally we want to indicate an interesting result of our
11275 analysis. We know" the result of the operations of the PCT
1A T on the wavefunctions of the spin-} Dirac fermions.
(w0 (U ufolut ~ )™ group on the efunctions of the spin-} Dirac fe s

A U) Y @?) )

(8)
It should be noted that there would be no invariant of degree
s unless w(a,B) = 1, for Va,feM (G ). It is mentioned that
this result is true for all magnetic groups and not just for the
PCT group. Though all these invariants of degree s are lin-
early independent, some of them may be algebraically ex-
pressible with real coefficients in terms of the rest and those
of degree lower than s. The minimum number of them form
the integrity basis. In Table IV we give the invariants and
their integrity basis for all the projective factor systems of the
PCT group.

200 J. Math. Phys., Vol. 26, No. 1, January 1985

With a change of phase convention from that of Ref. 1, we

get

with

a,=P : Y(r—ins’¥(t, — 1),

a,=CT : ¥(t,r—inpNpcr V'V’ ¥(— 1),

@,8, = PCT : ¥ (tr—per VY'YV ¥(— 1, —T),
a,=T : ¥Y(trf— —incy' V¥ — t,r)*, (9a)
aa; =PT : W(t,l‘)——)ﬂPﬂT}/o)/l};W( —t—r)¥%,
aa;=C : W(t’r)_’”PﬂPCTﬂTVZW(tsr)*’
a,a,a;=PC : Y (t,r)—> — inpcr V'V ¥ (8, — )%,

7% = — 1, mjcr = 1, |77 |> = 1 and the Dirac matrices

7 in the standard representation
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TABLE IV. Invariants and integrity basis for invariants up to degree four for all the projective factor systems.

Different cases and
irreducible corepresentations

Invariants up to degree four

Integrity basis

Casel. D!

D* u=234
Case2. D*, u=123,4

Cases 3’ 6. D(l.ZD’ D(3.4)
Cases 4’ 7. D“‘”,A 24
Cases 5, 8. D“"’,D 2,3)

Cases 9-12. D®
Cases 13-16. D*

5L+ Juy, [— Jiuys 45
[+, [ = lid; ui;

Lt ut;

1; (“% + ug)’ i(u% - u% )’ Uy
(M? + u; )s I(u? - u; )’ u% ugv
(i u, — w13), ilu} uy + wud )y
L (@] + ), i — u3); b,
(U} + uf)ilu} — u3);

L (] + w3} uing, (uh + us);

L (ul + ) + 4} +u3),

i} +ui — ] — k), ilugus + wyug);

U] + U3 + u§ + ul),
iu} +uy —us — ),

(11 43 + U3 g — w03 — uu3),
{dus + w3y + w3 + uyuj),
(wiu} + wyul), (wiug +uiul),
(i + wiud)iuiu — uiul),

L0+ Juy, [ —Jiwg;

L ui;
L (6} + u3), i — u3),
fuyuy;

1 (0} + wd), i} — u);

Lt + ), uiud;

L (] + 4y + 45 +ud),

Hut + 1) —uj —u3),

Bty + ugug); uyuyusuy,

() + 43 + 45 + 1),

fuy +uy —us —ug),

(s + ujuy — uuy — uyuy),

3 3 3 3
fuyuy + wy g + uytey + uny);

2 2 2 2
(3 uatty + g3 Uy — W\ UG — UyU5 1),
sl 2 2 2
Huy Uty + W U3 Uy + U UG + UG U,);

=l 2 (2 0 e

This transformation corresponds to e(a,a,)= —1,
wlaya;) = — 1, wla;,a,)* = 1, 0l(a;,a,)* = — 1,i.e.,thetype
(b) four-dimensional case 15 of our analysis. Since any i-
integral spin field can be built up as an odd number direct
product of spin-1 field, all of them belong to the same factor
system. This factor system is just one of the 16 possible factor
systems. If we have the belief that fields must exist belonging
to all possible factor systems, as do in the case of the Lorentz
group, then it will be interesting to investigate these other
fields.

Note added in proof: Spin-zero bosons belong to the co-
representations D ' and D * of our case 1. Of these the scalar
bosons belong to D ' and the pseudoscalar bosons to D *.
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A twistor approach to Nahm’s equations
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It has been shown that Nahm’s equations T’ = T A T may be regarded as dimensionally reduced
self-duality conditions. Ward’s twistor method is applied to construct a holomorphic vector
bundle corresponding to each solution of these equations, and a simple expression for the
transition matrix is derived. Some elementary examples are given for which this procedure may be
explicitly reversed to generate solutions of Nahm’s equations from given transition matrices.

I. INTRODUCTION

The exact multimonopole solutions of nonabelian
gauge theories have received much attention in recent years,
and several methods have been applied to construct them.
The approach of Atiyah and Ward"? leads to a hierarchy of
Ansitze®* which suffice to generate all self-dual multimono-
poles; however, a set of transcendental constraints must be
applied to the parameters of the solution to ensure that it is
nonsingular. The method originally developed for instan-
tons by Atiyah, Drinfeld, Hitchin, and Manin (ADHM)*¢
and modified for the monopole case by Nahm’® leads auto-
matically to a nonsingular potential. However, it presup-
poses the solution of a set of nonlinear differential equations,
known as Nahm’s equations, for three matrices T (z). Using
the observation® that these equations are themselves the self-
duality equations for a one-dimensional field, we apply
Ward’s twistor method and find the “transition matrix”
(2.16) which acts as a kind of generating function for the
solutions T;(z).

It is well-known that a nonabelian gauge field may be
described geometrically by a connection on a certain vector
bundle. The gauge groups G which we shall consider here are
U(n) and its subgroups O(n), USp(n); in each case the corre-
sponding vector bundle is R* X E, where E is a vector space
of dimension 7 over C. In the ADHM construction>® for a
gauge field with k instantons on Euclidean four-space, the
curved connection 4,, is induced by embedding this bundle
in a flat bundle R* X ¥, where V has dimension # 4 2k over
C. The embedding v is described by a linear map v(x):E—V at
each point xeR*; the range of v(x) is the fiber of the subbundle
v(R*X E) at x. This procedure gives rise to a potential of the
form

4, (x) = v(x)' 3, v(x). (1.1)
Choosing bases for E and V, v(x) is represented by an
(n + 2k ) X n matrix whose columns form a basis for the sub-
bundle y(R*X E) at the point x. A different choice of this
basis gives rise to a potential differing only by a gauge trans-
formation. Let 4 (R*X E ') be the subbundle orthogonal to
v(R*X E ), so that E ' has dimension 2k. Then the embeddings
4, v are related by

4 (x)tv(x) = 0. (1.2)
Choosing bases for E’ and ¥V, 4 (x) is represented by an
(n + 2k ) X 2k matrix. In what follows we shall use the stan-
dard representation of quaternions by 2 X 2 matrices ¢, = 1,
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e; = —Io; (i =1,2,3); thus the quaternions have a natural
action upon C? and upon E' = C* X C2. Points of R* corre-
spond to quaternions via x = x*¢, . ADHM found® that the
k-instanton solutions can be derived from an embedding 4 of
the form

4 (x)=a + bx, (1.3)
where a, b are constant maps E '— V. Let the components of
u€E ' in some basis be denoted by u, (s = 1,2,....,k; 4 = 1,2),
and let those of veV be v? (r = 1,2,..,k; B’ = 1,2) and v,
(i = 1,2,...,n). It is possible to choose bases in such a way that
b2 = § * 574, then the equation v* 4 = 0 (cf. 1.2) becomes

vl (x2 18,5 + 2 @) + vPa = 0. (1.4)
It is easy to prove® that the connection 4,, is nonsingular if
A A is nonsingular; it is self~dual if this matrix commutes
with the quaternions, that is, if there exists a Hermitian ma-
trix H,° (x) such that

[4 (x)'4 (x)],5™ = H, (x)55". (1.5)

The self-dual instanton solutions constructed above are
localized in the coordinate x° as well as in x’; but a multi-
monopole solution is a self-dual gauge field independent of
x°. Such a solution may however be regarded as a limiting
case of a multiinstanton when k— oo (see Ref. 10). These
considerations led Nahm to modify the ADHM construc-
tion to treat monopoles.”® Now E ' and V are Hilbert spaces,
and 4 (x)isadifferential operator E '—¥suchthat4 T (x) hasa
kernel of finite dimension #.

Suppose we seek solutions for which the Higgs field 4,
takes the asymptotic form at spatial infinity, where r = |x|

. oy k; 1
i4 — 5”(21' _ _‘) o (___), 1.6
o 2r + 7 (1.6)
where the &, are integers and z;<z; ;. Let
I={ik; =0}, (1.7)
kiz)=Yk0(z;, —z), zeR. (1.8)

Then an element v of the Hilbert space ¥ has components
vP'(z), where r = 1,2,...,k (2), and 5;, where ic I. The equation
v'4 = 0in Nahm’s construction is a differential equation

ot () [x” 48,7 4 ieB AT T(z) — z‘diaB "’6,‘]
z
+ Yslai*8(z — z,) =0, (1.9)
el
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where the functions T'}(z) are yet to be determined. In fact
this equation has # linearly independent solutions (v, s7) at
each point x, and the connection 4,, is derived from them by
a formula analogous to (1.1):

A :j(x) = (v(”,s"7|8# [0 ,5), (1.10)
where
k(z)
(v,5lv,s) =f25}v’,"dz+2§ﬁsi (1.11)
r=1 iel

is the inner product of the Hilbert space V. The conditions
which ensure the nonsingularity and self-duality of the con-
nection A, are as before that the operator A 74 should be
nonsingular and commute with the quaternions. The former
statement is easily verified for the operator 4 of (1.9); the
second is true if and only if

THt= —Tm™ (1.12)
and

ar = ™TPT? 4 Za;"é(z -2z;), (1.13)

dz il

where

aiep = a'r!.ai’
that is,

atiel =al’ ai. (1.14)

The relations {1.13) are known as Nahm’s equations; between
the “jumping points” z; they take the form
aT" _ emmrrs,
dz

If the embeddings v(x) are normalized by v(x)' v(x) = 1, then
the formulas (1.1) and (1.10) automatically give rise to U(n)
potentials. By imposing suitable constraints on 4 as de-
scribed elsewhere® we may construct O(n) or USp(r) gauge
fields.

Il. THE TRANSITION MATRIX FOR NAHM'S EQUATIONS
In this section we shall consider in detail the equations
a1 _ (2.1)

dz
for the three k X k skew-Hermitian matrices 7. Let T, (x) be
aU(k ) gauge field dependent only on one variable, say x°, and
such that T, = 0. It is easy to see® that the corresponding
curvature is self-dual, that is,

(1.15)

ijkT}'Tk

o = € Fp (2.2)
if and only if the functions T, (x°) satisfy
aT, _ 1 2.3)

o = 25l DTl
But these equations are identical to Nahm’s equations (2.1)
with z relabeled as x°.

Now recall that to each self-dual connection there cor-
responds a certain holomorphic vector bundle via the fol-
lowing construction due to Ward."? Let T, (x) be analytical-
ly continued to C*, and the points of C* be represented in

quaternionic notation
—x° —ix‘)__(zy —E)
xo + l‘x3 - j’- *

i (xo_ix3
x=x"—ixo=|,
—ix

(2.4)

203 J. Math. Phys., Vol. 26, No. 1, January 1985

There are two classes of null planes in C*, which may be
distinguished by means of the skew-symmetric tensor
G =V*W" —W*V" (unique up to a factor) formed
from two independent vectors ¥, W in the plane. In one class
of null planes G*” is self-dual; in the other class it is anti-self-
dual. An anti-self-dual plane @ is described by an equation of
the form

(2.5)

where x is the quaternion of (2.4) and 7, @ are two-dimen-
sional complex column vectors and 7#0. Let us write
B =0,/ v =a/m, § = T/m,; in terms of these param-
eters the plane 8 is given by the equations

Vytzt=pn, y—z/=w. (2.6)
From (2.5) we see that the pairs (7,0), (7',0') describe the -
same plane if and only if 7' =A7, o' =Aw for some
A€C\ {0}. Thus the set of anti-self-dual null planes is the set
of equivalence classes of pairs (7,w) under this relation,
namely CP?>\ CP! (the deleted CP' consists of those pairs in
which 7 = 0). We give the set of planes the standard differen-
tiable structure of CP2. Since 7 #0 for each plane, the mani-
fold CP*\CP' can be covered by two coordinate patches
U, = {0 = (mw): m,7#0} and U, = {0 = (m,0): m,7#0}. The
standard coordinates in these regions are in U,

77'2/7’-1 = 1/;,
in U,

T/my =6, o/m =V, w,/m=p.

XT = 0w,

@,/ = p/8;

/T =",

2.7)

Let us choose a pointx, (6 )on each 8eU |, and a point x,(6 jon
each 6eU,. The restriction of a self-dual two form F,,, to an
anti-self-dual plane @ vanishes identically, so that the con-
nection 7, (x) is flat when restricted to 6. We may therefore
define a vector bundle over CP*\ CP' whose fiber at 8 con-
sists of all covariant constants on 8. To any covariant con-
stant f/ on the plane @ we may ascribe coordinates f(x,) if
BeU,, or f(x,) if 8eU,. If 6eU,nU, there are two sets of co-
ordinates for f, related by a transition matrix g(0 ):

Slxi) = g0 )f(x2), (2.8)
where
g(0) = Pexp f T, (el (2.9)

and the integration is performed along any path from x, to x,
in the plane 6. In principle, knowledge of g(8 ) is sufficient to
determine T, (x) up to a gauge transformation. For

gl@)=Pexp| T, dx" P expf 2TM dx*
=h{x¢)k(x,E)7Y (2.10)
where A is analytic for § #0 and k is analytic for § # co.
Liouville’s theorem implies that A,k are uniquely determined
byg(6 Juptotransformationsoftheformk (x,§ )k (x, ) ¥(x),
h (x,6 }—h {x,§) yix). But then for any vector V# tangent to
the plane € (x, ),
Ved,hxg)=hxE)W" T,(x)
(2.11)

Ve, k(xE) = k(xE)VH T, (x).

P. R. Wainwright 203



Now the tangent vectors of the plane 6 (x,{ ) are those which
satisfy V* d,u = V* 3, v = 0; recalling the expressions (2.6)
for u,v we see that the tangent plane is spanned by the vec-
tors V*d,=4d,+§0d;, Wtd, =d, —53;. Thus Egs.
(2.11) tell us that

T,+¢T,=h~Y0,+{3)h=k"'0, +§ )k,

(2.12)

T,—¢Ty,=h"Y9, —{d)h=k 10, — { F))k.

The arbitrary transformation k—ky, A—hy, which we are
allowed to perform without change in g(&), gives rise to a
gauge transformation T, —y~'T, +v~'4d,7.

Let us return to the situation described at the beginning
of this section, in which 7, depends on the single variable x°,
and T, = 0. It is possible to choose the two reference points
X;, X, so that they both lie on some given hyperplane x° = 4.
Specifically, we may take

s e )
T \(p4v—20)¢ —v+20) 213

» _(—#+?Jl (.u+v—2/1)§)
2= 0 P .
Indeed, it is easy to see that x; is an analytic function of the
coordinates (2.7) in the region U,; in both cases
x° = (y 4+ /2 = A. For the path of integration in (2.9) we
may choose a straight line lying within x° =A; T, is con-
stant along this path. We are now able to perform the inte-
gration

gA,6) = Pexp f T, dx* = exp T, (A )(x; — %, (2.14)

Let us make the following definition:
A$)=T.A)+(T,A) - ;)5 + T (1)

=il =T ) + (1 + §A)THA ) + 28 TH(A ).
(2.15)

Then g(1,0) is related to the “initial conditions” on 7T at
x° = A by the following result:

8iA,0) = exp — (AL V/E ) p +v — 24). (2.16)
In the next section we shall consider some special cases of
(2.16), and work through an example in which this result can
be used to generate a solution to Nahm’s equations.

ill. EXAMPLES AND APPLICATIONS

The simplest nontrivial example of Nahm’s equations
arises when we consider a pair of SU(2) monopoles. In this
case Eqs. (1.6) and (1.8) have z;, = — L, z, =L, k; = — 2,
k, = 2; hence k (z) = 2if —} <z <}, but k(z) = 0 otherwise.
This means that the T (z) are 2 X 2 skew-Hermitian matrices
defined on the interval ( — 4, §). According to Nahm, T; sat-
isfies the boundary condition that it has simple poles at the
end points. In order that the resultant 4, (x) be an SU(2)
potential, T;(z) must also satisfy a reality condition®

T(—2* = —cT(z),
where the “charge conjugation” matrix c is chosen so that
cc* = 1. For our purposes it is convenient to choose a basis in
which ¢ = o,. A known solution of Nahm’s equations with
all the above properties is'"
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(3.1)

T,(x%) = — (i/2)o,(g/cn px°),

T,(x°%) = — (i/2)o,(p dn px°/cn px°),

T;(x°) = — (i/2)o;(g sn px°/cn px°),
where ¢ = pJ1 — k2, k is the modulus of the elliptic func-
tions, and in order to place the poles at x° = + } we must set

p = 2K (k), where K (k) is the smallest positive zero of cn 6.
For this solution, the initial conditions at x° = 0 are

(3.2)

T\(0) = —lioyg, T;(0)= —liop, T,0)=0. (3.3)
We apply Egs. (2.15) and (2.16) to calculate g(& )=g(0,8 ):

7§) = — (W41 - 2goy + (1 + £ o). (3.4)
Hence

g(6) = expl(i/4¢ ){i(1 — £ *)goy + (14 & *Jpon}(p + v). (3.5)
To evaluate the exponential in this case we use the well-
known identity exp ian-¢ = cos @ + in-¢ sin @, wherenis a
unit vector. From (3.5) we read off the values of a and n:

a={ab /¢ 1+ ), (3.6)
n=(1/2Jab)ila — b),a + b, 0), (3.7)

where the quadratic polynomials @ and b are defined by

da=p(l+§?)+q(1—¢7), 4b=p(1+§%) —ql -E?)

(3.8)
Thus if o, = 0, & io,, the explicit form for the transition
matrix is

glo)= cos—a‘/}( u+v)

+2—‘;—a?(ba+ —aa_)sin%—(,u+v)
_ cos‘/?(,u+v) ‘/—:_b_—sin%—(p+v)
_-\/%sin—‘/z_b—(,u+v) cos@(,u+v) "

It is possible to deduce the form (3.9) of g(6) from a
slightly different point of view. We are seeking a transition
matrix g(6 ) corresponding to a gauge field 7, (x) dependent
on x° alone. A gauge-equivalent field T, (x) will not, in gen-
eral, have the same property, but will satisfy the weaker con-
dition: any translation of T, (x) in x', x2, or x> may be com-
pensated by a gauge transformation. That is, if a° = O there
exists a gauge transformation ¥, (x) such that

T,(x +a) = ¥, ()T, (x)ya(x) ™" — 8,7 (x)y.(x)~".

(3.10)
By contrast, the monopole gauge potentials 4, (x) them-
selves are independent of x°, and any equivalent potentials
4,,(x) must satisfy an invariance condition analogous to
(3.10) for translations a = (a®,0,0,0) in x°. Guided by this
precedent, we say that two transition matrices are equivalent
if there exists a matrix X (¢ ) analyticin U, and a matrix ¥ (9)
analytic in U, [see definitions preceding (2.7)] such that

g0)=X(0)g@)Y () (3.11)
It is easy to prove that gauge-equivalence classes of vector
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potentials are in 1-1 correspondence with equivalence
classes of transition matrices via the Atiyah—-Ward construc-
tion. Therefore the property of translational invariance
(3.10) is reflected in a similar property of the corresponding
8(o):

glx +af) =X, (x,{)gx.5) Yo (x.5). (3.12)
The problem of finding the transition matrices for all solu-
tions of Nahm’s equations is equivalent to the problem of
finding the most general matrix satisfying {3.12). Let us show
that (3.9) indeed satisfies this constraint. Under an infinitesi-
mal translation in x*, x%, and x> the angle a defined in (3.6) is
changed by an amount

da = (Vab /£ )(8z¢ — 82/¢).
It follows that the increment in g(@) is given by

(3.13)

(s, O ~Jab sina bcosa )
5g(x,§)—(& §2)(—aoosa —+yab sina
= 825 (x,§ )g(x’g) + 5Zg(xr§ )z(x,g‘ )’ (314)
where the matrices £, 77 have been defined as
1/0 b
Ewg)= — Z"'( !
(3.15)

nt)=( 2. 2)

—a
Itis easy to see that £, 7 are analytic for  #0, § # oo, respec-
tively; (3.14) is just the infinitesimal form of the condition of
translational invariance (3.12).

In Sec. II we calculated g(@) from the initial values
T;(A ); in some cases it is possible to go further, and derive the
solution T, (x°) itself. If g(@) may be reduced to triangular
form by an equivalence of type (3.11), then we may apply the
usual Ansitze®™ to extract T, 1 (x). One example for which
this is possible is that of the axially symmetric charge 2 mon-
opole.'? In this case the quantities appearing in (3.2) and (3.8)
arek =0,q =p = ma=w/2,b=nt?/2,andab = 7¢{ /2.
Hence

g6) = (cos mu+v)/2 Esinam{p + v)/2).

— ¢ Vsina{pu +v)/2  cosm(p 4+ v)/2
(3.16)

In order to put g in upper-triangular form we perform the
following sequence of equivalence transformations:
cos a

g(9)=(_§‘1sina i(:I;a> .
(e ATt T )
T )

(o e e 5)
(3.17)

Nowleta = a, + a_, where @ is analytic for § # « and
a_isanalyticfor§ #0;inthiscasea, = mu/2,a_ = mv/2.
Then there is a further equivalence
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6 )
- (e 0_ e "()"“—)(g

)
0 e—%)

Hence g(@ ) is equivalent to the upper-triangular matrix

gioy=(6 17 +e™)

g(a)_.(o £ . (3.19)
We can now recover the vector field 7'# (x) corresponding to
g(0)asfollows: Letp(x,{ ) = }(e™* + e~ ™), and let A4(x) be
the coefficient of ¢ ° in the Laurent expansion of p:

Afx) = - %(x,; )

'@ —%-lcos a
§ —1
(3.18)

3.20
2mi ( )

the integral being evaluated around some contour C encir-
cling the origin in a positive direction. The matrix (3.19) is
reminiscent of that encountered when applying the twistor
method directly to the gauge field 4, of a single monopole.
Using the first Ansatz"

T, (x) = (i/2)9,, 9, In 4, (3.21)
where

Nuv = ~ Mwus Nio =0is Mij = €ijxOps (3.22)
and making the appropriate substitution

Aolx) = e~ ™ cos mx°, (3.23)
we find that the components of -T,‘ {x) are as follows:

To= éﬂrd;, T, = éﬂ'az - —;:-mfl tan 7x°,

T,= — %470', - —;-'770'2 tan 7x°, (3.24)

T3 = - éﬂ'ob tan 17'x0.

This is certainly a self-dual gauge field; but to obtain a solu-
tion of Nahm’s equations (2.1) we must make a gauge trans-
formation T, = 7_7_',, y~'~3,yy™! such that T,, satisfies
the additional constraints 7, = 0, J; T,, = 0. The group ele-
ment y{x) must therefore have the property d,y = y7T; in
this case an appropriate choice is

Yix) = exp — (i/2)o5m(} — x°). (3.25)
Now the adjoint representative of ¥(x) is a rotation through
an angle 7{} — x°)in the 0,0, plane. It follows that the result-
ing solution of (2.1} is

i g i 0.
T,= — —m l_ T,= — —7—2—,
! 2 cosmx® 2 2 cosmx®
T, = — (i/2)mo, tan 7x°, (3.26)

which is just a special case of the known solution (3.2) in
which k£ =0.

As a second example, we shall solve (2.1) subject to the
boundary conditions T;(1) = 4io;. In this case (2.15) and
(2.16) are used with A = 1, and 7(1,{ )* = 0. Therefore

gL,0)=1—[rLEVENu+v—-2)

_((u+v)/2 —§(p+v—2)/2)

T\¢! —2)/2 2-— /2 ’

S (p+v—2) (1 +v) (32)
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The triangular matrix equivalent to (3.27) is

R (3 %#+ﬂ)
g (1’9 ) - (0 é— —1 *
Using the first Ansatz as above, with the function
Agfx) = §( ¥ + 7) = x° we find the gauge field

T,(x) = (i/2)(0:;/x°), Tox)=0 (3.29)
This field already satisfies the conditions 7, =0, J;T,, = 0,
$0 no gauge transformation is necessary. It represents a solu-
tion of Nahm’s equations (2.1) having a single pole (at
x° = 0). Such solutions become relevant when one considers
gauge groups larger than SU(2).

It is easy to see that if 7, and T,y ' —d,yy~ ' are
two gauge-equivalent solutions of Nahm’s equations [that is,
both satisfy (2.1) and T, = 3, 7,, = 0] then the gauge trans-
formation ¥ must be constant. Therefore each equivalence
class of fields with the property (3.10) contains a solution of
Nahm’s equations which is unique up to a global transforma-
tion 7, »yT, 7~ ".

(3.28)

1

IV. CONCLUSION

By remarking that Nahm’s equations are the self-dua-
lity conditions for a one-dimensional gauge field and apply-
ing the twistor construction we have shown the equivalence
of these equations to the following Riemann—Hilbert prob-
lem (RHP). Let C be a contour encircling the origin in the §-
plane, and let D, ,D_ be the interior and exterior domains
separated by C; the matrix function g{x,£) of Eq. (2.16) is
defined and analytic in a neighborhood of C. The RHP to be
solved is to find two matrices A (x,{), k (x,{) analytic in
D_,D_ respectively, such that g = hk ~! on C. For simpli-
city we impose the boundary condition 4 () = I.

If we represent the functions A,k as

hA)=1I+ P

4.1)
KA) =1+ ff; ) ge seD.,

then the function a’(§ ) satisfies a linear singular integral equa-
tion

old)+2[gA)+1] '[gh)—11
L pf o) e\
><(1+ 27riP56§_/1 d;) —o, 4.2)

where P denotes the principal value of the contour integral.

We have seen that if g(@ ) can be put into triangular form
by an equivalence transformation then the Riemann—Hilbert
problem may be solved by a standard 4nsatz.>~* However,
we have not been able to find a triangular form for the gen-
eral transition matrix (2.16), nor indeed for the general two-
monopole situation of Sec. ITI in which k 0. It is possible to
argue that no such standard form exists in this case; for sup-
pose that g(@) is equivalent to

1
plxg)
O
g {
for some positive integer / and some p(x,{) analytic for
£4{0, 0 }. Supposealso that g(€ ) obeys the condition of trans-

(4.3)
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lational invariance with respect to x’ in its infinitesimal form

ax(ol gp—l) (g i)(ol gp")
(o 26 %)

for some functions of x and { (depending on /) of which 2,8,y
are analytic for § 0 and a,b,c are analytic for { 5 «. It is
straightforward to deduce that «,y,a,c are independent of §
and that

dp=la+cp+pL '+
If we now consider the Laurent coefficients

A, fx )—7 fgé’p(xg )

we see that for —/ + 1</ — 1
3.4, =(a+c)d, =kA4,,

so that each 4, depends exponentially upon x:
4,(x) (4.7)

Moreover, the functions 4, satisfy the Laplace equation®
3?4, = 0, which by virtue of (4.7) becomes

A, = —k24.° (4.8)

Finally we obtain the result that the coefficients 4, (x) for
— I+ 1<r<l — 1 must take the form

4,(x)= (A, exp i|k|x° + B, exp — i|k|x°) exp k-x.(4.9)

If these functions are substituted into the Ansdtze of Refs. 2—
4 they will yield potentials T, involving exponential and
trigonometric functions; never elliptic functions. Hence the
solution (3.2) cannot arise from a transition matrix such as
(4.3).

Many questions remain to be answered in this ap-
proach. For example, it is clear that the solution 7, (x) will be
singular at points x wherethe RHP g(x,£ ) = A (x,£ )k (x,£ )"
is insoluble, but the location of these points is not at all ob-
vious from (2.16). If we could deduce from g(x,¢ ) the location
and nature of the singularities in 7, (x), then we would be
able to find the constraints on T, (0) which ensure Nahm’s
boundary condition (that 7, has simple poles at the end-
points). Such constraints must be sufficient to reduce the
number of parameters of an SU(2) multimonopole to the val-
ue 4n — 1 (see Ref. 14).

It is interesting to note that the characteristic equation
of r{4,& ), det(p — 7(4,{ )) = O{which is independent of 4 ) de-
fines what Hitchin calls the spectral curve.'® The reason for
the appearance of the spectral curve in this approach is not
clear to the author.

One of the most interesting features of Nahm’s con-
struction is the “reciprocity” of the relationship between the
gauge potential 4, and the matrices 7, (see Ref. 9). This
leads us to expect a similarly reciprocal relationship between
the transition matrices for the two connections 4,, and T,,.

(4.4)

4.5)

(4.6)

= 4,°%° exp kex.
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Electrodynamics in eight-dimensional space
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Generalized electromagnetic fields and the corresponding generalized electromagnetic field
tensor in a real eight-dimensional space-time manifold have been constructed, in terms of which
the generalized Maxwell’s field equations have been derived. The Lorentz force acting on a
charged particle moving in generalized electromagnetic fields has been derived by constructing an

eight-velocity vector in this space.

I. INTRODUCTION

During the past few years there has been considerable
interest in higher-dimensional kinematical models'® for a
proper and unified representation of every type of relativistic
object, bradyonic as well as tachyonic (including those with
internal structure). The Yang~Mills field, like the electro-
magnetic field, appears as part of the metric tensor for the
higher-dimensional space as shown by Thirring’ for the five-
dimensional case (the gauge group being abelian) in which a
gauge invariant effective Lagrangian for scalars and spinors,
coupled to the electromagnetic field, can be derived from a
free field Lagrangian. Furthermore, the Einstein—-Yang—
Mills Lagrangian can also be derived from a higher-dimen-
sional gravity Lagrangian, as Mecklenburg'® has used a sev-
en-dimensional space with its internal dimensions spacelike
in order to reproduce the right coupling of gravity to the
Yang-Mills field. Quite generally, there is the hope that
spontaneous symmetry breakdown may also be achieved by
the use of higher dimensionality. In a similar way, it has been
speculated'!~'” that the problem of representation and local-
ization of tachyonic objects may be solved only via the use of
a higher-dimensional space since they cannot be fully local-
ized in ordinary four-dimensional Minkowski space. In an
attempt to achieve a unified and consistent representation of
both bradyonic and tachyonic objects (extended one, i.e.,
with internal structure also), we have constructed'® an eight-
dimensional space-time structure (D ®) as the union of two
different subspaces R * (7, ) and T'* (7,7) which act as the most
natural spaces for the individual representations of bra-
dyonic and tachyonic objects, respectively. This new eight-
dimensional space-time geometry can be represented as the
topological summation of R * and T'* subspaces, such that

DB=R*T*

While passing from R * space to T'* space, the timelike event
is observed as a spacelike one and the usual bradyons appear
to behave as tachyons and vice versa. Thus, a subluminal
speed in R * subspace leads to a superluminal speed in T*
subspace and consequently, the bradyons move with sublu-
minal velocity in subspace R * and superluminal velocity in
T* subspace in such a way that the internal and external
spaces for bradyons are designated as 7 and R * subspaces,
respectively, while the situation is just reversed for tachyonic
objects.

Furthermore, it has already been demonstrated in our
earlier paper'® that in eight-dimensional space-time one gets
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two types of Doppler effect of sub- and superluminal
sources, the usual one associated with their appropriate ex-
ternal subspaces and the other one assoicated with their in-
ternal subspaces which is pronounced as a hidden Doppler
effect since it is associated with the internal degrees of free-
dom and internal symmetry properties of different objects. It
has also been shown that if a macroscopic phenomena is
known to produce a radio emission in bradyonic (or ta-
chyonic) external subspace obeying a certain chronological
law and one happens to detect the reversed radio emission, it
should correspond to a hidden Doppler effect associated
with the corresponding internal subspaces. Moreover, the
built-in duality associated with the combination of symme-
tries of R * and 7'* subspaces may be useful to understand the
problem of quark confinement in quantum chromodyna-
mics where the role of tricolors would be played by three
times for bradyons and three space coordinates for tachyons.
In the present paper, we have formulated the unified electro-
dynamics in this extended Minkowski space (real eight-space
geometry) and the field equations have been derived in terms
of an eight-dimensional electromagnetic field tensor and
eight-current densities. The Lorentz force on a charged par-
ticle moving in these generalized electromagnetic fields has
also been constructed in terms of generalized field tensor and
eight-velocity of the particle.

Il. GENERALIZED ELECTROMAGNETISM IN EIGHT-
SPACE

As mentioned earlier, the eight-dimensional space-time
manifold is the union of two subspaces R *(%,¢) and T *@,7), in
which a space-time eight-vector is defined as the following
column vector (in natural units #i=c = 1):

(xi=[{r}; ()1 =[F2)EN]% (1)
whereu = 1,...,4,p = 1,...,8, and T denotes the transpose. In

a similar way, the eight-potential vector may be defined by
the following column vector:

(49)=[{4"}; (¢ =[dg)dA)1", @
while the eight-dimensional differential operator is given by

(0,3=[{0,).}; {@).}]1"=[0,.0.00..9,)]". (3)
The four-vector {4 #} generates the electromagnetic fields
in R *, and the same fields when viewed upon from T'* appear
as if generated by the second four-vector {¢ #} in T'* sub-
space. As such, the electromagnetic fields in R * and T4 sub-
spaces may be defined by the following relations:
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_E’r = _3r¢ - atzy 7’J’r =§r XZ (m R 4)’ (4a)
and
E =-364-34 H =3,x¢ (inTY ()

which show that the space rotation of _the spatial part of
{¢ #} in T* produces the magnetic field H in this subspace
in a similar manner as the space rotation of the spatial part of
{4 #}in R * produces the magnetic field H in this subspace.
In order to construct the field equations taking into account
both these types of fields as observed in R * and T subspaces
separately, we introduce the eight-current density vector as
follows:

oi=00m) (8T =108 5E17, (3)
where the four-vector {J #} provides the prescribed four-
current density for ﬁelds E, and H in subspace R*, and
{& #} does so for fields E and H in T* subspace. Then, the
field equations in subspace R-* may be written as follows:

3,-E,=¢, 3,xH,—9,E, =1,

5, =0, 3xE +3H, =0, ©
and those in subspace 7" are given by
3, -E,=—J, 3,xH, -3k =~¢
(7)

3,-H,=0, 8,XE, +3,H,=0.

In physical terms, four-current vector {§ *} gives the charge
and current source densities in subspace T* which acts as
internal (or external) space for bradyons and subluminal
fields (or tachyons and superluminal fields). Four-current
density {J #} producing electromagnetic fields E, and H, in
subspace R * when viewed upon from subspace T4, appears 5 as
four-current {¢ #} producing the electromagnetic fields E,
and H in subspace 7'*. The electromagnetic field tensors in
these two subspaces, may easily be constructed in the follow-
ing form, by using the above definitions of fields given by
Eqgs. (4a) and (4b):

§qu(ar)v Au - (ar)yAv

0 H, —-H, @ E,
—H, 0 H, E, s
= H, -H, 0 E, (inR*%, (8)
—-E. —-E —-E 0
and
I =(0,), ¢, —(0,). 9.,
0 H,2 —-H, E,
—H, 0 H, E,
= : * E’ (in T9). 9)

H, —H, 0
—-E, -E -E 0

In terms of these field tensors, the field equations (6) and (7)
may be expressed as follows:

a:guv = J;u a;’(g :v) = O (in R 4)’ (loa)
Ky =8ur G )=0 (inT4). (10b)

The negative sign occurring with source densities in the sec-
ond set of these equations may be explained in the light of
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results of Mignani and Recami'# and Dattoli and Mignani,">
where it has been shown that imaginary superluminal Lor-
entz transformations when applied to usual (subluminal)
Maxwell’s equations introduce such negative sign in four-
current density. As such, by comparing the general field
equations (10a) and (10b), we may conclude that electromag-
netic fields of subspace T* behave as superluminal fields
when observed from subspace R *,

Using the field tensors, defined by Eqgs. (8) and (9), the
generalized electromagnetic field tensor in eight-dimension-
al space may be constructed as the following 8 X 8 matrix:

~ Eyv 6 )
F .=~ A
pA (o —Hu

(uv=1,..4 k=u+4, I=v+4), (11)

where EW, ks « are 4 X 4 matrices defined by Eqgs. (8) and (9)
are 0 represents a null matrix (4 X 4). It yields the following
generalized field equations with the eight-current density de-
fined by Eq. (5):

9*F,, =J, and d*F3, =0, (12)
which are similar to usual Maxwell’s equations and repro-
duce the sets of field equations (6), (7), and (10). In terms of
the generalized eight-dimensional electromagnetic field ten-
sor F,, , the Lorentz force acting on a charged particle ( — e)
moving in such an electromagnetic field is given by the fol-
lowing relation:

4= —eF,U"% (13)
where U * is the eight-velocity of the particle defined in the
following form as the combination of forward and inverse

velocity four-vectors associated with subspace R * and T4,
respectively,

(U =[{v*};{u"*}17=I@,1); @117, (14)
which contains both the forward (J = d ?/dt) and inverse
(i = d 1 /dr) velocities of a moving charge in R * and T'%, re-
spectively. Substitution of the expressions of generalized
electromagnetic field tensor and eight-velocity in Eq. {13)
directly leads to the following Lorentz force equations in
subspaces R * and T* separately:

_ﬁr =e[E, + (3)(7‘1),)], f; =e(—E)'r '3)’

75: = - e[%t + (ﬁxﬁt)]’ fi= - e(—E)" i),
where the eight-force vector has been taken as

(Foy=[F, £l Fuf)]™

Equations (15a) represent the usual Lorentz force actingon a
moving charged particle ( — e} and the rate of change of its
energy in R * (with velocity as ), while Eqs. (15b) give the
quantities in T* (with velocity parameter #) with negative
strength.

As an alternative, if we interchange the role of electric
and magnetic fields while passing to 7* subspace from sub-
space R %, then we have the following equations in place of
those given by (4b):

E,= —3,x¢ and H, = —3,4-4,4, (4b)
and consequently, the field equations in subspace T * reduce
to the following forms:

(15a)
(15b)
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a, '—f{z = —J, 5: X_E"z +ar}}t =Z’
y o s o o (”)
d,-E, =0, 0, xH, —3d,E, =0.

These field equations when compared with those given by
Eqgs. (7) show that the fields defined by Egs. (4b’) incorporate
theinterchange E—~H and H— — E with charge and current
source densities suitably interchanged while passing from
subspace R * to subspace T*. It shows the dual invariance of
Maxwell’s equations and reveals the behavior of electric
charge in R * subspace as that of magnetic charge in T'* sub-
space. It is also clear from these equations that the current
density § in subspace T* produces the electric field E in the
similar manner as the current density Jin subspace R * pro-
duces the magnetic field H Furthermore, the charge den-
sity Jin subspace T’ 4 creates the longitudinal part of the mag-
netic field H, in the similar manner as the charge density £ in
subspace R * produces the longitudinal electric field. This
interchange in the roles of current and charge source densi-
ties while passing from subspace R * to subspace T *is consis-
tent with the dual invariance of Maxwell’s equations under
superluminal Lorentz transformations. The electromagnetic
field tensor corresponding to definition (4b’) is given by

%pv E(at )v ¢u - (at ),u ¢v
o —E  E H
E, ©0 —E_H
- . 9)
~-E, E_ 0 H
~H_ —H, -—H_ 0

Using this field tensor (in subspace 7"*) with that given by Eq.
(8), the second type of generalized field tensor may be con-
structed in a similar way as given by relation (11). The result-
ing expression for Lorentz force remains the same as given
by Eq. (13) which has its first four components (F and f,)
similar to those given by Eq. (15a), while the remaining four
components are given by the following relations [in place of
those given by Eq. (15b)]:

F,= —e[H,— (GxE,)] and f, = —e{H, -#), (15t
which are the force equations similar to those for a magnetic
charge of strength ( — ¢) moving through the electromagnet-
ic fields E, and H, with the subluminal inverse velocity % in
subspace T . In other words, the electric charge in subspace
R * when observed from T* subspace (i.e., seen as moving
with superluminal velocity) appears as a magnetic charge
moving with the subluminal velocity in 7* subspace. It is in
agreement with the result of Dattoli and Mignani.'®

Iil. DISCUSSION

A unified electromagnetic theory in the proposed real
eight-dimensional space-time geometry has been developed
for extended objects (bradyonic as well as tachyonic), where
for the bradyonic bodies the subspace R * is the representa-
tion space of the observables and the subspace T is the inter-
nal subspace in which internal degrees of freedom of these
bodies be represented. On the other hand, for tachyonic bo-
dies T*is the representation space of the observables and the
internal degrees of freedom are associated with the internal
space R *. A bradyonic body moving with the velocity |3} < 1
in subspace R * (forward velocty 3 = d#/dt in eight-dimen-
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sional space D ®), when viewed upon from the subspace 7*
appears as moving with the inverse velocity # = df /dr with
|#z] > 1. Similarly, a tachyonic body moving with the velocity
|3 > 1in subspace R * appears in subspace 7'* as moving with
the inverse velocity || < 1. As such, bradyons are localized
in subspace R * while tachyons are localized in subspace T*.
Using the field definitions given by Eqs. (4), the electromag-
netic field tensors in subspaces R* and T* and the corre-
sponding field equations have been derived as Egs. (8), (9),
and (10), respectively, which show that while passing from
R “to T*, the bradyonic fields appear to behave as tachyonic
and vice versa. In terms of these field tensors, the generalized
field tensor in eight-dimensional space has been constructed
as an 8 X 8 matrix given by Eq. (11) which has been shown to
satisfy the general field equations (12) for the generalized
current defined by Eq. (5), thereby showing the dual invar-
iance of the field tensor. The conservation of the generalized
eight-current also leads to the charge conservation in sub-
spaces R % and T * separately. The eight-force experienced by
a moving charge in these generalized fields with eight-veloc-
ity defined by Eq. (14), has been derived as Eq. (13) which is
expressible in terms of Lorentz forces and energy rate
changes in both the subspaces. Besides the usual fields (in
subspace R *), in order to incorporate the magnetic monopole
type behavior, the generalized electromagnetic field tensor
has also been constructed after interchanging the roles of
electric and magnetic fields in subspace 7 * [Eq. (4b')], which
is shown to satisfy the same generalized field equations (12);
but the second set of eight-force equations (15) changes to
Eq. (15b’), which reveals that the electric charge (e) in R *
when observed by an observer in 7T behaves as a magnetic
charge of strength ( — e).
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Necessary and sufficient criteria are presented for eliminating discrete ambiguities in the
determination of reaction amplitudes from the bilinear products of amplitudes that are measured
in experiments. In terms of a geometrical analog, the criteria require closed loop diagrams with an
odd number of broken lines and an odd number of solid lines. The results are applicable to the
general mathematical problems of solving a set of simultaneous bilinear algebraic equations for

several unknowns.

I. INTRODUCTION

The determination of reaction amplitudes from experi-
mental measurements on reactions in molecular, atomic, nu-
clear, and particle physics is an interesting and subtle prob-
lem because it is nonlinear: The experimental observables
are linear combinations of bilinear products of reaction am-
plitudes with their complex conjugates. For this reason,
when we want to determine # complex reaction amplitudes
(apart from one overall phase which is undeterminable from
experiments on a purely phenomenological level), even if we
choose an appropriate set of 2n — 1 experiments which fix
these amplitudes so that no continuum of solutions can exist,
there can still be several discrete solutions which then can
presumably be reduced to only one acceptable solution by
further experiments.

While the question of how to construct a set of experi-
ments (which we will call a complete set) which eliminates
continua of ambiguities for an arbitrary reaction has been
discussed in the literature from many points of view,-? the
requirements for also eliminating discrete ambiguities (i.e.,
constructing what we will call a fully complete set ) have been
discussed only in connection with a few simple specific reac-
tions. Yet the question is of importance in designing experi-
mental programs for polarization experiments and for the
analysis of the already large body of polarization data that is
available. In particular, it was found recently® that the exist-
ing data for p.—p. elastic scattering at 6 GeV/c admit four
amplitude solutions of almost equal statistical credentials,
and this ambiguity makes dynamical deductions from those
data less convincing.

The present paper therefore develops criteria for ways
of reducing these discrete ambiguities. As we will see, the
answer is simple and at the same time interesting, because
the additional number of experiments needed is by no means
a fixed number but depends on the type of measurements
already performed. This suggests, therefore, that in order to
be most economical and yet most impactful, one should plan
the whole set of polarization experiments together, including
the “additional” experiments that resolve discrete ambigu-
ities.

The utility of the results of this paper may, however, be
broader than merely in amplitude determination through
polarization experiments. The theory of a set of bilinear alge-
braic equations for several unknowns is, as far as I could
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ascertain to my great surprise, nonexistent. Since such sets of
equations appear very frequently in mathematical and phys-
ical situations, a contribution to their understanding may
have a very broad impact.

This note will therefore discuss the nonlinear part of the
problem: We are given the absolute value squares of » com-
plex amplitudes a; (i = 1,2,...,n) as well as the real and imagi-
nary parts of the a; @ ’s. What subset of these n> quantities
will allow us to determine the value of the g,’s without dis-
crete ambiguities?

Il. THE PROCEDURE

In the analysis of the situation I will consider the proce-
dure in which the #» magnitudes of the amplitudes are first
determined by n measurements involving only the absolute
value squares of the amplitudes. It has been shown that in
any optimal formalism* there is such a set of n measure-
ments. This determination of the magnitudes involves no
discrete ambiguities, and the determination can usually be
carried out to a considerable degree of accuracy even with
measurements whose precision is short of spectacular.’ The
reason for this ease and accuracy is that once the absolute
value squares are determined from the measurements from a
set of linear equations, the magnitudes themselves, which
are of course always positive, can be determined unambi-
guously and accurately. Thus it is very advantageous for any
experimental program to start with this well-defined subset
of experiments giving the magnitudes of the amplitudes.

From a purely mathematical point of view, of course,
there are sets of bilinear combinations of amplitudes which
do not admit even discrete ambiguities but which do not start
with the determination of all magnitudes of the amplitudes.
For example, the set |a,|? Re a,a¥, Im a,a¥*(i = 2,3,...,n) is
an example for this. We know, however, from the structure
of optimal formalisms that the actual polarization experi-
ments do not lend themselves readily to the determination of
just one magnitude by itself. Hence in practice, sets of this
type would be more difficult to acquire than sets in which
first all magnitudes are determined. It is for this practical
reason that the present paper considers this latter case.

Once these magnitudes are known from the set of n
measurements, an additional set of at least # — 1 measure-
ments are needed to determine the relative phases of the am-
plitudes in the complex plane, and it is at this stage that
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discrete ambiguities can arise, since, for example, the deter-
mination of Re ab * gives the angle between @ and b, even if
we know |a| and |4 |, only to within a double discrete ambi-
guity, namely, if a relative phase angle fits this Re ab *, the
negative of it also does.

Since the overall phase is arbitrary, as said before, one
of the n amplitudes, let us say a,, can be made pure real
without sacrificing generality. Having done so, we have
broken the symmetry between “real” and ‘“imaginary,”
something that will reflect in the demonstration of the re-
sults. Had we, equally justifiably, set this first amplitude to
be pure imaginary, the demonstration of the results would
have held without modification except for the interchange
“real”<«<“imaginary.” Had we set the phase of the first am-
plitude to be something other than a multiple of 1z, the re-
sults, although substantially still the same, would have been
formulated in a more elaborate format without gaining any-
thing in the process.

IN. THE THEOREM AND ITS PROOF

I will now state the main result of the discussion, name-
ly a necessary and sufficient criterion for the elimination of
even discrete ambiguities. This will be followed by a proof of
the validity of that criterion.

The criterion and its proof will be described in the lan-
guage of a geometrical analog, similar to the one used in a
previous paper’ discussing the determination of amplitudes.
Let us denote each amplitude by a point, and each bilinear
amplitude product by a line connecting the two points that
correspond to the amplitudes that appear in the product.
The line is solid if we have Re ¢, g}, and is broken (dashed)
for Im a;a?.

For even just a complete (and not fully complete) deter-
mination of the amplitudes, the set of lines in our diagram
corresponding to a complete set of bilinear combinations of
amplitudes (“bicoms”) must touch each amplitude point and
must form a connected network. To be fully complete, the
network must also satisfy the following two criteria.

(A) Each amplitude point must be included in a closed
loop.

(B) At least one closed loop belonging to each amplitude
point must have an odd number of broken lines and an odd
number of solid lines in it.

To reiterate, these are criteria for a fully complete deter-
mination of reaction amplitudes for an arbitrary particle re-
action (that is, a reaction containing particles with arbitrary
spins) when the procedure for the determination of the am-
plitudes starts with a subset of experiments determining the
magnitudes of the amplitudes.

In order to understand why these criteria are valid, let
us first consider a set of lines in our diagram which starts at
the “anchor” amplitude a, (the one we arbitrarily set to be
pure real) and connects end-to-end to form an open and un-
branched chain. In other words, we consider the bicoms
a,at, a; af, ...,a, a} such that all the indices 1, , j, ...,7, and
s are all different.

Let us first assume that all lines in this pattern are solid.
In this case, let us track down the discrete ambiguities that
exist in the knowledge of the amplitudes a,,4,,a;, ...,a, when
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we already know the magnitudes |a,|, |a;], ..., |a,| and we
have exact measurements of Re a, a¥, Re g,af, ..., Re a,af.
Let us denote by a;; the relative phase angle between a; and
a;, thatis, if a, = |a,|€*i, then a; = ¢, — ¢;. If we then start
with a, (for which ¢, = 0 by convention), measuring Re a;a¥
yields ¢; or — ¢,, thus leaving a two-fold ambiguity. Taking
the next step by adding Re g,a} will produce a similar two-
fold ambiguity in a;;, with respect to ¢;, and hence, putting
this together with the ambiguity in «,; discussed above, we
have now a fourfold ambiguity of the form
+¢:+¢; +¢:—¢;, —4: +¢;, and —¢, —¢,. Con-
tinuing this process, after / steps we end up with a 2’-fold
ambiguity which can be described as

téd+d+ - £4 L4 (1)

Let us now add to the above set the solid line connecting
point 1 with point s, that is, we add Re @, a¥. In other words,
we make a closed loop out of the previous patterns of an open
chain. In this case we now have the condition

a,,-+a,-j+---+a,s+as,=0. (2)
This condition will, in general, not be satisfied for all possible
sets of ¢,’s which were allowed by the ambiguities in Eq. (1).
In fact, for arbitrary values of the ¢,’s, only two of the 2’
previous solutions will satisfy Eq. (2), the two differing only
in an overall sign. Thus we find that for a closed loop contain-
ing the “anchor” amplitude and containing only solid lines,
we end up with one twofold discrete ambiguity regardless of
the size of the loop.

For special sets of values for the ¢,’s, the number of
ambiguities may be large. To illustrate this, consider the
highly unlikely and artificial situation in which
a, =a; = -+ =a,=p,and, say, a,, = kf3, where kis an
integer and k < m, where m is the number of indices in the set
{iJ,...,rs5]. In that case, even if we measure a,, that value of
a,, = kB can be reconciled with 2" ~* choices of signs in
Eq. (1), even apart from the twofold ambiguity due to the
overall sign change mentioned earlier.

While such special sets of values of the ¢ ’s are unlikely
to be relevant when we deal with measurements of infinite
accuracy, their case is pertinent when we deal with experi-
ments of finite precision, especially if this precision is quite
limited. Although the method of analysis of such “real-life”
situations is given by the above observations, the conclusions
of such an analysis must be determined for each situation
separately, since they depend on the individual values of the
¢ ’s as well as on the experimental uncertainties in the set of
measurements under consideration.

Let us now return to the consideration of the case of
precise experiments and the chain of measurements dis-
cussed above. So far we considered only chains containing
only solid lines. Let me now take a similar open chain, start-
ing from the “anchor” amplitude, in which the first few links
are solid lines and the remaining links are broken lines. In a
way which is directly analogous to the procedure we used for
the all-solid chain, we get the ambiguity pattern [corre-
sponding to Eq. (1)], which is

téitd+ - 14, +[#f"¢ ]+ +[Ff‘¢]

(3)
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and if we close this chain by, say,Im a, a¥*, we get the condi-
tion analogous to Eq. (2),

tasta; £ --- ta,_,y,

[+4 agy
+[ i ]+---+{ }=0- )
T —Qp, _ T—0ay,

Equation (4) can be rewritten, remembering that a phase has
meaning only modulo 2. The ambiguity then is

1
z” Qi1

tayt kG, ] a =0, (5)
T+ Y @
i+1=gq

where 2" is any of the many summations of the @;,’s in which
an even number of coefficients of the a’s are — 1 and the rest
+ 1, and where in the similar 2’ there is an odd number of
— I’s among the coefficients.
We can now ask if the ambiguity we found in the case of
an all-solid line loop exists here or not. To find the answer,
let us consider the situation in which

a!i+"'+ap—l,p+apq+"'+asl=o' (6)
Is there now another combination of @’s of the form given by

Eq. (5) which is 0? If the number of broken lines is even, the
answer is “yes,” namely

—a, =0 (1)

also holds, and this combination also appears among those in
the upper line of Eq. (5). If, however, the number of broken
lines is odd, the combination on the left-hand side of Eq. (7)
appears in the Jower line of Eq. (5) and hence with an extra
in the combination, which should vanish with this extra =
and hence will not without it. Thus the twofold ambiguity
experienced for loops with all solid lines does not exist for
loops with an odd number of broken lines. The proof is simi-
lar in the case when in Eq. (6) some of the signs are negative
rather than positive.

In the above proof we considered the case when the first
few lines are solid and the remaining ones broken, but that
restriction is clearly inessential: The structure of Egs. (3}7)
is evidently independent of this restriction and so are the
conclusions derived from it.

. So far we considered only bicom sets which form a loop
in the geometrical analog, with no additional lines in the
diagram. If the loop also has *“dangling” open chains stick-
ing out of it, for each such chain consisting of z segments we
have a 27 -fold ambiguity. To eliminate such a set of ambigu-
ities, we must close the chain into a loop the same way as we
did for the original loop, making sure that the newly closed
loop now has an odd number of broken lines in it. If by
closing the chain into a loop we make the chain part of sever-
al loops, only one of them needs to contain an odd number of
broken lines.

As we said earlier, any complete (but not yet fully com-
plete) pattern will have at least n — 1 lines in it (after we have
already determined the » magnitudes of the amplitudes).
Since the closing of each loop in a pattern requires one appro-

—Qy— s — Uy, — Oy —
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priately chosen line, it is clear that, from the point of view of
eliminating discrete ambiguities, the most economical com-
plete (but not yet fully complete) set is one large open chain
including all amplitudes, since in that case just one addi-
tional measurement can eliminate al// discrete ambiguities.
The least economical set is the one with a “porcupine” dia-
gram in which all » — 1 lines emanate from the “anchor”
amplitude and connect it with each of the other n — 7 ampli-
tude points. In that case, we need }(n — 1) additional bicoms
to close all chains into loops if # is odd, and }» if 7 is even.
In order to complete the proof, all we have to remark
now is that the whole argument above could have been made
with “real” and “imaginary” (or “solid” and “broken”) in-
terchanged. For example, in connection with an all-broken
(rather than all-solid) chain, we would have, instead of Eq.

(1),

{ﬁf‘¢i]+ ﬂf’¢j]+ +[vir¢,]+[wis¢,}’ @

etc. It is for this reason that criterion B calls for an odd
number of solid lines as well as an odd number of broken
lines.

This completes the demonstration of the validity of the
criteria for a fully complete set of bicoms. The criteria give a
simple and general prescription for how to augment an al-
ready complete set into a fully complete one when we deal
with measurements of infinite accuracy. As mentioned ear-
lier, the prescription also gives the minimal augmentation
needed when we take into account experimental errors. The
maximal augmentation in such a case has not much mean-
ing, because clearly measurements with very large errors
may serve no purpose at all. Even in somewhat better situa-
tions the judgment of whether a discrete ambiguity is elimin-
ated or not will depend on judgments on what differences in
chi-squares are found convincing. Nevertheless, the proce-
dure outlined in this discussion pertaining to exact measure-
ments also serves as a guide for the analysis of measurements
with finite uncertainties.
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ERRATA

Erratum: On the hydrodynamic self-similar cosmological models [J. Math.
Phys. 24, 2532 (1983)]

L. K. Chi
Computer Science Department, United States Naval Academy, Annapolis, Maryland 21402

(Received 1 October 1984; accepted for publication 12 October 1984)

The first equation of Egs. (1) should read Also, the correct value of the constant 7, is 1/67, instead of
dp dp p 9 the value § 7 quotated in the paper.
ar +v B = - 2o (Fv). All other equations and results remain unaltered.

Erratum: Higher-dimensional Riemannian geometry and quaternion and
octonion spaces [J. Math Phys. 25, 347 (1984)]

J. W. Moffat
Department of Physics, University of Toronto, Toronto, Ontario, Canada M5S 147

(Received 3 October 1984; accepted for publication 12 October 1984)

Equation (2.7) should read:

1 d
;= ?UIAB] eg‘(x)[ 872‘63,1 (x) —epa I'34 |- (2.7)
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